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Testing QM in High Energy Physics

Part I: Bell inequalities 1: 

A symmetry violation in particle physics related to nonlocality ?!

Part II: Bell inequalities 2/ How to describe the decay property?

Part III: Entanglement witnesses and entanglement measures & 

geometry of entanglement

Part IV: The Kaonic Quantum Eraser/ Decoherence & Measures of 

entanglement
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Definition of Entanglement
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If any state ρ cannot be written in this form, then the state
is called entangled (=not separable).



Characterizing entanglement?

entangled (NPT)

separable

Characterizing
of entanglement
is still an open

question!
maximally entangled

bound entangled (PPT, 
not separable)



Qubits

Qubits:

Bloch‘s Sphere
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Bipartite qubits
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++ ψψ

−− ψψ

++ ΦΦ

−− ΦΦ

Tetrahedrons: positivity
Double pyramid: separability
Origin: totally mixed state
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“local” parameters (will be set to zero, in order to obtain a 
3 dimensional picture)
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Bipartite qubits
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Bipartite qubits

Tetrahedrons: positivity
Double pyramid: separability
Origin: totally mixed state
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Bipartite qubits

Tetrahedrons: positivity
Double pyramid: separability
Origin: totally mixed state



Bell-CHSH inequality for qubits

Bipartite Qubits:
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Bell operator:

Theorem: The density matrix ρ violates
the CHSH-Bell inequality for the
operator BCHSH iff M(ρ)>1.
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Qutrits

1
3 (1 )nρ λ= +

r urQutrits:
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Gell Mann matrices

hermitian, 
trace less, 
not unitary

Problem:
eigenvalues not

positive!1,...7 80; 1n n= =



Bipartite Qutrits
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reduce state space even more



Weyl-Operators (unitary)
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All Bell states

Bell state:
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The remaining 9-1 Bell states 
are obtained by:

“The state space for 
two qutrits has a phase 
space structure in its 

core ”

Baumgartner, Hiesmayr, 
Narnhofer, Phys. Rev. A 

74, 032327 (2006)
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The simplex for qutrits (qudits)

, , ,:= Ω Ωk l k l k lPBell states:

the `magicthe `magic´́ simplexsimplex

Construction works for any dimension d (qudit)

B. Baumgartner, B.C. Hiesmayr and H. Narnhofer, 
"A special simplex in the state space for entangled qudits “,
J. Phys. A: Math. Theor. 40 7919-7938 (2007)



Entanglement of bipartite qutrits

1
00 10 209 21 1 ( )− −= ⊗ + + +P P Pα β βαρ

Baumgartner, Narnhofer, Hiesmayr, PRA 2006.



Optimal entanglement witnesses

separable

entanglement witness
optimal entanglement witness

Simplex:



Reduction of parameters:

•Simplex:

•Group theoretical methods:

reduce parameter considerably

•Theorem: reduce von dxd to d dimensions



Entanglement of bipartite qutrits

1
10 209[ ] 1 1− −= ⊗ + +line state P Pα β αρ β



Geometry of line states

1
00 01 029[ ] 1 1− −= ⊗ + + +off line P P Pα β αρ β γ



Geometry of the CGLMP-Bell inequality

1
00 01 029[ ] 1 1− −= ⊗ + + +line P P Pα β αρ β γ

Christoph Spengler, Marcus Huber, Beatrix C. Hiesmayr, Optimization of Bell operators 
and visualization of the CGLMP-Bell inequality, arXiv:0907.0998



How much entanglement? Generalized concurrence?

Hiesmayr, Huber, PRA, 2009
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1>=C>0.8 (red)
0.8>=C>0.6 (yellow)
0.6>=C>0.4 (green)
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0.2>=C>0 (violet)



How to quantify entanglement ???

ψ ...with n particles (parties)Pure states: 
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... Reny’s α entropies
α 1, Von Neumann

Any entropy

... linear entropies
our choice: r=2



How to quantify entanglement for mixed???

...with 2 particles (parties)Mixed states: 
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Bounds and the m flip concurrence:

Observation 1:

m-flip concurrence



Bounds and the m flip concurrence:

Observation 2:

Define m flip density matrix:

Sqare root of eigenvalues of are :



Bipartite Qubits

Pure states:

2xWootters concurrenceMixed states:



Bipartite Qutrits



Literature for the multipartite qudit systems
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Generalized Smolin state of n qubits:
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• biseparable cuts 
• bounds are exact
• separability measure: only E12..n>0
• entanglement measure: only Ε12..n>0
• all NPT-entangled states are (multi) 
bound entangled 
• entanglement is unlockable by 
cooperation of two arbitrary parties
• all states are two copy distillable to the 
vertex states (which are (multi) bound)
•Bell’s inequality same geometry, even 
violating its not useful for quantum 
security, quantum information 
concentration



Entanglement measures and bounds: two sets

Separability in multipartite systems (n particles):
(1) A pure state is called k-separable if it can be written by 
(Horodecki)

fully separable for k=n; k=1: is fully entangled or 1-
separable (not equal to maximally entangled)

Obvious generalization  for mixed states:



Entanglement measures and bounds: two sets

Separability in multipartite systems (n particles):

(2) Which particles are entangled? The γk-separability:

Generally:



Entanglement measures and bounds: two sets

Separability in multipartite systems (n particles):

(2) Which particles are entangled? The γk-separability:

Not straightforward to mixed states:

γk-convex



Entanglement measures and bounds: two sets

Separability in multipartite systems (n particles):

(2) Which particles are entangled? The γk-separability:

Smolin state 
(d=2): 1
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Only 
unambiguous set:



Entanglement measures and bounds: two sets

total state pure; list of requirements of the 
separability measure:



Entanglement measures and bounds: two sets

Physical measure: What kind of entanglement is 
in the system? Bipartite, tripartite,...n-partite? 

1
2

1
3

( 000 111 )

( 001 010 100 )

GHZ

W

= +

= + +

Both states have in common:

•any partial trace gives the unity matrix
•therefore, completely unseparable (separability
measure is identical)

Physical difference: Ignoring one particle will yield 
•for GHZ into a separable mixed state 
•and for W in an entangled mixed state



Entanglement measures and bounds: two sets

Physical measure: What kind of entanglement is 
in the system? Bipartite, tripartite,...n-partite? 



Entanglement measures and bounds: two sets

Physical measure: What kind of entanglement is 
in the system? Bipartite, tripartite,...n-partite? 

Define a useful quantity (convex roof already for pure state)



Entanglement measures and bounds: two sets

sin W cos GHZατ α α= + 2 2sin W W cos GHZ GHZατ α α= +



Bounds and the m flip concurrence:

Observation 1:

m-flip concurrence



Bounds and the m flip concurrence:

Observation 2:

Define m flip density matrix:

Sqare root of eigenvalues of are :
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