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ABSTRACT

In this paper, we introduce the concept of fuzzy (r,s)-totally continuous mappings and its variants
totally semi-continuous and semi totally-continuous mappings on intuitionistic fuzzy topological
spaces in Sostak’s Sense. Their characterizations, examples and relationship with other notions of
continuous mappings in this space are provided.
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INTRODUCTION

The concept of fuzzy set was introduced by Zadeh (1965). Later, Chang (1968) defined fuzzy
topological spaces. Then these spaces and its generalizations are studied by several authors, one
of which developed by Sostak (1985) when used the idea of degree of openness. This type of
generalization of fuzzy topological spaces was later rephrased by (Chattopadhyay al. (1992);
Samanta al. (2002) and Ramadan (1992)). As a generalization of fuzzy sets. The concept of
intuitionistic fuzzy sets was introduced by Atanassov (1986). Recently, Coker and his
colleagues (1997) introduced intuitionistic fuzzy topological spaces using intuitionistic fuzzy
sets. Coker and Demirci (1996) defined intuitionistic fuzzy topological spaces in Sostak's sense
as a generalization of smooth topological spaces and intuitionistic fuzzy topological spaces. On
the other hand Yong Chan Kim and his colleagues (1999) considered this concepts on smooth
topological spaces. In (2011) Mukherjee introduced two new classes of mappings, called fuzzy
totally continuous and fuzzy totally semi continuous mappings.

In this paper, we introduce and study the notions of fuzzy (r,s)-totally continuous
mappings and its variants fuzzy (r,s)-totally semi-continuous and fuzzy (r,s)-semi totally-
continuous mappings in intuitionistic fuzzy topological spaces in Sostak’s sense are discussed.
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PRELIMINARIES

Let 1(X) be a family of all intuitionistic fuzzy sets in X and let I & | be the set of the pair (r, s)
suchthatr,selandr+s<1.

Definition 2.1. (Coker (1996); Lee and Kim. (2007); Lee and Kim (2009)). Let X be a
nonempty set. An intuitionistic fuzzy topology in-Sostak's sense (SolFT for short) 7= (77, T2)

on X is a mapping 7 1(X) =1 & | which satisfies the following properties:

D710 =T(1)=1and 7, (0) =T, (1) =0.
(2) T1.(ANB) 2 T1(A) A T1(B) and T>(ANB) < T, (A) v T2 (B).
(3) T1(UA) 2 A T1(A) and T2(UA) £V To(A).
The (X,7) = (X,71,7>) is said to be an intuitionistic fuzzy topological space in Sostak's sense

(SolFTS for short). Also, we call 71(A) a gradation of openness of A and 7>(A) a gradation of
non openness of A.

Definition 2.2. (Lee and Kim (2009); Lee and Kim (2011)). Let A be an intuitionistic fuzzy set
in a SoIFTS (X, T7, T2) and (r, s) € I&I. Then A is said to be

(1) fuzzy (r, s)-open if T1(A) > rand T,(A) <,
(2) fuzzy (r, s)-closed if 71(A%) > r and 72(A°) <s.

Definition 2.3. (Lee and Kim (2009)). Let (X, 71, T2) be a SolFTS. For each (r,s) € I&l and for
each A € I(X), the fuzzy (r,s)-interior and the fuzzy (r,s)-closure is defined by

int(A,r,s) = U{B e I(X) | Bc A, B is fuzzy(r,s)-open};
cl(Ar,s) =nN{B e I(X) | Ac B, B is fuzzy(r,s)-closed}.

Lemma 2.4. (Lee and Kim (2005)). For an intuitionistic fuzzy set A in a SolFTS (X, 77, 7>) and
(rs)el@ I,
(1) int (A,r,8)° =cl (A°r,s).
(2) cl (A,r,5)° = int (A°r,).

Let (X, T7, T») be an intuitionistic fuzzy topological space in Sostak's sense. Then for each
(r,s) € I®l1, the family T, defined by
T = {A € I(X) | T1(A) 2 r and T>(A) < s } is an intuitionistic fuzzy topology on X.

Let (X,7) be an intuitionistic fuzzy topology space and (r,s) € I1®1. Then the map 79 : 1 (X)
-1 @ | defined by
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(1.00 ifd=10 1,
TE)(A) =10r.5) 4 eT— {0, 1},
(0,1) otherwise

becomes an intuitionistic fuzzy topology in Sostak's sense on X.

Definition 2.5. (Lee and Kim (2009); Lee (2006); Lee and Kim (2007)) Let A be an
intuitionistic fuzzy set in a SolFTS (X,77,72) and (r,s) e | @ I. Then A is said to be:

(1) fuzzy (r,s)-regular open if A= int(cl(A,r,3),r,),

(2) fuzzy (r,s)-regular closed if A=cl(int(A,r,s),r,),

(3) fuzzy (r,s)-semiopen if Ac cl(int(A,r,s),r,s),

(4) fuzzy (r,s)-semiclosed if A= int(cl(A,r,3),r,5),

(5) fuzzy (r,s)-preopen if Ac int(cl(A,r,9),r,9),

(6) fuzzy (r,s)-preclosed if A= cl(int(A,r,s),r,s).

Remark 2.6. Let A be an intuitionistic fuzzy set in a SolFTS (X,77,72) and (r,S) e | & l. Then A

is said to be:
(1) fuzzy (r,s)-clopen if it is fuzzy (r,s)-open and fuzzy (r,s)-closed set,
(2) fuzzy (r,s)-semi clopen if it is fuzzy (r,s)-semiopen and fuzzy (r,s)-semiclosed set,
(3) fuzzy (r,s)-pre clopen if it is fuzzy (r,s)-preopen and fuzzy (r,s)-preclosed set.

Remark 2.7. If an intuitionistic fuzzy set A in a SoIFTS (X, 7, T *) is a fuzzy (r,s)-clopen set,
then it is a fuzzy (r,s)-semi clopen and a fuzzy (r,s)-pre clopen set.

Definition 2.8. (Lee and Kim (2009); Lee (2006)) Let f: (X, 77, T2) =>(Y, U, U,) be a mapping
from a SOIFTS X to a SoIFTS Y and (r,s) € I@l. Then f is called
(1) a fuzzy (r,s)-continuous mapping if f=*(Byis a fuzzy (r,s)-open set in X for each fuzzy
(r,s)-opensetBin Y.
(2) a fuzzy (r,s)-semi continuous mapping if £F~*(Byis a fuzzy (r,s)-semiopen set in X for each
fuzzy (r,s)-opensetBin Y.

FUZZY(r,s)-TOTALLY CONTINUOUS AND FUZZY
(r,s)-TOTALLY SEMI-CONTINUOUS MAPPINGS

Now, we introduce the concept of fuzzy (r,s)-totally continuous and fuzzy (r,s)-totally semi-
continuous mappings, and investigate some of their characteristic properties.

Definition 3.1. Let f: (X, 71, T2) = (Y, WU, U,) be a mapping from a SolFTS X to a SOIFTS Y
and (r,s) el @ 1. Then f is called:
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(1) a fuzzy (r,s)-totally continuous if £~*(B) is fuzzy (r,s)-clopen in X for each fuzzy (r,s)-open
setBinY.

(2) a fuzzy (r,s)-totally semi (pre)-continuous mapping if £=*(B) is fuzzy (r,s)-semi(pre)clopen,
for each fuzzy (r,s)-opensetBin Y.

Example 3.2. Let X = {X,y } and let A; and A, be intuitionistic fuzzy sets in X defined as

Aq(x) = As(y) = (0.5, 0.5)
Ax(X) = Ax(y) = (0.5, 0.5);

Define 7:I(X)=>lI@ land U : I(X) =1 @ | by

(1.0) if A=0 1L
T (A) = (Ta(A), T2(A)) = {(35] ifA= Al
(0,1) otherwise.
and
(1.0} if A=0 1

UA) = (U (A), Uz (A)) = {(5 ) if A= A2,

Y

{L'I,l] otherwise,

Then Tand U are SolFTs on X. Let f : (X, 7) = (X, W) defined by
f)=x )=y,
o)
fH@=0 (1) =1, and F(A2) = Ay
Since 0. 1 and A, are fuzzy (-, - )-semiopen (clopen) sets in (X, T). so f is fuzzy(Z,-)-totally
continuous mapping. Also f is fuzzy (3 3 )-totally semi-continuous mapping.

Theorem 3.3. An intuitionistic fuzzy set A in a SOIFTS (X, 7, T*) is a fuzzy (r,s)-clopen if and

only if it is a fuzzy (r,s)-semi clopen and a fuzzy (r,s)-pre clopen set, where A is an intuitionistic
fuzzy set in X and (r,s) € [&1.

Proof. Follow from the fact that each fuzzy (r,s)-clopen set is fuzzy (r,s)-semi clopen and fuzzy
(r,s)-pre clopen set.

Conversely, let A be both a fuzzy (r,s)-semi clopen and a fuzzy (r,s)-pre clopen set, where
A is an intuitionistic fuzzy set in X. Since A is a fuzzy (r,s)-semiclosed, then

int(cl(A, r,s),1,8) EA,
so that
int (int (cl (A,r,9),1,9),1,8)=int (cl (A, r,9), 1) cint(A,r,S).
But A is a fuzzy (r,s)- pre open, then
Acint (cl (A, r,s),rs) sint (A, r,s),
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which implies that A is a fuzzy (r,s)-open. Also A is a fuzzy (r,s)-semiopen, then A is a fuzzy

(r,s)-opensetin X, A ccl (int (A, r,5S),r,5), but Ais afuzzy (r,s)-pre closed, then
cl(A,r,s)ccl(cl(int (A, r,9),r1,8),rs)=cl(int(A r,5S),r,5) EA,
and so A is a fuzzy (r,s)-closed set, where A € X. Therefore A is a fuzzy (r,s)-clopen set.

Theorem 3.4. Let f: (X, T, 7%) = (Y, U, W) be a mapping from a SoIFTS X to a SolFTS Y
and (r, s) e I @ I. Then the following statements are equivalent:

(1) f is afuzzy (r,s)-totally (totally semi)-continuous,

(2) £*(B) is a fuzzy (r,s)-clopen (semi clopen) set of X for each intuitionistic fuzzy set B®in Y,
() cl (£7*(B), r,8) = f*(cl (B, 8) and F*(B) = int (f~* (cl (B, r, s), r, s) for each
intuitionistic fuzzy set B in 'Y,

@) F(@nt(B,r,9) sint(f*(B),r,s)andcl (f* (int(B,r,s)),rs)cf*(B)foreachBeY.

Proof. (1) = (2) : Let B ¢ Y. Then from (1), F~*(int (B, r, s)) is fuzzy(r,s)-clopen (semi clopen).
But £~ (B9 e X i.e., (f~* (B)) € X, we have f~*(B) is fuzzy (r,s)-closed (semiclosed) in X.
From £-*(B°) is fuzzy (r,s)-closed (semiclosed) in X so, then f=*(B) ¢ X. Thus, f~* (B) is fuzzy
(r,s)-clopen (semi clopen).

(2) = (3) : Let B be a fuzzy (r,s) in Y. Then cl(B,r,s) is fuzzy (r,s)-closed (semiclosed) in Y. By
(2), £7* (cl (B,r,s)) is fuzzy (r,s)-closed (semiclosed) in X.
Hence,
cl(F7~*(B), r,s)) ccl(f* (cl (B, r,5)),r,5)=Ff*cl(B,r,5)).
again by (2), f~* (cl (B, r, 5)) € X.
Hence,
f7~(B)c F*cl(B,r,9)=int(f*(cl(B,r,9)),Tr,5).

(3) = (4) : Let B be a fuzzy (r,s)-open set in Y. By (3),we have
f7H(el (8% r, 8) =cl (77 (89), 1, 8) = cl((F*(B)), 1, 9).

f(int (B, r,8)) = £ (CI(B", 1, 8))° = (F~*(cl (B, 1, 8)))
c(cl (F7* (B)), r, 8))° = int (f*(B), r, ).

Hence,

By hypothesis of (3), we have
FH(BS, 1, 8) cint (FX(cI(BS, 1, 8)), 1, S)
=int(f~*(int (B, r, 5)°), 1, 5)
=int(f-*(int (B, 1, 5))%, 1, S).
Hence,
F7H(B) = (F*(8%)) * 2 (int (F*(int (B, 1, ), 1, )%, T, 5)°
=cl(f*(int(B,r,59)),r,5).

(4)=():LetBeY.Then B =int(B,r,s). By first formula of (4), we have
F(B)=r"(int (B, r,s)) cint(f*(B),r,5).
Hence,
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FB)=fF*(int (B, r,9)),i.e,f*(int(B,r,9))eX.

By second formula of (4), we have
FrB)=cl(r*(int (B, r,5s)),rs)=cl (£ *B),r,5s),

F(B)=r~*(int (B, 1, 9)),
i.e., f7*(B) is a fuzzy(r,s)-clopen (semi clopen) in X. Thus, f is fuzzy (r,s)-totally (totally semi)
continuous.

Hence,

Theorem 3.5. let (X, 7, 7)) and (Y, U, U*) be a SOIFTS X and Y respectively. A mapping f:
X, T, T) — (Y, U, U*) is an intuitionistic fuzzy (r,s)-totally continuous if and only if f is a
fuzzy (r,s)-totally semi-continuous and a fuzzy (r,s)-totally pre-continuous.

Proof: let B be a fuzzy (r,s)-open set in (Y, U, U*), then £~*(B) is fuzzy (r,s)-semi clopen set.
Since f is an intuitionistic fuzzy (r,s)-totally semi-continuous and £~*(B) is fuzzy (r,s)-pre clopen
set because f is an intuitionistic fuzzy (r,s)-totally pre-continuous. from Remark 2.6, f~*(B) is
fuzzy (r,s)-clopen set in (X, 7, 7*). Therefore f is an intuitionistic fuzzy (r,s)-totally continuous.

The completion of the proof is straightforward .

Theorem 3.6. (1) Every intuitionistic fuzzy (r,s)-totally continuous mapping is intuitionistic
fuzzy (r,s)-totally semi continuous mapping.

(2) Every intuitionistic fuzzy (r,s)-totally semi continuous mapping is intuitionistic fuzzy (r,s)-
semi continuous mapping.

Proof . (1)- let f: (X, T, T*) — (Y, U, U*) is an intuitionistic fuzzy (r,s)-totally continuous and

B be a fuzzy (r,s) in Y. By hypothesis f~*(B) is an intuitionistic fuzzy (r,s)-semi clopen set in X.
Since every fuzzy (r,s)-open set and every fuzzy (r,s)-closed set is fuzzy (r,s)-semi clopen set, so
f is a fuzzy (r,s)-totally semi continuous mapping.

(2)- let B be a fuzzy (r,s)-open set in (Y, U, U*) By the hypothesis £~*(B) is fuzzy (r,s)-semi
open set and fuzzy (r,s)-semiclosed set in X. Hence f is a fuzzy (r,s)-semi-continuous mapping.

However, the following examples show that the converse need not be true.

Example 3.7. (1)- Let X ={x,y,z} and let A; and A, be intuitionistic fuzzy sets in X defined as
A1(x) =(0.1, 0.3), Ay(y) = (0.2, 0.7), As(z) = (0.1, 0.5);

e Az(x) =(0.1,0.3), Ax(y) =(0.3,0.7), Ax(z) = (0.1,0.5).

Define 7:I(X) =1 @ land U : I(X) =1 & | by
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(1.0) if A=0 1

11

(2%) wa=a,

]

(0 ,1-] otherwise.

T(A) = (Tu(A), T2(A)) = {

and
(1,00 if A=0 1,
11

((2) wa=az,

{EI‘, 1-] otherwise.

UA) = (Ui (A), U2 (A) = {

Then 7 and U are SolFTson X. Let f : (X, 7) = (X, U) defined by
f(x)=x, f(y)=yandf(z) =z,
FoH@ =0 £7(1) =1, and F(A;) = Ag.
So 0. 1 and A; are fuzzy (%,f )-semi clopen sets in (X, 5). But f is not fuzzy (r,s)-totally
continuous mapping because £*(A,) = A, is not fuzzy (3,3 )-clopen in X.

(2)- See(1), and defined A; as follows:

Au(X) =A2(x)=(0.1,0.3),
Auy) = Az(y) = (0.3,0.7),
Au(z) =A2(2)=(0.1,0.5),
S0
FHO =0 1) =1, and 7 (A2) = Az
Since 0, 1 and A; are fuzzy (=, = )-semi open sets, but not fuzzy (=, - )-semi clopen set in (X,T).

then f is fuzzy(r,s)-semi continuous mapping, but not fuzzy (r,s)-totally semi-continuous
mapping.

FUZZY(r,s)-SEMI TOTALLY-CONTINUOUS MAPPINGS

Definition 4.1. Let f: (X, 7, 7*) = (Y, U, U*) be a mapping from a SOIFTS X to a SOIFTS Y

and (r, s) e | @ I, then f is called a fuzzy (r,s)-semi totally-continuous mapping if f=* (B) is
fuzzy (r,s)-clopen, for each fuzzy (r,s)-semi open B in Y.

Theorem 4.2. Let f: (X, 7T, 7*) = (Y, U, U*) be a mapping from a SoIFTS X to a SOIFTS Y

and (r,s) € | @ 1. Then the following statements are equivalent:

(2) f is a fuzzy (r,s)-semi totally-continuous,

(2) F~*(B) is a fuzzy (r,s)-clopen set of X for each intuitionistic fuzzy (r,s)-semiclosed set B in
Y.

Proof. (1) = (2) : Let B be any intuitionistic fuzzy (r,s)-semiclosed set in Y. Then Y—B is fuzzy
(r,s)-semiopen set in Y. By definition £~*(Y—B) is fuzzy (r,s)-clopen in X. That is X-f~*(B) is
fuzzy (r,s)-clopen in X. This implies f~* (B) is fuzzy (r,s)-clopen in X.
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(2) = (1) : Let A'is fuzzy (r,s)-semiopen in Y, then Y—A is fuzzy (r,s)-semiclosed in Y, but
FH(Y -A) =X —f~* (A) is fuzzy (r,s)-clopen in X, which implies £=*(A) is fuzzy (r,s)-clopen in
X. Thus, inverse image of every fuzzy (r,s)-semiopen set in Y is fuzzy (r,s)-clopen in X.
Therefore f is fuzzy(r,s)-semi totally continuous mapping.

Proposition 4.3. Every fuzzy (r,s)-semi totally-continuous mapping is a fuzzy (r,s)-totally
(totally semi)-continuous mapping.

Proof. Suppose f: (X, 7, T*) = (Y, U, U*) is a fuzzy (r,s)-semi totally-continuous mapping

and B € Y. Since B € Y, so B is fuzzy (r,s)-semiopen in Y and f is a fuzzy (r,s)-semi totally
continuous, it follows 7~*(B) is fuzzy (r,s)-clopen (and hence a fuzzy (r,s)-semi clopen) in X.
Thus inverse image of each B €Y which is a fuzzy (r,s)-semiopen (semi clopen) set in Y is fuzzy
(r,s)-clopen (semi clopen) in X. Therefore f is a fuzzy (r,s)-totally (totally semi)-continuous

mapping.

The converse of the proposition need not to be true in general as shown by the following
examples.

Example 4.4. (1) See the Example 3.7. (1) and let

As(x) =(0.3,0.1), Ax(y) =(0.7,0.2), Ax(z) = (0.5, 0.1),
and

As(x) = (0.1, 0.3), As(y) =(0.3,0.7), As(z)=(0.1,0.5).
So f7*(0) =0, f~*(1) =1, and F*(A2) = A, are fuzzy (3, )-clopen sets, but Az is fuzzy (=,- )-
semiopen set in Y and £~(As) = Ag is not a fuzzy (%, %)-clopen set in X. Thus f is a fuzzy (,)-
totally-continuous mapping, but not a fuzzy (E 3 )-sérﬁi totally-continuous mapping. -

(2) Let X ={x,y,z}, A,B and C be intuitionistic fuzzy sets in X defined as

A(X) =(0.3,0.6), A(y) = (0.1, 0.8), A(z) =(0.7,0.2);

B(x) =(0.8,0.1), B(y) =(0.8,0.1), B(z) = (0.4,0.5);
and

C(x) =(0.7,0.4), C(y) =(0.7,0.2), C(z) = (0.6,0.4),

Define 7:1(X)=>l@ land U : I(X) =1 @ | by

(1,0 fD=0 1
T(D) = {(%.%) #D=454nB.4U8,
(0,1) otherwise;

and

{U‘,lj otherwise;
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Then g and U are SolFTson X. Let f : (X, 7) = (X, ‘U) defined by

f(x)=x, f(y)=yandf(z) =z,
SO
=051 =150 f*C)=C.

Since 0. 1 and C are fuzzy (3, )-semi clopen sets in (X, J), so f is a fuzzy(Z, % )-totally semi-
continuous mapping. But f is not fuzzy (3 3 )-semi totally-continuous mapping because f~*(C)
= Cis not fuzzy (3,2 )-clopen in X,

Theorem 4.5. Every fuzzy (r,s)-semi totally-continuous mapping is fuzzy (r,s)-semi continuous

mapping.

Proof. Suppose f :(X, T, 7*) = (Y, W, U*) is a fuzzy (r,s)-semi totally-continuous mapping and

B € Y. Since f is a fuzzy (r,s)-semi-continuous mapping, f~*(B) is a fuzzy (r,s)-clopen and
hence a fuzzy (r,s)-semi clopen in X. This implies f~*(B) is a fuzzy (r,s)-semiopen in X.
Therefore f is a fuzzy (r,s)-semi-totally continuous mapping.

The converse of the above need not to be true as shown by the following example.

Example 4.6. Let (X, 7) be the SolFTS as described in Example 4.4. (2) and C be an
intuitionistic fuzzy set defined as
C(x) =(0.8,0.1), C(y) = (0.7, 0.2), C(z) = (0.6,0.4).

Since 0. 1 and C are fuzzy (3, - )-semiopen sets in X, and it is easy to see that C is a fuzzy (=, >
-semiopen, so f is a fuzzy (=, 2)-semi-continuous mapping. But it is not fuzzy (=, )-semi totally-
continuous mapping because £~*(C) = C is not fuzzy (3, 3 )-clopen in X.
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