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What are MU bases? (1)

a pair of MU bases in Cd

I given two orthonormal bases |ψ(1)
j 〉 and |ψ(2)

k 〉, j , k = 1 . . . d ,
one requires

|〈ψ(b)
j |ψ(b′)

k 〉| = χbb′
jk ≡

{
δjk if b = b′

1/
√

d if b 6= b′

I given any orthonormal basis B0 in Cd , one can construct a
(symmetric) pair of MU bases, B1,B2 [S60]



What are MU bases? (2)

example: a triple of MU bases in C2:

I let (mx = ±, . . .)

B1 = {|mx〉} , B2 = {|my 〉} , B3 = {|mz〉}

be the eigenstates of σx , σy , σz , resp., then

|〈mx |my 〉|2 = |〈my |mz〉|2 = . . . = 1
2

I explicitly:

Bz =

(
1 0
0 1

)
Bx =

1√
2

(
1 1
1 −1

)
By =

1√
2

(
1 1
i −i

)
I there are no more...



What are MU bases? (3)

I A complete set of MU bases [I81,WF89] in Cd ,

Bb = {|ψ(b)
j 〉, j = 1 . . . d}, b = 1 . . . d + 1

consists of d(d + 1) pure states such that

∣∣∣〈ψ(b)
j |ψ(b′)

j ′ 〉
∣∣∣ =

{
δjj ′ if b = b′
1√
d

if b 6= b′

I dimension d = 3:

B0 =

 1 0 0
0 1 0
0 0 1

 B1 =
1√
3

 1 1 1
1 ω ω2

1 ω2 ω


B2 =

1√
3

 1 1 1
ω2 1 ω
ω2 ω 1

 B3 =
1√
3

 1 1 1
ω ω2 1
ω 1 ω2


where ω = e2πi/3



What are MU bases good for?

MU bases are used for

I optimal state estimation [WF89,AS08]

I quantum key distribution [BB84,BKB01,CBK02, KMB09,B09]

I generalised Bell inequalities [JLL08]

I quantum challenges: the mean king [AE01,EA01]

I see talks by T. Durt and B.-G. Englert

they find and hide (quantum) information



What do we know about MU bases?
results independent of the dimension d :

I no more than (d + 1) MU bases [WF89]

I have triples of MU bases for any d [KR03,G04]

I given d MU bases in Cd , d + 1 MU bases can be found [W09]

I a complete set of MU bases is equivalent to an orthogonal
decomposition of the Lie algebra sld(C) [BST07]

results for prime power dimensions, d = pk , k ∈ N:
I complete sets have been constructed using (cf. [K09])

I discrete Fourier analysis over Galois fields/rings
I discrete Wigner functions
I generalized Pauli matrices
I mutually orthogonal Latin squares
I finite geometry methods

results for N continuous variables, d = ∞ [WW08]

I N = 1: triples of MU bases

I N = 2: quintuples of MU bases



What do we not know about MU bases?

I for composite dimensions d = 6, 10, 12, . . ., the existence of
complete MU bases is an open problem

I for composite dimensions d = 6, 10, 12, . . ., the existence of
orthogonal decomposition of the Lie algebra sld(C) is an open
problem



What do we know about MU bases for composite d?

results for d = pk1
1 pk2

2 . . . pkn
n (with pk1

1 < pk2
2 < . . . < pkn

n ):

I can construct pk1
1 + 1 MU bases [KR03]

I for some square dimensions d = s2, there are more [WB04]

I e.g.: if d = 22 × 132, there are 6 (= 22 + 1 + 1) MU bases

prime powers are sparse for d →∞!



What do we know about MU bases in dimension six? (1)

analytic results:

I standard prime power construction cannot be extended to
more than three MU bases [G04]

I no four MU bases have been found using a finite list of
elements [BBE07]

numerical results:

I no four MU bases have been found by numerical searches [BH07]

other results:

I plausible generalisations of number theoretic formulas used for
d = pr fail [A05]

conjecture:
There are only three MU bases in C6. [Z99]



What do we know about MU bases in dimension six?(2)

recent analytic result:

I all MU bases in dimensions two to five [BWB09]

I many candidates for MU bases can be excluded [BW09]

recent numerical results:

I many small MU constellations seemingly do not exist [BW08]
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Sets of MU bases in Cd

pairs of MU bases in C2:

{Bx ,By} , {By ,Bx} , {By ,Bz} , . . .

more generally:

I How many pairs of MU bases exist in C2?

I How many triples of MU bases exist in C2?

I How many pairs of MU bases exist in C2?

I . . .

I What types of sets of MU bases exist in Cd?



Equivalent sets of MU bases

many sets of MU bases are equivalent to each other:

{Bx ,By} ∼ {By ,Bx} ∼ {By ,Bz} ∼ . . .

transformations leaving |〈ψ(b)
j |ψ(b′)

k 〉| = χbb′
jk invariant:

I an overall unitary transformation U

I (r + 1) diagonal unitary transformations Dρ

I (r + 1) permutations of the elements within each basis

I pairwise exchanges of two bases

I complex conjugation of all bases

define a standard form of MU bases!



Equivalence transformations of sets of MU bases

two sets of (r + 1) MU bases are equivalent to each other

{B0,B1, . . . ,Br} ∼ {B ′
0,B

′
1, . . . ,B

′
r}

if one is obtained from the other via

I {B0,B1, . . . ,Br} → {UB0,UB1, . . . ,UBr}
I {B0,B1, . . . ,Br} → {B0D0,B1D1, . . . ,BrDr}
I {B0,B1, . . . ,Br} → {B0P0,B1P1, . . . ,BrPr}
I {. . . ,Bρ, . . . ,Bρ′ , . . .} → {. . . ,Bρ′ , . . . ,Bρ, . . .}
I {B0,B1, . . . ,Br} ∼ {B∗

0 ,B
∗
1 , . . . ,B

∗
r }

define a standard form of MU bases!



Standard form of four MU bases

four MU bases for d = 3: {I ,B1,B2,B3} with

I =

 1 0 0
0 1 0
0 0 1

 B1 =
1√
3

 1 1 1
1 ω ω2

1 ω2 ω


B2 =

1√
3

 1 1 1
ω2 1 ω
ω2 ω 1

 B3 =
1√
3

 1 1 1
ω ω2 1
ω 1 ω2


observation: the matrices Bρ satisfy

I B†
kBk = I (unitarity)

I |(Bk)ij | = 1√
d
, (constant moduli)

they are complex Hadamard matrices



Standard form for sets of MU bases (1)

any set of (r + 1) MU bases can be written as

{I ,H1, . . . ,Hρ . . . ,Hr}

where

I first basis is the standard basis I

I all matrices Hρ are complex Hadamard matrices

I first column of H1 has entries 1/
√

d only

I first row of each Hadamard matrix has entries 1/
√

d only



Standard form for sets of MU bases (2)
example: four MU bases for d = 3: {I ,B1,B2,B3}

I =

 1 0 0
0 1 0
0 0 1

 B1 =
1√
3

 1 1 1
1 ω ω2

1 ω2 ω


B2 =

1√
3

 1 1 1
ω2 1 ω
ω2 ω 1

 B3 =
1√
3

 1 1 1
ω ω2 1
ω 1 ω2


where

I first basis is the standard basis I

I all matrices Bρ are complex Hadamard matrices

I first column of B1 has entries 1/
√

3 only

I first row of each Hadamard matrix has entries 1/
√

3 only

I B1 has been dephased



Pairs of MU bases in Cd

strategy:

I suppose we knew all complex Hadamard H matrices in Cd

I then: all pairs {I ,H} are candidates for inequivalent MU bases

I apply equivalence transformations to obtain standard form

I list remaining inequivalent ones

I done!

need a list!

catalog of known complex (d × d) Hadamard matrices [TZ06]:

I complete classification for d ≤ 5

I incomplete classification for d ≥ 6



MU vectors

task: given {I ,H} construct additional MU bases

idea: search for all vectors |v〉 ∈ Cd which are MU to both I and
H in the pair {I ,H}

properties of MU vectors |v〉 ∈ Cd :

I |vi | = 1/
√

d

I |〈h(k)|v〉| = 1/
√

d , k = 1, . . . , d

requirements on MU vectors |v〉 to form a third MU basis:

I need d independent vectors

I pairwise orthogonality



How to construct sets of MU bases Cd

strategy:

I choose a Hadamard matrix H

I list the constraints on vectors MU to {I ,H}
I determine all solutions

I list all MU vectors |v1〉, |v2〉, . . .
I analyse the vectors to identify additional ON-bases

apply to

I dimensions two to five

I dimension six
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Dimension d = 2

only one dephased complex Hadamard matrix exists in C2:

F2 =
1√
2

(
1 1
1 −1

)
(Fourier matrix)

vectors MU to I : |v〉 = 1√
2

(
1

e iα

)
, α ∈ [0, 2π)

vectors MU to {I ,F2} satisfy:
∣∣1± e iα

∣∣ =
√

2

two solutions: e iα = ±i ⇒ |v±〉 = 1√
2

(
1
±i

)
new Hadamard matrix: H2 = (v+|v−)

all sets of MU bases in C2:
{I ,F2} , {I ,F2,H2}



Dimension d = 3

only one dephased complex Hadamard matrix exists in C3:

F3 =
1√
3

 1 1 1
1 ω ω2

1 ω2 ω

 (Fourier matrix)

vectors MU to I : |v〉 = (1, e iα, e iβ)T/
√

3, α, β ∈ [0, 2π)
vectors MU to {I ,F3} satisfy:

√
3 = |1 + e iα + e iβ|√
3 = |1 + ωe iα + ω2e iβ|√
3 = |1 + ω2e iα + ωe iβ|

graphical solution . . .



Dimension d = 3 (cont’d)

. . . or, with some ζ of modulus 1/2:∣∣∣ζ + cos
α

2

∣∣∣ =

√
3

2
and

∣∣∣∣ζ + cos

(
α

2
± 2π

3

)∣∣∣∣ =

√
3

2

⇒ six solutions (αj , βj) , j = 1 . . . 6



Dimension d = 3 (cont’d)

⇒ six vectors |v1〉, . . . , |v6〉

two new Hadamard matrices:

H3 = (v1|v2|v3) and J3 = (v4|v5|v6)

H3 =
1√
3

 1 1 1
ω2 1 ω
ω2 ω 1

 J3 =
1√
3

 1 1 1
ω ω2 1
ω 1 ω2


note: {I ,F3,H3} ∼ {I ,F3, J3}

all sets of MU bases in C3:
{I ,F3} , {I ,F3,H3} , {I ,F3,H3, J3}



Triples of MU bases in dimension d = 4

one-parameter set (x ∈ [0, π)) of Hadamard matrices exists in C4:

F4(x) =
1

2


1 1 1 1
1 1 −1 −1
1 −1 ie ix −ie ix

1 −1 −ie ix ie ix

 , Fourier family

note: Fourier matrix F4(0) ≡ F4 and F4(π/2) ≡ F2 ⊗ F2

geometric arguments similar to those for C3:

H4(y , z) =
1

2


1 1 1 1
1 1 −1 −1

−e iy e iy e iz −e iz

e iy −e iy e iz −e iz


three parameter-family of triples: {I ,F4(x),H4(y , z)}



All sets of MU bases in dimension d = 4

there is one quadruple of MU bases in C4:

{I ,F4(π/2),H4, J4}

there is one quintuple of MU bases in C4:

{I ,F4(π/2),H4, J4,K4}

all sets of MU bases in C4:
{I ,F4(x)}

{I ,F4(x),H4(y , z)}
{I ,F4(π/2),H4, J4}

{I ,F4(π/2),H4, J4,K4}



All sets of MU bases in dimension d = 5

only one dephased complex Hadamard matrix exists in C5:

F5 =
1√
5


1 1 1 1 1
1 ω ω2 ω3 ω4

1 ω2 ω4 ω ω3

1 ω3 ω ω4 ω2

1 ω4 ω3 ω2 ω

 , ω = e2πi/5

computer-assisted (cf. later) exact result:

all sets of MU bases in C5:
{I ,F5}

{I ,F5,H5} , {I ,F5, J5}
{I ,F5,H5, J5}

{I ,F5,H5, J5,K5}
{I ,F5,H5, J5,K5, L5}



All MU bases for dimensions two to five

C2 C3 C4 C5 C6

pairs 1 1 ∞1 1 ≥ ∞2

triples 1 1 ∞3 2 ≥ ∞1

quadruples - 1 1 1 ?
quintuples - - 1 1 ?
sextuples - - - 1 ?

main results:

I a three-parameter family of triples in C4

I two inequivalent triples in C5

I prime power construction of complete sets is unique for d ≤ 5
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Overview

I MU bases and complex Hadamard matrices

I known Hadamard matrices in dimension six

I MU vectors as solutions of multivariate polynomial equations

I Buchberger’s algorithm and Gröbner bases

I Result: only triples of MU bases in C6 (so far)



MU bases and complex Hadamard matrices

(d + 1) MU bases in Cd are characterized by

d complex (d × d) Hadamard matrices H,H ′,H ′′ . . ., satisfying

I |Hij | = 1/
√

d , i , j = 1, . . . , d

I H†H ′ = H ′′

example (ω = e2πi/3):

I , H1 =
1√
3

 1 1 1
1 ω ω2

1 ω2 ω

 , H2 = . . . , H3 = . . .

I given {I ,F6}, no further MU vectors have been found [G04]

I generalize F6 to any complex Hadamard matrix H

I complete classification for d ≤ 5 only!



Complex Hadamard matrices of dimension six

I landscape of known Hadamard matrices for d = 6

I recent two-parameter family: K (x , y) [Ka09]



Constructing MU vectors in Cd

given: identity I and some Hadamard matrix H
find all |v〉 ∈ Cd MU w.r.t. to the columns |h(k)〉 of H and of I

I |vk | = 1/
√

d

I |〈h(k)|v〉|2 = 1/d , k = 1, . . . , d

algorithm

I choose a Hadamard matrix H

I list the constraints

I construct solutions using Buchberger’s algorithm! [G04]

I list all MU vectors

I analyse the vectors



Buchberger’s algorithm: solving polynomial equations

Buchberger’s algorithm [B65]:
Gaussian elimination for non-linear polynomial equations!

x2 − y = 0 & x − y = 0 ⇔ x2 − x = 0 & x − y = 0

with solutions (x , y) = (0, 0) or (1, 1)

search for simple description of the algebraic variety:

I have polynomials P ≡ {pn(x), n = 1, . . . ,N}
I want solutions of P = 0

I use Buchberger’s algorithm to find Gröbner basis for P:
G = {gm(x),m = 1, . . . ,M}

I solve ‘triangular’ set of equations G = 0



Example: four MU bases in C3

I choose H ≡ F3 = 1√
3

 1 1 1
1 ω ω2

1 ω2 ω

 , where ω = e2πi/3

I constraints P = 0, using v = (1, x1 + iy1, x2 + iy2)
T/
√

3:

1− x2
1 − y2

1 = 0

1− x2
2 − y2

2 = 0

x1 + x2 + x1x2 + y1y2 = 0

x1 + x2 −
√

3y1 +
√

3y2 + x1x2 −
√

3x1y2 +
√

3y1x2 + y1y2 = 0

I find Gröbner basis using Buchberger’s algorithm

I list all MU vectors

I analyse the vectors



Example: four MU bases in C3 (2)

I choose H ≡ F3

I constraints P = 0

I find Gröbner basis G via Buchberger’s algorithm, put G = 0:

3y2 − 4y3
2 = 0

1− x2 − 2y2
2 = 0

1 + 2x1 + 4y1y2 − 4y2
2 = 0

3− 4y2
1 + 4y1y2 − 4y2

2 = 0

with solutions:
sa = 1

2(−1,−1,
√

3,
√

3) , sb = 1
2(−1, 2,−

√
3, 0) ,

sc = 1
2(2,−1, 0,−

√
3) , sd = 1

2(−1,−1,−
√

3,−
√

3) ,

se = 1
2(2,−1, 0,

√
3) , sf = 1

2(−1, 2,
√

3, 0)

I list all MU vectors

I analyse the vectors



Example: four MU bases in C3 (3)

I choose H ≡ F3

I constraints P = 0

I solve G = 0 to find sa, . . . , sf

I list MU vectors:

va = 1√
3

 1
ω
ω

 , vb = 1√
3

 1
ω2

1

 , vc = 1√
3

 1
1
ω2

 ,

vd = 1√
3

 1
ω2

ω2

 , ve = 1√
3

 1
1
ω

 , vf = 1√
3

 1
ω
1


I analyse the vectors: H3 ∼ [va, vb, vc ] and H2 ∼ [vd , ve , vf ]

I done



Results: Special Hadamard matrices

H Nv Nt

F6 48 16
D(0) 120 10
C 38 0
S 90 0

I Nv : number of vec-
tors MU to {I ,H}

I Nt : number of triples
of MU bases



Results: Affine Hadamard matrices

H x #(x) Nv Nt

D(x) grid ΓD 36 72/120 4
random 500 72/120 4

F (x) grid ΓF 168 48 8/70
random 2,000 48 8

FT (x) grid ΓF 168 48 8/70
random 2,000 48 8

I #(x): points chosen

I Nv : vectors MU to {I ,H}
I Nt : triples of MU bases

Diţă



Results: Non-affine Hadamard matrices (approximate!)

H x #(x) Nv Nt

M(t) grid ΓM 70 48-120 0
random 300 48-120 0

B(θ) grid ΓB 34 56-120 0
random 300 56-120 0

symmetric

I Nv (t) for the pair {I ,M(t)}

Hermitean

I Nv (θ) for the pair {I ,B(θ)}



Results: Szöllősi family (approximate!)

H x #(x) Nv Nt

X (a, b) Λ 50 48/56 0
Λ′ 50 48-60 0

random 300 48-120 0

along the line Λ

I Nv for the pair {I ,X (a, b)}

along the line Λ′

I Nv for the pair {I ,X (a, b)}



Summary
29,000hrs later, on a single 2.2 GHz processor:

At most three MU bases in C6 for 5,980 cases!

I Fourier families allow for MU triples only [JMM09]
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MU constellations

search numerically for complete sets of MU bases in C6

problem: search for seven complex (6× 6) matrices
→ 7× 2× 62 = 504 real parameters!

idea: consider subsets of complete MU bases

define MU constellations:

{x}d ≡ {x0, x1, . . . , xd}d
i.e. d + 1 sets of xb pure states that define the MU conditions

MU constellations define a lattice:

I all smaller MU constellations must exist for a complete set

I any missing subset implies non-existence of a complete set



Examples of MU constellations

MU constellations:

{x}d ≡ {x0, x1, . . . , xd}d , x ∈ (Z mod (d − 1))d+1

note: need to specify only (d − 1) vectors in each basis

Examples:

I {2, 2, 2, 2}3 is a complete set in C3

I Butterley and Hall studied {5, 5, 5, 5}6 [BH07]

I We can always find {d − 1, d − 1, d − 1}d [KR03]

I Grassl considered {5, 5, 5, 1}6 containing {I ,F6} [G04]



MU constellations as global minima

consider constellations of the form {5, x , y , z}6

define a continuous function

F (~α) =
∑

all indices

(
|〈ψb

j (~α)|ψb′
j ′ (~α)〉| − χbb′

jj ′

)2

where

χbb′
jj ′ =

{
δjj ′ if b = b′
1√
d

if b 6= b′

then, a constellation is MU if

F (~α) = 0



Minimising F (~α)

I use form with fewest possible parameters

I search for minima starting at random points

I use method by Levenberg-Marquardt

I take F (~α) < 10−7 as numerical cut-off for a zero

this is a hard problem: can get stuck in local minima!



Testing the program
success rates for searches of constellations {d − 1, d − 1, d − 1}d :

d 2 3 4 5 6 7 8

% 100.0 81.9 96.6 49.3 67.9 24.0 48.5

success rates for searches of MU constellations {4, x , y , z}5:

d = 5 parameters p5 success rate

x , y z z
1 2 3 4 1 2 3 4

1,1 8 - - - 100.0 - - -

2,1 12 - - - 100.0 - - -
2,2 16 20 - - 100.0 96.4 - -

3,1 16 - - - 100.0 - - -
3,2 20 24 - - 92.0 35.7 - -
3,3 24 28 32 - 68.3 38.0 29.0 -

4,1 20 - - - 99.0 - - -
4,2 24 28 - - 56.2 37.0 - -
4,3 28 32 36 - 55.8 31.8 21.8 -
4,4 32 36 40 44 37.4 20.1 14.9 9.7

1,000 initial points randomly chosen in C5(4, x , y , z)



success rates for searches of MU constellations {6, x , y , z}7:

d = 7 parameters p7 success rate

x , y z z
1 2 3 4 5 6 1 2 3 4 5 6

1,1 12 - - - - - 100.0 - - - - -

2,1 18 - - - - - 100.0 - - - - -
2,2 24 30 - - - - 100.0 100.0 - - - -

3,1 24 - - - - - 100.0 - - - - -
3,2 30 36 - - - - 100.0 100.0 - - - -
3,3 36 42 48 - - - 100.0 100.0 99.3 - - -

4,1 30 - - - - - 100.0 - - - - -
4,2 36 42 - - - - 100.0 100.0 - - - -
4,3 42 48 54 - - - 99.9 95.6 0.0 - - -
4,4 48 54 60 66 - - 52.3 0.0 0.0 0.0 - -

5,1 36 - - - - - 100.0 - - - - -
5,2 42 48 - - - - 100.0 37.9 - - - -
5,3 48 54 60 - - - 2.6 0.0 0.1 - - -
5,4 54 60 66 72 - - 0.0 0.0 0.0 0.1 - -
5,5 60 66 72 78 84 - 0.2 0.2 0.2 0.1 0.2 -

6,1 42 - - - - - 57.5 - - - - -
6,2 48 54 - - - - 1.1 0.0 - - - -
6,3 54 60 66 - - - 0.0 0.1 0.0 - - -
6,4 60 66 72 78 - - 0.2 0.0 0.1 0.3 - -
6,5 66 72 78 84 90 - 0.3 0.4 0.1 0.1 0.1 -
6,6 72 78 84 90 96 102 0.5 0.2 0.2 0.0 0.4 0.3

1,000 initial points randomly chosen in C7(6, x , y , z)



Application to Dimension 6
success rates for searches of MU constellations {5, x , y , z}6:

d = 6 parameters p6 success rate

x , y z z
1 2 3 4 5 1 2 3 4 5

1,1 10 - - - - 100.00 - - - -

2,1 15 - - - - 100.00 - - - -
2,2 20 25 - - - 100.00 100.00 - - -

3,1 20 - - - - 100.00 - - - -
3,2 25 30 - - - 99.95 100.00 - - -
3,3 30 35 40 - - 99.42 39.03 0.00 - -

4,1 25 - - - - 100.00 - - - -
4,2 30 35 - - - 92.92 44.84 - - -
4,3 35 40 45 - - 12.97 0.00 0.00 - -
4,4 40 45 50 55 - 0.74 0.00 0.00 0.00 -

5,1 30 - - - - 95.40 - - - -
5,2 35 40 - - - 76.71 10.96 - - -
5,3 40 45 50 - - 1.47 0.00 0.00 - -
5,4 45 50 55 60 - 0.00 0.00 0.00 0.00 -
5,5 50 55 60 65 70 0.00 0.00 0.00 0.00 0.00

10,000 initial points randomly chosen in C6(5, x , y , z)



Histograms of search results
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Log-log histograms of search results
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Summary

seemingly, not all MU constellations {5, x , y , z}6 exist:

I only 18 MU constellations identified

I 17 unobserved MU constellations

I largest existing constellation is {5, 5, 3, 1}6 with 16 states

I smallest missing sets: {5, 3, 3, 3}6 and {5, 4, 3, 2}6

strongest numerical evidence for non-existence of {57}6 so far!

observation:
{57}6 has 145 free parameters and there are 495 constraints!



Counting parameters

free parameters of the constellation {(d − 1)d+1}d :

pd = (d − 1)(d2 − d − 1)

number of constraints on the vectors in {(d − 1)d+1}d :

cd =
1

2
d(d − 1)(d2 − 3)

thus
cd > pd , d > 2

e.g. in dimension 7:

c7 = 1328 > 288 = p7
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Conclusions

main observations in dimension d = 6:

I no evidence for seven MU bases

I evidence for non-existence of seven MU bases

moral:

I surprise: existence of some complete sets of MU bases!

I plausibility of non-existence from parameter counting!

implications for physics:

I optimal state estimation only in prime powers dimensions?!

I properties of quantum systems vary with dimension:
kinematics of two qubits different from qubit-qutrit system?

I has number theory yet another say on quantum theory?
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