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Abstract

The formalism of integral quantization is a recently introduced technique for quantization, which
extends the method of coherent state quantization. In this talk we illustrate this method by using

the very popular theory of pseudo-bosons and their associated bi-coherent states. Possible

physical applications will also be discussed.

S. Twareque Ali (Department of Mathematics ailPseudo-bosons, Complex Hermite polynomials ay



Contents

° Preliminaries
@ Contents

rtment of Mathematics aiPseud



Contents

° Preliminaries
@ Contents

© Bosons, pseudo-bosons and integral quantization

rtment of Mathematics aiPseud



Contents

° Preliminaries
@ Contents

© Bosons, pseudo-bosons and integral quantization

o Integral quantization

areque Ali (Department of Mathematics alPseudo-bosons, Complex Hermite polynomials ar



Contents

° Preliminaries
@ Contents

e Bosons, pseudo-bosons and integral quantization
o Integral quantization

@ More precise definition of pseudo-bosons

areque Ali (Department of Mathematics alPseudo-bosons, Complex Hermite polynomials ar



Contents

© Preliminaries
@ Contents

e Bosons, pseudo-bosons and integral quantization
e Integral quantization

e More precise definition of pseudo-bosons

e Biorthogonal families of vectors and polynomials

@ A second basis and a Cuntz algebra
@ Deformed operators and bases

@ Deformed operators and bases
@ Biorthogonal families of vectors and pseudobosons

S. Twareque Ali (Department of Mathematics ailPseudo-bosons, Complex Hermite polynomials a Jan. 19, 2016 4 /36




Contents

© Preliminaries
@ Contents

Bosons, pseudo-bosons and integral quantization
Integral quantization

More precise definition of pseudo-bosons

Biorthogonal families of vectors and polynomials

@ A second basis and a Cuntz algebra

@ Deformed operators and bases

@ Deformed operators and bases

@ Biorthogonal families of vectors and pseudobosons

e Deformed complex Hermite polynomials

S. Twareque Ali (Department of Mathematics ailPseudo-bosons, Complex Hermite polynomials a Jan. 19, 2016 4 /36




Contents

© Preliminaries
@ Contents

Bosons, pseudo-bosons and integral quantization
Integral quantization

More precise definition of pseudo-bosons

Biorthogonal families of vectors and polynomials

@ A second basis and a Cuntz algebra

@ Deformed operators and bases

@ Deformed operators and bases

@ Biorthogonal families of vectors and pseudobosons

° Integral quantization using pseudo-bosons

Deformed complex Hermite polynomials

S. Twareque Ali (Department of Mathematics ailPseudo-bosons, Complex Hermite polynomials a Jan. 19, 2016 4 /36




Bosons and pseudo-bosons

Consider standard quantum mechanics, for a free system of one degree of freedom. We
have the annihilation and creation operators, a, a', with

[a,a'] =1

irreducibly realized on some Hilbert space H. We call these bosonic operators.
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have the annihilation and creation operators, a, a', with

[a,a'] =1

irreducibly realized on some Hilbert space . We call these bosonic operators.
In this case, the vectors,

tn
bn = \a—mqao, where ago =0, [0l =1, n=0,1,2,..., (2.1)

form an orthonormal basis of H. Also,

agn = \/E(bn—l, aT(z)n =Vn+ 1¢n41, Nén = n¢n, N = aTa' (22)

S. Twareque Ali (Department of Mathematics ailPseudo-bosons, Complex Hermite polynomials a Jan. 19, 2016 5/ 36



Bosons and pseudo-bosons

Consider standard quantum mechanics, for a free system of one degree of freedom. We

have the annihilation and creation operators, a, a', with
[a,a']=1

irreducibly realized on some Hilbert space . We call these bosonic operators.
In this case, the vectors,

tn
bn = \a—mqao, where ago =0, [0l =1, n=0,1,2,..., (2.1)

form an orthonormal basis of H. Also,
apn =Vndp-1,  a¢n=Vn+t1pu1,  Né,=ng, N=a'a (2:2)
If we now have two operators, a, b, with b not necessarily the adjoint of a, but with

[37 b] =1,

we call these pseudo-bosonic operators.
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Bosons and pseudo-bosons

Consider standard quantum mechanics, for a free system of one degree of freedom. We

have the annihilation and creation operators, a, a', with
[a,a']=1

irreducibly realized on some Hilbert space . We call these bosonic operators.
In this case, the vectors,

tn
bn = \a—mqao, where ago =0, [0l =1, n=0,1,2,..., (2.1)

form an orthonormal basis of #H. Also,
agn = v/ngn_1, a' o = V0 + 11, Ngn = ng,, N=a'a. (2.2)
If we now have two operators, a, b, with b not necessarily the adjoint of a, but with
[a,b] =1,

we call these pseudo-bosonic operators.
It is then clear that b', a' are also pseudo-bosonic operators:

[b',a'] =1.
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Bosons and pseudo-bosons

Several questions now arise:

@ Does there exist a basis {¢n}720 of 9, perhaps no longer orthogonal for which (2.1)
- (2.2) hold?

S. Twareque Ali (Department of Mathematics ailPseudo-bosons, Complex Hermite polynomials a Jan. 19, 2016 6 /36



Bosons and pseudo-bosons

Several questions now arise:

@ Does there exist a basis {¢n}720 of 9, perhaps no longer orthogonal for which (2.1)
- (2.2) hold?

@ What about for the second pair of operators, b',a" ?

S. Twareque Ali (Department of Mathematics ailPseudo-bosons, Complex Hermite polynomials a Jan. 19, 2016 6 /36



Bosons and pseudo-bosons

Several questions now arise:
@ Does there exist a basis {¢n}720 of 9, perhaps no longer orthogonal for which (2.1)
- (2.2) hold?
@ What about for the second pair of operators, b',a" ?

@ The operators a, a' in the bosonic case can be obtained, as shown by Prof.
Schlichenmaier yesterday, by a Berezin-Toeplitz quantization of the complex plane
C. What about for the pseudo-bosonic operators, a, b and b', a’?
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Bosons and pseudo-bosons

Several questions now arise:
@ Does there exist a basis {¢n}720 of 9, perhaps no longer orthogonal for which (2.1)
- (2.2) hold?
@ What about for the second pair of operators, b',a" ?
@ The operators a, a' in the bosonic case can be obtained, as shown by Prof.
Schlichenmaier yesterday, by a Berezin-Toeplitz quantization of the complex plane
C. What about for the pseudo-bosonic operators, a, b and b', a’?
In order to answer these questions, we shall have to make the definition of pseudo-bosons

mathematically more precise.
In order to answer the question about quantization, we shall adopt a quantization
technique, called integral quantization, which is a sort of generalization of coherent state

quantization and in this sense, also of Berezin-Toeplitz quantization.
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Integral quantization

Suppose that we have a measure space, {X, du}, which is the value space of some
appropriate set of physical observables. The corresponding quantum operators may not

be commuting.
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appropriate set of physical observables. The corresponding quantum operators may not
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Quantization will involve mapping functions f on X to operators on some Hilbert space

H, subject to some mathematical conditions.
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Integral quantization

Suppose that we have a measure space, {X, du}, which is the value space of some
appropriate set of physical observables. The corresponding quantum operators may not
be commuting.

Quantization will involve mapping functions f on X to operators on some Hilbert space
H, subject to some mathematical conditions.

Suppose such a Hilbert space has been found and we have chosen, in some manner, a
(weakly) measurable operator-valued function x — M(x) on X.
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This means, each M(x) is an operator on H, which could be bounded or unbounded.
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Integral quantization

Suppose that we have a measure space, {X, du}, which is the value space of some
appropriate set of physical observables. The corresponding quantum operators may not
be commuting.

Quantization will involve mapping functions f on X to operators on some Hilbert space
H, subject to some mathematical conditions.

Suppose such a Hilbert space has been found and we have chosen, in some manner, a
(weakly) measurable operator-valued function x — M(x) on X.

This means, each M(x) is an operator on H, which could be bounded or unbounded.
We assume that, in a weak sense,

/XM(X) du(x) = Iy (3.1)

Note: the operators M(x) could be quite general. In the case of coherent state or
Berezin-Toeplitz quantization, they are one dimensional projection operators |7} (nx],

corresponding to coherent states 7, of the system.
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Integral quantization

Integral quantization of a complex valued function f on X is given by the operator A on
H by the prescription

Af = /x f(x)M(x) dp(x), (3.2)

provided the above integral is well-defined (weakly).
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Integral quantization

Integral quantization of a complex valued function f on X is given by the operator A on
H by the prescription

Ar = /x f(xX)M(x) dup(x), (3.2)

provided the above integral is well-defined (weakly).
This is the very geneneral prescription for integral quantization, however, for any given

physical problem, the choice of the Hibert space H and the operator valued function
M(x), will be dictated by the physics of the problem.
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Integral quantization

Integral quantization of a complex valued function f on X is given by the operator A on
H by the prescription

Ar = /x f(xX)M(x) dup(x), (3.2)

provided the above integral is well-defined (weakly).
This is the very geneneral prescription for integral quantization, however, for any given

physical problem, the choice of the Hibert space H and the operator valued function
M(x), will be dictated by the physics of the problem.
In particular, X need not be the phase space of the system.
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The mathematics of pseudo-bosons

Let H be a Hilbert. As before, let a and b be two operators on H, with domains D(a)
and D(b) respectively, a' and b their respective adjoints.
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The mathematics of pseudo-bosons

Let H be a Hilbert. As before, let a and b be two operators on H, with domains D(a)

and D(b) respectively, a' and b their respective adjoints.

We assume the existence of a dense set D in H such that aD C D and b*D C D, where
x% is either x or x': D is assumed to be stable under the action of a, b, a' and b'.
Clearly, D C D(a*) and D C D(b%).
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The mathematics of pseudo-bosons

Let H be a Hilbert. As before, let a and b be two operators on H, with domains D(a)
and D(b) respectively, a' and b their respective adjoints.

We assume the existence of a dense set D in H such that aD C D and b*D C D, where
x% is either x or x': D is assumed to be stable under the action of a, b, a' and b'.
Clearly, D C D(a*) and D C D(b%).

Definition
The operators (a, b) are D-pseudo-bosonic (D-pb) if, for all f € D, we have

abf—baf="f. (4.1)
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The mathematics of pseudo-bosons

Let H be a Hilbert. As before, let a and b be two operators on H, with domains D(a)
and D(b) respectively, a' and b their respective adjoints.

We assume the existence of a dense set D in H such that aD C D and b*D C D, where
x% is either x or x': D is assumed to be stable under the action of a, b, a' and b'.
Clearly, D C D(a*) and D C D(b%).

Definition
The operators (a, b) are D-pseudo-bosonic (D-pb) if, for all f € D, we have

abf—baf="f. (4.1)

To simplify the notation, we will simply write [a, b] = /3, having in mind that both sides
of this equation have to act on a certain f € D.
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The mathematics of pseudo-bosons

Our working assumptions are the following:

S. Twareque Ali (Department of Mathematics ailPseudo-bosons, Complex Hermite polynomials ay



The mathematics of pseudo-bosons

Our working assumptions are the following:

Assumption D-pb 1.— there exists a non-zero o € D such that apo = 0.

Assumption D-pb 2.— there exists a non-zero Wo € D such that bf Wy = 0.
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The mathematics of pseudo-bosons
Our working assumptions are the following:
Assumption D-pb 1.— there exists a non-zero o € D such that apo = 0.

Assumption D-pb 2.— there exists a non-zero Wo € D such that bf Wy = 0.
We then define the vectors

1 1 n
S SN W, = e oty 42
2 \/mb(p(h ma 0 ( )

n > 0, and introduce the sets Fy = {W,, n > 0} and F, = {¢n, n > 0}.
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Our working assumptions are the following:
Assumption D-pb 1.— there exists a non-zero ¢o € D such that aye = 0.

Assumption D-pb 2.— there exists a non-zero Wo € D such that bf Wy = 0.
We then define the vectors

1 1 in
hi= —— b" v, = — al"y,, 42
@ mbwo, N (4.2)

n >0, and introduce the sets Fy = {V,, n > 0} and F, = {¢,, n > 0}.
Since D is stable in particular under the action of a' and b, we deduce that each ¢, and
each W, belongs to D and, therefore, to the domains of a*, b* and N*, where N = ba.
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Our working assumptions are the following:
Assumption D-pb 1.— there exists a non-zero ¢o € D such that aye = 0.

Assumption D-pb 2.— there exists a non-zero Wo € D such that bf Wy = 0.
We then define the vectors

1 1 in
hi= —— b" v, = — al"y,, 42
@ mbwo, N (4.2)

n >0, and introduce the sets Fy = {V,, n > 0} and F, = {¢,, n > 0}.

Since D is stable in particular under the action of a' and b, we deduce that each ¢, and
each W, belongs to D and, therefore, to the domains of a*, b* and N*, where N = ba.
It is now simple to deduce the following lowering and raising relations:

bon=+n+1pn1, n>0,
apo =0, ap,=+/npn1, n>1, (4.3)
AV, = VIV, n>0, '

biWe =0, biW,=nV,_1, n>1,
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The mathematics of pseudo-bosons

Our working assumptions are the following:
Assumption D-pb 1.— there exists a non-zero ¢o € D such that aye = 0.

Assumption D-pb 2.— there exists a non-zero Wo € D such that bf Wy = 0.
We then define the vectors

1 1 in
hi= —— b" v, = — al"y,, 42
@ mbwo, N (4.2)

n >0, and introduce the sets Fy = {V,, n > 0} and F, = {¢,, n > 0}.

Since D is stable in particular under the action of a' and b, we deduce that each ¢, and
each W, belongs to D and, therefore, to the domains of a*, b* and N*, where N = ba.
It is now simple to deduce the following lowering and raising relations:

bon=+n+1pn1, n>0,
apo =0, ap,=+/npn1, n>1, (4.3)
AV, = VIV, n>0, '

biWe =0, biW,=nV,_1, n>1,

as well as the following eigenvalue equations: Ny, = np, and NV, = nW, n >0,
where NT = afp'.
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The mathematics of pseudo-bosons

As a consequence of these equations, choosing the normalization of o and Wq in such a
way (po, Vo) = 1, we also deduce that

(¢n, Vm) = dn,m, (4.4)

for all n,m > 0.

S. Twareque Ali (Department of Mathematics ailPseudo-bosons, Complex Hermite polynomials a Jan. 19, 2016 11 / 36



The mathematics of pseudo-bosons

As a consequence of these equations, choosing the normalization of o and Wq in such a
way (po, Vo) = 1, we also deduce that

(¢n, Vm) = dn,m, (4.4)

for all n,m > 0.

The conclusion is, therefore, that F, and Fy are biorthonormal sets of eigenstates of N
and NT, respectively.
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As a consequence of these equations, choosing the normalization of o and Wq in such a
way (po, Vo) = 1, we also deduce that

(¢n, Vm) = dn,m, (4.4)

for all n,m > 0.

The conclusion is, therefore, that F, and Fy are biorthonormal sets of eigenstates of N
and NT, respectively. This, in principle, does not allow us to conclude that they are also
bases for H, or even Riesz bases. However, let us introduce for the time being the
following assumption:
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The mathematics of pseudo-bosons

As a consequence of these equations, choosing the normalization of o and Wq in such a
way (po, Vo) = 1, we also deduce that

(@n, Ym) = 6n,m, (4.4)

for all n,m > 0.

The conclusion is, therefore, that F, and Fy are biorthonormal sets of eigenstates of N
and NT, respectively. This, in principle, does not allow us to conclude that they are also
bases for H, or even Riesz bases. However, let us introduce for the time being the

following assumption:
Assumption D-pb 3.— F, is a basis for H.
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As a consequence of these equations, choosing the normalization of o and Wq in such a
way (po, Vo) = 1, we also deduce that

(@n, Ym) = 6n,m, (4.4)

for all n,m > 0.

The conclusion is, therefore, that F, and Fy are biorthonormal sets of eigenstates of N
and N1, respectively. This, in principle, does not allow us to conclude that they are also
bases for H, or even Riesz bases. However, let us introduce for the time being the
following assumption:

Assumption D-pb 3.— F, is a basis for H.

Notice that this automatically implies that Fy is a basis for H as well.
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As a consequence of these equations, choosing the normalization of o and Wq in such a
way (po, Vo) = 1, we also deduce that

(@n, Ym) = 6n,m, (4.4)

for all n,m > 0.

The conclusion is, therefore, that F, and Fy are biorthonormal sets of eigenstates of N
and N1, respectively. This, in principle, does not allow us to conclude that they are also
bases for H, or even Riesz bases. However, let us introduce for the time being the
following assumption:

Assumption D-pb 3.— F, is a basis for H.

Notice that this automatically implies that Fy is a basis for H as well. However,

examples are known in which this natural assumption is not satisfied.
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The mathematics of pseudo-bosons

As a consequence of these equations, choosing the normalization of o and Wq in such a
way (po, Vo) = 1, we also deduce that

(@n, Ym) = 6n,m, (4.4)

for all n,m > 0.

The conclusion is, therefore, that F, and Fy are biorthonormal sets of eigenstates of N
and N1, respectively. This, in principle, does not allow us to conclude that they are also
bases for H, or even Riesz bases. However, let us introduce for the time being the
following assumption:

Assumption D-pb 3.— F, is a basis for H.

Notice that this automatically implies that Fy is a basis for H as well. However,
examples are known in which this natural assumption is not satisfied. In view of this fact,
a weaker version of Assumption D-pb 3 has been introduced recently: for that the

concept of G-quasi bases is necessary.
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The mathematics of pseudo-bosons

Definition

Let G be a suitable dense subspace of H. Two biorthogonal sets F,, = {n, € H, n > 0}
and Fo = {®, € H, n > 0} are called G-quasi bases if, for all f,g € G, the following
holds:

(f,g):Z(f,’/],,) <¢"7g> :Z<f7¢"> <77"7g>' (45)

n>0 n>0

v

Is is clear that, while Assumption D-pb 3 implies (4.5), the reverse is false.
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The mathematics of pseudo-bosons

Definition

Let G be a suitable dense subspace of H. Two biorthogonal sets F,, = {n, € H, n > 0}
and Fo = {®, € H, n > 0} are called G-quasi bases if, for all f,g € G, the following
holds:

<f,g>:Z<f',7],,> <¢"7g> :Z<f7¢"> <77"7g>' (45)

n>0 n>0

v

Is is clear that, while Assumption D-pb 3 implies (4.5), the reverse is false.

However, if F;, and Fo satisfy (4.5), we still have some (weak) form of the resolution of
the identity. For the sake of simplicity, we will often use in the sequel the popular
shorthand notation

Z |77n><¢n| =1, (46)

n>0

to be understood in the weak sense on a dense subspace.
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The mathematics of pseudo-bosons

Definition

Let G be a suitable dense subspace of H. Two biorthogonal sets F,, = {n, € H, n > 0}
and Fo = {®, € H, n > 0} are called G-quasi bases if, for all f,g € G, the following
holds:

<f,g>:Z<f,7],,> <¢"7g> :Z<f7¢"> <77"7g>' (45)

n>0 n>0

v

Is is clear that, while Assumption D-pb 3 implies (4.5), the reverse is false.

However, if F;, and Fo satisfy (4.5), we still have some (weak) form of the resolution of
the identity. For the sake of simplicity, we will often use in the sequel the popular
shorthand notation

Z |77n><¢n| =1, (46)

n>0
to be understood in the weak sense on a dense subspace.
Incidentally we see that if f € G is orthogonal to all the ®,'s (or to all the ,'s), then f is

necessarily zero: we say that Fo (or F,) is total in G.
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The mathematics of pseudo-bosons

Note that this does not imply that these families are total in the whole Hilbert space H
since we suppose that (4.5) holds for f, g € G, but not, in general, for f,g € H.
Therefore we cannot conclude that each vector of H orthogonal to, say, all the ¢, is
necessarily zero, while we can conclude this for each vector of G.
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The mathematics of pseudo-bosons

Note that this does not imply that these families are total in the whole Hilbert space H
since we suppose that (4.5) holds for f, g € G, but not, in general, for f,g € H.
Therefore we cannot conclude that each vector of H orthogonal to, say, all the ¢, is
necessarily zero, while we can conclude this for each vector of G.

With this in mind, we now consider the aforementioned weaker form of Assumption D-pb
3:

Assumption D-pbw 3.— 7, and Fy are G-quasi bases, for some dense subspace G in H.
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The mathematics of pseudo-bosons

Note that this does not imply that these families are total in the whole Hilbert space H
since we suppose that (4.5) holds for f, g € G, but not, in general, for f,g € H.
Therefore we cannot conclude that each vector of H orthogonal to, say, all the ¢, is
necessarily zero, while we can conclude this for each vector of G.

With this in mind, we now consider the aforementioned weaker form of Assumption D-pb
3:

Assumption D-pbw 3.— 7, and Fy are G-quasi bases, for some dense subspace G in H.
Two important operators, in general unbounded, are the following ones:

D(S,)={f eH: Z (pn, ) @pn exists in H}, and S,f = Z {(pny F) ©n

n

for all f € D(S,), and, similarly,
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The mathematics of pseudo-bosons

Note that this does not imply that these families are total in the whole Hilbert space H
since we suppose that (4.5) holds for f, g € G, but not, in general, for f,g € H.
Therefore we cannot conclude that each vector of H orthogonal to, say, all the ¢, is
necessarily zero, while we can conclude this for each vector of G.

With this in mind, we now consider the aforementioned weaker form of Assumption D-pb
3:

Assumption D-pbw 3.— 7, and Fy are G-quasi bases, for some dense subspace G in H.
Two important operators, in general unbounded, are the following ones:

D(S,)={f eH: Z (pn, ) @pn exists in H}, and S,f = Z {(pny F) ©n

n

for all f € D(S,), and, similarly,

D(Su)={heM: Y (Vo h) ¥, exists in 1}, and Suh=> (¥, h) ¥,

n

for all h € D(Sy). It is clear that W, € D(S,) and ¢, € D(Sy), for all n > 0.
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The mathematics of pseudo-bosons

However, since F, and Fy are not required to be bases here, it is convenient to work

under the additional hypothesis that D C D(Sy) N D(S,). In this way Sy and S, are
automatically densely defined.
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However, since F, and Fy are not required to be bases here, it is convenient to work
under the additional hypothesis that D C D(Sy) N D(S,). In this way Sy and S, are
automatically densely defined.

Also, since (Suf,g) = (f, Sug) for all f,g € D(Sy), Sv is a symmetric operator, as well
as Syt (S,f,g) = (f,S,g) for all f,g € D(S,).
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The mathematics of pseudo-bosons

However, since F, and Fy are not required to be bases here, it is convenient to work
under the additional hypothesis that D C D(Sy) N D(S,). In this way Sy and S, are
automatically densely defined.

Also, since (Suf,g) = (f, Sug) for all f,g € D(Sy), Sv is a symmetric operator, as well
as Syt (S,f,g) = (f,S,g) for all f,g € D(S,).

Moreover, since they are positive operators, they are also semibounded:

(S,f,f) >0, (Swh, h) >0,

for all f € D(S,) and h € D(Sv).
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The mathematics of pseudo-bosons

However, since F, and Fy are not required to be bases here, it is convenient to work
under the additional hypothesis that D C D(Sy) N D(S,). In this way Sy and S, are
automatically densely defined.

Also, since (Suf,g) = (f, Sug) for all f,g € D(Sy), Sv is a symmetric operator, as well
as Syt (S,f,g) = (f,S,g) for all f,g € D(S,).

Moreover, since they are positive operators, they are also semibounded:

(S,f,f) >0, (Swh, h) >0,

for all f € D(S,) and h € D(Sv).
Hence both these operators admit self-adjoint (Friedrichs) extensions, S, and Sy, which

are both also positive.
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The mathematics of pseudo-bosons

However, since F, and Fy are not required to be bases here, it is convenient to work
under the additional hypothesis that D C D(Sy) N D(S,). In this way Sy and S, are
automatically densely defined.

Also, since (Suf,g) = (f, Sug) for all f,g € D(Sy), Sv is a symmetric operator, as well
as Syt (S,f,g) = (f,S,g) for all f,g € D(S,).

Moreover, since they are positive operators, they are also semibounded:

(S,f,f) >0, (Swh, h) >0,

for all f € D(S,) and h € D(Sv).

Hence both these operators admit self-adjoint (Friedrichs) extensions, S, and Sy, which
are both also positive.

Now, the spectral theorem ensures us that we can define the square roots 3‘}/2 and §30/2,

which are self-adjoint and positive and, in general, unbounded. These operators can be

used to define new scalar products and new related notions of the adjoint, as well as new

mutually orthogonal vectors.
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An example

We now an illustration of the above formalism with an explicit group theoretical

construction of pseudo-bosonic operators.
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An example

We now an illustration of the above formalism with an explicit group theoretical
construction of pseudo-bosonic operators.

We start with a pair of bosonic operators, a;, a}L, i =1,2, acting (irreducibly) on the
Hilbert space H. They satisfy the commutation relations,

[ai, aj] = 1§y, lai,a] = [al,al] =0, i,j=1,2. (5.1)

1%
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An example

We now an illustration of the above formalism with an explicit group theoretical
construction of pseudo-bosonic operators.

We start with a pair of bosonic operators, a;, a}L, i =1,2, acting (irreducibly) on the
Hilbert space H. They satisfy the commutation relations,

[ai, a]] = 15, lai,a] = [al,al] =0, i,j=1,2. (5.1)

175

Starting with the (normalized) ground state vector o,0, for which ajgpe0 =0, i =1,2,
we define the vectors,

(a)™ (ah)"™

80"17"'2 = \/W 800,07 ni, n2 = 07 17 27 ..., 00, (52)

These vectors form an orthonormal basis in H.
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An example

We now reorder the elements of this basis as in (5.3) below. For any integer L > 0, let us
define the set of L + 1 vectors,

N CLIC

= Pm,L—m, = 71727-~~L7 .
" (L i o0 = e M =0 (53)

and denote by H" the L + 1-dimensional subspace of H spanned by these vectors.
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An example

We now reorder the elements of this basis as in (5.3) below. For any integer L > 0, let us
define the set of L + 1 vectors,

po ey

T/m (L=m) T .
and denote by H" the L + 1-dimensional subspace of H spanned by these vectors.
Clearly

m=0,1,2,...L, (5.3)

<f,,L,, an> — 6w 0w and  H = B oHE (5.4)

Hence, the £ are a relabeling of the vectors ¢, ., which will be useful in the sequel.
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An example

Using the vectors f,5, we now introduce a second relabeling, this time using a single
index. We set

Fo=fn=@mim, where n= # + m. (5.5)
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An example

Using the vectors f,5, we now introduce a second relabeling, this time using a single

index. We set Lot
Fo=fn=@mim, where n= % + m. (5.5)

Note that in making this relabeling, we have used the bijective map 8: N x N — N,
defined by

n=B(n,n)= (n1—|—n2)(n21—|—n2+1) + . (5.6)
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An example

Using the vectors f,5, we now introduce a second relabeling, this time using a single
index. We set L1
Fn=fL = OmL—m, Where n= % + m. (5.5)

Note that in making this relabeling, we have used the bijective map 8: N x N — N,
defined by

n = B(m, m) = (n1+n2)(n21—|—n2+1) . (5.6)

The inverse map (n1, n2) = $71(n) is obtained by taking

L = sup {E:wgn}

¢eN 2

and then writing

L(L+1)
- =

n=n and m=L—n;.
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An example

We next define two bosonic operators B, BT, in the standard manner, using the vectors
Fn:

BFn:ﬁanl, BFO:Oy BTFn: Vn+1Fn+la [87 BT]:Ia (57)
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An example

We next define two bosonic operators B, BT, in the standard manner, using the vectors
Fn:

BF, = +\/nF,_1, BFy=0, BYF, = vn+1Fn, [B,B'] =1, (5.7)

and from (5.5) we find their actions on the vectors f:

L(L“ +mft i, ifm>0
Bf: = ;
L(L+1) f‘L—l7 |f m=0
V2 Tt (5.8)
o HE) yomp1fl,, ifm<L
Bf: =

(L+1)2(L+2) £l Fm=L
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An example

This means that, writing the vectors £5 and F, in ascending order,

fl f'l f02 f.:l_z f22 fl.:)3 f13 f23 f33

0
fO 0 1

Fob R F F F F F F F R
————

the operators BT and B move them up and down this array, respectively.
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An example

This means that, writing the vectors £5 and F, in ascending order,
o o £ O £ F 5 £ £ f
S S (5.9)

Fh A FR FRB F F F F F F
S

the operators BT and B move them up and down this array, respectively.

As a direct consequence of the maps (m, L) — n introduced in (5.5) and the above
correspondence (5.9), there is an interesting set of isometries S,, n =0,1,2,..., 00, of
the Hilbert space H associated to the two sets of basis vectors {F,} and {¢onm}. We
define these operators as

m+ n)(m+n+1)

SoFm = @mn = Fi(m,ny, where k(m,n):= ( +m, n,m=0,1,2,...,

(5.10)

2
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An example

This means that, writing the vectors £5 and F, in ascending order,
o o £ O £ F 5 £ £ f
S S (5.9)

Fh A FR FRB F F F F F F
S

the operators BT and B move them up and down this array, respectively.

As a direct consequence of the maps (m, L) — n introduced in (5.5) and the above
correspondence (5.9), there is an interesting set of isometries S,, n =0,1,2,..., 00, of
the Hilbert space H associated to the two sets of basis vectors {F,} and {¢onm}. We
define these operators as

m+n)(m+n+1)
2

SoFm = @mn = Fi(m,ny, where k(m,n):= ( +m, n,m=0,1,2,...,
(5.10)

Clearly, ||Sn|| =1, n=10,1,2,...,00. The following properties are easily proved.
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An Cuntz algebra

Proposition

(i) The isometries S, are not unitary maps. Indeed, one has,
5/ =0mn ! and 5,5 =P, (5.11)
P, being the projection operator onto the subspace H, of H spanned by the vectors
©mn, m=0,1,2,...,00.
(i) The kernel of S} is the set of all vectors of the type @mx, m =0,1,2,..., and k # n.
(iii) SmS] is a partial isometry from H, to Hn.

(iv) The positive operators S,S} resolve the identity

> oS.Ssh=1, (5.12)

the sum converging strongly.

(v) There exist the following relationships between the operators a1, al in (5.1) and the
operators B, BY in (5.8) through S,, S}:

Sta1S, =B, Stals,=B", S!aS,=S}als,=0. (5.13)
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A Cuntz algebra

The S, generate a C*-algebra O, known as a Cuntz algebra, which is a subject of
independent interest. Note also, that we have used here a very specific bijection (5.6) to
define the vectors F,. Of course, there are many other possible bijections, which will also
give rise to associated Cuntz algebras. But this particular one will be useful for our

subsequent analysis.
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Deformed operators and bases

g= (g” g“) , (5.14)
g1 g2
be an element of the GL(2,C) group (i.e., g is a complex 2 x 2 matrix with det[g] # 0),
using which we define the new operators,

To proceed further, let

Al =guar + 8aa, AS = Biza1 + gnaz, (5.15)
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Deformed operators and bases

g= (g” g“) , (5.14)
821 822
be an element of the GL(2,C) group (i.e., g is a complex 2 x 2 matrix with det[g] # 0),
using which we define the new operators,

To proceed further, let

Af = guia1 + g1 a2, A5 = 1231 + G222z, (5.15)

and the corresponding adjoint operators A% T, i=1,2, i.e., in matrix notations

Ag a A8 T al
=Af=g'.a, a:== , L) =AtT ="g.at, at=("1].
<A§> & az Ag T & aj
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Deformed operators and bases

g =[5 &2, (5.14)
821 822

be an element of the GL(2,C) group (i.e., g is a complex 2 x 2 matrix with det[g] # 0),

To proceed further, let

using which we define the new operators,
Af = g11a1 + @32, A§ = Bi2a1 + @20a2, (5.15)

and the corresponding adjoint operators A% T, i=1,2, i.e., in matrix notations

Aﬁ ail AgT aT
=Af=gl.a, a= , tl=AT="g.at, at.=["1].
<A§> ("”2) <A§T 2}
(5.16)

We call these operators deformed bosonic operators; they satisfy
[A%, A8] = [A8 T AS ] = 0, however, the other commutators are in general different from
those of the undeformed operators aj, a; ,i = 1,2. Indeed, we have the general

commutation relations,

A A =i +@igy, =12 (5.17)
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Deformed operators and bases

The matrix elements of g would have to satisfy g1; g1j + 827 g2 = 0;j (which is equivalent
to having g'g = b, i.e. a unitary matrix) in order to recover the standard commutation
relations (5.1). However we leave aside this condition, which is not relevant for us.
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Deformed operators and bases

The matrix elements of g would have to satisfy g1; g1j + 827 g2 = 0;j (which is equivalent
to having g'g = b, i.e. a unitary matrix) in order to recover the standard commutation
relations (5.1). However we leave aside this condition, which is not relevant for us.
Using the operators A% T, i =1,2, and noting that A%po0 = 0, we now construct a set
of g-deformed basis vectors in a manner analogous to the construction of the vectors
©ny,na in (5.2). We define,
(Ag f)n1 (Ag T)nz
g 1 2

Lpn1 ,n2 —

$0,0, ny, n2 :0,1,2,...700. (518)

n1! I‘Iz!
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Deformed operators and bases

The matrix elements of g would have to satisfy g1; g1j + 827 g2 = 0;j (which is equivalent
to having g'g = b, i.e. a unitary matrix) in order to recover the standard commutation
relations (5.1). However we leave aside this condition, which is not relevant for us.
Using the operators A% T, i =1,2, and noting that A%po0 = 0, we now construct a set
of g-deformed basis vectors in a manner analogous to the construction of the vectors
©ny,na in (5.2). We define,
(Ag f)n1 (Ag T)"z
g 1 2

Ohynp = —————F— 0,0, nl,n2:0,1,2,...,oo. (5-18)
12 n1! I‘Iz! ’

It is obvious that, in general, these vectors are not mutually orthogonal, since they are
not eigenstates (with different eigenvalues) of some self-adjoint operator. To continue,
for each L > 0 let us define the set of L + 1 vectors f£'" in a manner analogous to (5.3),

ot =8 m=0,1,2,...L, (5.19)
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Deformed operators and bases

It is clear that these vectors are linear combinations of the f%, hence they also span the
subspace H' of #. This is simply due to the GL(2,C) representation operator acting as
the map T*(g) : H- — H" for which

THe)fs = &, m=0,1,2,...L, g€ GL(2,0C). (5.20)
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Deformed operators and bases

It is clear that these vectors are linear combinations of the f%, hence they also span the
subspace H' of H. This is simply due to the GL(2,C) representation operator acting as
the map T*(g) : H- — H" for which

THg)fs = £&t, m=0,1,2,...L, ge GL(2,C). (5.20)

The matrix elements of the operators 7*(g) in the £ basis read as

m\({L-—m m—q _m'—q _L—m+q—m'
Tra®) = Z ( > ( > ghen ‘e ‘g T, 0<m m<L. (5.21)

q

qg)\m—q
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subspace H' of H. This is simply due to the GL(2,C) representation operator acting as
the map T*(g) : H- — H" for which

THg)fs = £&t, m=0,1,2,...L, ge GL(2,C). (5.20)

The matrix elements of the operators 7*(g) in the £ basis read as
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Associated pseudo-bosons

Corresponding to the vectors f&'L, let us define a dual family of vectors ?,,%”L by the

relation

ft=T@f =" g=("" (5.22)
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Associated pseudo-bosons

Corresponding to the vectors f&'L, let us define a dual family of vectors ?,,%”L by the
relation

ft=T@f =" g=("" (5.22)

Clearly these vectors are also elements of the subspace H". From (5.20) and the

representation theoretical property of 7-(g), by which 7*(g™*) = (T*(g)) ™", we see
that,

<F,§vL, fng’M> = 6111 O (5.23)
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Associated pseudo-bosons

Corresponding to the vectors f&'L, let us define a dual family of vectors F,?,”L by the

relation
Pt =T' @ =" g:=("". (5.22)

Clearly these vectors are also elements of the subspace H". From (5.20) and the
representation theoretical property of 7*(g), by which 7%(g™*) = (T*(g)) ™", we see
that,

<FI§’L7 fng’M> = 6tm Smn- (5.23)

This means that on each subspace H! the vectors £&'* and &L form two biorthogonal

bases, while they are, in general, biorthogonal sets in H.
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Associated pseudo-bosons

Consider now the operator 7(g) = ®°,7"(g). This operator is in general unbounded
and densely defined in 7, since T"(g) is bounded on each subspace #". In particular
T (g) is well defined on the vectors F, in (5.5). We thus define the two sets of vectors
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Associated pseudo-bosons

Consider now the operator 7(g) = ®°,7"(g). This operator is in general unbounded
and densely defined in H, since 7*(g) is bounded on each subspace H". In particular
T (g) is well defined on the vectors F, in (5.5). We thus define the two sets of vectors

FE =T(g)F,, and FE=T(g)F.=Ff, n=0,1,...,00, (5.24)

in duality, for which

<F§, Ff> = S (5.25)
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Associated pseudo-bosons

Consider now the operator T(g) = ®{,7"(g). This operator is in general unbounded
and densely defined in H, since 7*(g) is bounded on each subspace H". In particular

T (g) is well defined on the vectors F, in (5.5). We thus define the two sets of vectors
FE =T(g)F,, and FE=T(g)F.=Ff, n=0,1,...,00, (5.24)

in duality, for which
<ﬁ§1, F5> = G- (5.25)

Note that the existence of the inverse operator (7(g))™", as a densely defined operator
on H is guaranteed by the property (7(g))~* = 7*(g~ ") on each subspace H".
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Associated pseudo-bosons

Consider now the operator T(g) = ®{,7"(g). This operator is in general unbounded
and densely defined in H, since 7*(g) is bounded on each subspace H". In particular
T (g) is well defined on the vectors F, in (5.5). We thus define the two sets of vectors

FE =T(g)F,, and FE=T(g)F.=Ff, n=0,1,...,00, (5.24)
in duality, for which

Note that the existence of the inverse operator (7(g))™", as a densely defined operator
on H is guaranteed by the property (7(g))~* = 7*(g~ ") on each subspace H".
It is now possible to construct families of pseudo-bosons using the vectors F# and E,‘;”.

The following proposition is easily derived from the above material.
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Associated pseudo-bosons

Proposition

Given the operators B, BT in (5.7), for any g € GL(2,C) let us define the deformed
operators

B(g) =T(g)B(T(g)™',  Blg)=B(@), (5.26)

and their adjoints B(g)', B(g)". Then, as operators on the full Hilbert space H, they
satisfy, at least formally, the pseudo-bosonic commutation relations,

[B(g), B(e)'] = [Blg), B(g)'] = I (5.27)

Their actions on the vectors F§, F§ read as

B(g)Fé = VnFs,, B(g)'F& = Vnt1Ff

n+1>

E(g)i':ﬁg = \/Eﬁﬁg—p E(g)TFf = Vvn+ 1F5+1- (5.28)
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Associated pseudo-bosons

Proposition

Given the operators B, BT in (5.7), for any g € GL(2,C) let us define the deformed
operators

B(g) =T(g)B(T(g)™',  Blg)=B(@), (5.26)

and their adjoints B(g)', B(g)". Then, as operators on the full Hilbert space H, they
satisfy, at least formally, the pseudo-bosonic commutation relations,

[B(g), B(e)'] = [Blg), B(g)'] = I (5.27)

Their actions on the vectors F§, F§ read as

B(g)Ff = \/EFf—la B(g)TEHg = vn 1F5+17

E(g)ﬁ,;g = \/Eﬁﬁg—n E(g)TFf = Vvn+ 1an+1- (5.28)

v

Notice that, all throughout this section, g is a fixed element in GL(2,C). This is
important since, if we take g1,g> € GL(2,C), with g1 # g, then nothing can be said
about [B(g1), B(g2)'], for instance.
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Associated pseudo-bosons

To relate the equations above with the general structure of biorthogonal bases, we start
by observing that B(g)Fs =0 = E(g)ﬁg. This shows that the two non zero vacua
required in Assumptions D-pb 1 and D-pb 2 of do exist and coincide.
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Associated pseudo-bosons

To relate the equations above with the general structure of biorthogonal bases, we start
by observing that B(g)Fs =0 = E(g)ﬁg. This shows that the two non zero vacua
required in Assumptions D-pb 1 and D-pb 2 of do exist and coincide.

Here B(g) and B(g) respectively play the role of a and b. In fact F& = I?g = 0,0
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Associated pseudo-bosons

To relate the equations above with the general structure of biorthogonal bases, we start
by observing that B(g)Fs =0 = E(g)ﬁg. This shows that the two non zero vacua
required in Assumptions D-pb 1 and D-pb 2 of do exist and coincide.

Here B(g) and é(g) respectively play the role of a and b. In fact F¢ = I?g = ©0,0-
Moreover, calling D the linear span of the vectors @n, 0, in (5.2), it is clear that (i)

F§, ﬁg € D, (ii) that D is dense in H and (iii) D is left invariant by B(g), é(g) and by
their adjoints. In fact these operators map each finite linear combination of the ¢p, n,'s
into a different, but still finite, linear combination of the same vectors.
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The case of complex Hermite polynomials

We now give a concrete realization of the kind of pseudo-bosons discussed above. Let us
consider the irreducible representation of the operators a;, a}L, i =1,2, on the Hilbert
space H(C) = L£3(C,dv(z,Z)), where

— 22 dzAdz 1

dv(z,2) = e T = — T Ndxdy, 2= xty,

where they are realized as follows:

S. Twareque Ali (Department of Mathematics alPseudo-bosons, Complex Hermite polynomials a Jan. 19, 2016 29 / 36



The case of complex Hermite polynomials

We now give a concrete realization of the kind of pseudo-bosons discussed above. Let us
consider the irreducible representation of the operators a;, a}L, i =1,2, on the Hilbert
space H(C) = L£3(C,dv(z,Z)), where

- z 1 _
dy(z,f) = e |Z‘z$ = ;e (><2+}/2)dxdy7 z=x+4+ ,'y7

where they are realized as follows:

aa=0, al=z-08;, a=08, ai=z-0,. (6.1)
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The case of complex Hermite polynomials

We now give a concrete realization of the kind of pseudo-bosons discussed above. Let us
consider the irreducible representation of the operators a;, a}L, i =1,2, on the Hilbert
space H(C) = L£3(C,dv(z,Z)), where

z 1
dy(z’f) = e*|z‘z% = ;e*(Xer}/z)dXd.y7 z=x+4+ ,'y7

where they are realized as follows:
a1 = 0, a;[:zf@;, ax = 0z, angfaz. (6.1)

The basis vectors ¢, ., given in (5.2), now turn out to be the normalized complex
Hermite polynomials in the variables z,Z, which we shall denote by hp, n,(3), where we
adopt the vector notation for group theoretical reasons

5= (;) (6.2)
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Associated pseudo-bosons

The normalized vacuum state g o, satisfying ajpo0 =0, i = 1,2, is simply the constant
function ho,0(3) = 1. The expression of these polynomials can be directly inferred from
(5.2):

_(z=0)"(z-0.)"
h"h"z(é) - \/W h0,0

min(ny,n2) n
= Z (1) S B (6.3)
n1|n2 k
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Associated pseudo-bosons

The normalized vacuum state g o, satisfying ajpo0 =0, i = 1,2, is simply the constant

function ho,0(3) = 1. The expression of these polynomials can be directly inferred from
(5.2):

_(z=0)"(z-0.)"
h"1,"z(5) - \/W h0,0

min(ny,n2) n
= §: (1) S B (6.3)
n1| nz k

Alternatively, they can also be obtained from the expression

~o.0, 2127 ~0.0;
h"1,"2(5) =€ \/ﬁ =é€ €ny,n2 (3) (6'4)
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Associated pseudo-bosons

The normalized vacuum state g o, satisfying ajpo0 =0, i = 1,2, is simply the constant
function ho,0(3) = 1. The expression of these polynomials can be directly inferred from
(5.2):

(z - 8:)™ (z— 0.)™

hn1,nz(5) = AN

_ # mm§n2)(_1)kk! ny np Zn1—k§"2_k . (63)
n1! no! 0 k k

k

ho,o

Alternatively, they can also be obtained from the expression

~o.0, 2127 ~0.0;
h"1,"2(3) =ée =¢€ €ny,n2 (3) (6-4)
n1! n2!
The g-deformed basis vectors %, ,,, which we now denote by hg, ,,, are also

polynomials in z,Z, which are linear combinations of the hy, n,. Within the GL(2,C)

representation framework, they are obtainable from:

hﬁ;fnz (3) = e %0 enh"z(tg 3) = e 0% (TL(g)e"1,n2)(3)a L=n+n. (6.5)
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Associated pseudo-bosons

Similarly, with the notation introduced in (5.22), we define the dual polynomials

Fﬁifnz(z) = hg{fnz(ﬁ) = 6—616; en:.,nz(tE . 3) = e—BZB; (TL(E)en:l,nz)(ﬁ) . (66)
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Associated pseudo-bosons

Similarly, with the notation introduced in (5.22), we define the dual polynomials

e (5) = hEna(3) = € 7% enyna (8 - 5) = € %7 (T (&) em.na) 5) - (6.6)

We have the following expansions in which the apparent double summation is actually
reduced a single summation because of the restriction ny + n» = L = n} + n.

Wt ()= D Tt (&) Puy (3 (6.7)
ny,nh=L—nj]
hﬁlenz (3) = Z 771L1,n2 nl,nz( ) hn;,nz( ) . (68)

;o
ny,ny=L n1
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Associated pseudo-bosons

Similarly, with the notation introduced in (5.22), we define the dual polynomials

Bt (3) = hEtn (3) = € %% enyma ('8 - 3) = € %% (TH()em ) (3) - (6.6)

We have the following expansions in which the apparent double summation is actually

reduced a single summation because of the restriction n; + n» = L = n{ + nb.

hg{f"z (3) = Z 7—ne1,n£;n1,nz(g) hn;,né (3) ) (67)
n:’l,né:L—ni
hg{f"z (3) = Z 7—nel,n£;n1,nz(§) hn;,né (3) : (68)

Il _pl
ny,ny=L—nj

Similarly, writing now ht,(3) for the relabeled vectors £5 in (5.3) and hg;t for the £&'* in
(5.19) and using (5.20) and (5.21) we get

L L

Bt G) = S TH ) wm b (), BB ) = S TH@)wim h (). (6.9)

m’=0 m’=0
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Associated pseudo-bosons

We refer to the polynomials h&"(3) as deformed complex Hermite polynomials. It is now
a routine matter to go over to a basis H,, n=0,1,2,..., 00, which would be the
analogous relabeling of the h%, as the F, in (5.5) are the relabeled versions of the f.
Similarly we may define the deformed polynomials HE(3) and HZ(3) = HE(3). The
biorthonormality of these polynomials is expressed via the integral relation,
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Associated pseudo-bosons

We refer to the polynomials h&;"(3) as deformed complex Hermite polynomials. It is now
a routine matter to go over to a basis H,, n=0,1,2,..., 00, which would be the
analogous relabeling of the h%, as the F, in (5.5) are the relabeled versions of the f.
Similarly we may define the deformed polynomials HE(3) and HZ(3) = HE(3). The
biorthonormality of these polynomials is expressed via the integral relation,

| RS () dv(z.2) = b (6.10)

which then are the pseudo-bosonic complex polynomial states.
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Integral quantization using pseudobosons

We now consider how a pair (a, b*) of pseudo-bosonic operators:
D(z) =exp{zb—Za}, D(z) = exp{za —zb'}. (7.1)

They will be named bi-displacement operators, by analogy with the Weyl-Heisenberg
case. Let w(z) be a function on the complex plane obeying the (normalization) condition
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Integral quantization using pseudobosons

We now consider how a pair (a, b*) of pseudo-bosonic operators:
D(z) =exp{zb—Za}, D(z) = exp{za —zb'}. (7.1)

They will be named bi-displacement operators, by analogy with the Weyl-Heisenberg
case. Let w(z) be a function on the complex plane obeying the (normalization) condition

@(0) =1, (7.2)

and being assumed to define the two bounded operators M and M on . through the

operator-valued integrals
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Integral quantization using pseudobosons

We now consider how a pair (a, b*) of pseudo-bosonic operators:
D(z) = exp{zb—Za}, D(z) = exp{za' —zb'}. (7.1)

They will be named bi-displacement operators, by analogy with the Weyl-Heisenberg
case. Let w(z) be a function on the complex plane obeying the (normalization) condition

w(0) =1, (7.2)

and being assumed to define the two bounded operators M and M on H through the
operator-valued integrals

M = /C w(z)@(z)d:r—z, (7.3)

M= /cw(z)ﬁ(z) - /cw(‘z)i’f(z) = (74)
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Integral quantization using pseudo-bosons

Note that if we explicitly express the dependence of M on the weight function, M = M%,
then M = (MPW)T, where P is the parity operator, Pf(z) = f(—z). Hence, we have the
interesting relation

w(z) = w(—-z) Vz = M = M. (7.5)
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Integral quantization using pseudo-bosons

Note that if we explicitly express the dependence of M on the weight function, M = M%,
then M = (MPW)T, where P is the parity operator, Pf(z) = f(—z). Hence, we have the

interesting relation
w(z) =w(—2z) Vz= M =M. (7.5)

We now give the following Proposition, where the fact that D(z) and D(z) are defined

for each z € C is crucial:
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Integral quantization using pseudobosons

Proposition

IfD(z), D(z), and w(z), are such that

2(2) U@(Z y 9tz ] D(—7) = /@(z D(2)D(~ z)w(z')?, (7.6)

_ ~ _ L _ 2/
(z) U B() w(2) L] B(-z) = / DR D)) E (@)
(o] 7 o s
hold, for all z, in a weak sense on the dense subspace D of H, then the families

M(z) :=D(z2)MD(—z) = D(2)MD'(2) (7.8)
M(z) :=D(2)MD(—z) = D(2)MD'(2) (7.9)

of bi-displaced operators under the respective actions of D(z) and D(z) resolve the

identity in the sense given in (4.6):
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Integral quantization using pseudobosons

/ M) 2 (7.10)
c T
/ M(z) L2 =1 (7.11)
C s
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Integral quantization using pseudobosons

/ M) 2, (7.10)
c ™
/ M(z) L2 =1 (7.11)
C ™

Given a weight function w(z) with @(0) = 1 and the resulting families of bi-displaced
operators M(z) and M(z), the quantizations of a function f(z) on the complex plane is
defined by the linear maps

Fs Ar = /C fM(z) T2 = /C F-)2@)=(2) 22 (7.12)
Fo A= [ M = [ FeaD@ = E. (7.13)
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Integral quantization using pseudobosons

/ M) 2, (7.10)
c ™
/ M(z) L2 =1 (7.11)
c T

Given a weight function w(z) with @(0) = 1 and the resulting families of bi-displaced
operators M(z) and M(z), the quantizations of a function f(z) on the complex plane is
defined by the linear maps

Fis Ar :/Cf(z)M(z)dTZ :/C;r(—z)@(z)w(z)%, (7.12)

f s Ar :/Cf(z)M(z)dTZ :[c}'(—z)ﬁ(z)w(z)%, (7.13)

where F is the symplectic Fourier transform of f,

AR =@ = [t - [roee St
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Integral quantization using pseudobosons

We can check that the map (7.12) is “pseudo-canonical” in the sense that
{z,z} =1~ [a,b] = 1.

(7.15)
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