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This talk is based on my works (some of them joint with L. Takhtajan) on
universal Teichmiiller space:

Q@ L.A. Takhtajan and L.P. Teo, Weil-Petersson metric on the universal
Teichmiiller space, Mem. Amer. Math. Soc., 183 (2006), no. 861,
vi+119.

@ L.P. Teo, Universal index theorem on Mob(S*)\ Diff,(St), J. Geom.
Phys 58 (2008), 1540-1570.

which are extensions of the following works on quasi-Fuchsian deformation
spaces:

© L.A. Takhtajan and L.P. Teo, Liouville action and Weil-Petersson

geometry of deformation spaces, global Kleinian reciprocity and
holography, Commun. Math. Phys. 239 (2003), 183-240.

@ A. Mcintyre and L.P. Teo, Holomorphic factorization of determinants
of Laplacians using quasi-Fuchsian uniformization, Lett. Math.Phys.
83 (2008), 41-58.
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Liouville action on Quasi-Fuchsian deformation spaces

@ Liouville action for a compact Riemann surface was first defined using
Schottky uniformization in the paper
P. Zograf and L. Takhtajan, On uniformization of Riemann surfaces
and the Weil-Petersson metric on Teichmiiller and Schottky spaces,
Math. Sb. (N. S.) 132 (174) (1987), 297-313; English translation in
Math. USSR SB. 60 (1987), 297-313.

@ On a Riemann surface X, the bulk Liouville action is given by

Sl = [ (10:+e*) dz n oz

where e?|dz|? is a conformal metric on the surface.

@ The critical point of the Liouville action is the hyperbolic metric

e?|dz|?, where
1

Pzz = 5680
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Liouville action on Quasi-Fuchsian deformation spaces

o If J:H — X is a holomorphic covering map, then

P
Im (J-1(2))?

@ The first variation of the classical Liouville action is given by

L,uScI = //X 19,“5

V=20, — g0§ = 2S(J_1)

£ 3 /f 2
S(”)—pw(p)

where
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Liouville action on Quasi-Fuchsian deformation spaces

@ The second variation of the classical Liouville action is given by

Lol Sq = — / / ivp
X

@ This shows that —S is a Kahler potential of the Weil-Petersson
metric.
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Local Index Theorem on compact Riemann surfaces

@ The local index theorem for compact Riemann surfaces is proved in
the paper
P. Zograf and L. A. Takhtajan, A local index theorem for families of
O-operators on Riemann surfaces, Usp. Mat. Nauk 42 (1987),
169-190; Russian Math. Surv. 42 (1987), 169-190.

@ It says that

det A, 6n% —6n+1
= (V) wp

Lol
niv 108 <det N, det Ni_, 127

@ A, is the Laplacian on n-differentials, N, is the period matrix of
holomorphic n-differentials, and N;_, is the period matrix of
holomorphic (1 — n)-differentials.
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Holomorphic Factorization of Determinants of Laplacians

@ This implies that there exists a holomorphic function F(n) such that

5 6n? — 6n + 1
det A, = |F(n)|“NpNi_, exp (_].27TSCI>
@ In the context of Schottky uniformization, the explicit form of F(n) is

obtained in the paper

A. Mcintyre and L. Takhtajan, Holomorphic factorization of
determinants of Laplacians on Riemann surfaces and a higher genus
generalization of Kronecker's first limit formula, Geom. funct. anal.
16 (2006), 1291-1323.

@ In the context of quasi-Fuchsian uniformization, the explicit form of
F(n) is obtained in the paper
A. Mcintyre and L.P. Teo, Holomorphic factorization of determinants

of Laplacians using quasi-Fuchsian uniformization, Lett. Math.Phys.
83 (2008), 41-58.
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Classical Liouville action on universal Teichmiiller space

@ The universal Teichmiiller space T(1) is isomorphic to the space D of
univalent functions on the unit disc D which are normalized such that

f(0)=0, f(0)=1, f’(0)=0
and which has quasi-conformal extension to C.

o Given a point on T(1), let f € D be the corresponding univalent
function, and let Q = f(ID) be the associated simply connected
domain. Then there exists a univalent function g : D* — Q* such
that g(o0) = 0o. g also has quasi-conformal extension to C.

e w =g lof isa quasi-conformal mapping of €, and w maps S! to
S'. The map w : S* — S! is a quasi-symmetric homeomorphism of

st
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Classical Liouville action on universal Teichmiiller space

@ The submanifold To(1) of T(1) is the connected component of T(1)
containing the identity and such that

£ 3 /" 2
st =53 (%)

1S(F)I2 = / /D SRz < o

satisfies

@ The Weil-Petersson metric is only well-defined on Tp(1).
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Classical Liouville action on universal Teichmiiller space

o Let
f‘//

Al =

and

JA(F)2 = / /D A(F) Pz

e Given w = g~ 1o f € T(1), the followings are equivalent:
Q [I5(f)[l2 < o0

Q [[S(g)ll2 < o0
Q [A(f)[l2 <
Q [lA(g)ll2 < o0
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Classical Liouville action on universal Teichmiiller space

@ On the universal Teichmiiller space, the classical Liouville action is
defined as

S5 = // |A( f)|2d22+// g)|?d%z — 4xlog |g'(c0)|

@ This functional has been defined and studied in
M. Schiffer and N. S. Hawley, Connections and conformal mapping,
Acta. Math. 107 (1962), 175-274.
when the curve C = f(S') is C3.

e Up to a minus sign, it is a natural generalization of the classical
Liouville action on the finite dimensional Teichmiiller spaces.
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Classical Liouville action on universal Teichmiiller space

@ The tangent bundle at any point of Tp(1) is identified with
H=11(D*), which are harmonic Beltrami differentials on D* such that

lul3 = / / 2Ppdz < oo

@ The first variation of S is given by

L51_2// (g)pd?z

@ The second variation of S is given by

L;L,51 = // upd?z

@ Hence, S is a Kahler potential of the Weil-Petersson metric on Ty(1).

Lee-Peng Teo (XMUM) Liouville Theory and Index Theorem 18-22 January 2016 12 / 46



Period mapping on universal Teichmiiller space

@ The generalized Grunsky coefficients are defined by

|Og (z)_g(c Zzbmnz—mc n

m=1n=1
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Period mapping on universal Teichmiiller space

@ Hummel proved the generalized Grunsky (in)equality, which is
equivalent to

2 m

_ Z I|)\k‘2

k=—m

o0

D

k=—o00

> VKb

I=—m

@ This has the following operator interpretations: For m,n > 1, let

(Bl)mn = mbfm,fn, (B2)mn — mbfm,n
(B3)m” = mbm,—m (B4)mn =V mnbm7n

and

(B B «_ (Bl B3
B_<33 B4> ° _<B§“ B;
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Period mapping on universal Teichmiiller space

@ Then the generalized Grunsky equality is equivalent to

BB* = |

o Let

(wp @) 7y
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Period mapping on universal Teichmiiller space

@ Then

1 oo o 3 3
w) =— E g mnb_p, _pz™ Lyn—1
T

m=1 n=1

Ka(z, w) Z Z mnb_p, nz™ w1

mlnl

Ks(z, w) ZZmnb _nz Ml

mlnl

1 (o) o
== g E mnbm,,,z*mflwf”*1
0

m=1 n=1
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Period mapping on universal Teichmiiller space

@ They are kernels of the operators

Ki: AL(D) — AY(D), (Ki¥)(z // Ki(z, w)ip(w)d?w,

Ky : AL(D*) — AY(D), (Kad)(z //*ng w)ih(w)d?w,
Kz : AL(D) — AY(DY), (Ks9b)(z // Ka(z, w)p(w)d?w,
Ky - AL(D*) — AX(DY), (Ka®)(z // Ka(z, w)ip(w)d?w.

° A%(Q) is the Hilbert space of square integrable holomorphic functions
on Q.
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Period mapping on universal Teichmiiller space

e A}(D) and A}(D*) have standard orthonormal bases given by

Z—n—l

()
3
—~
N
N—r
I
3|
N
7
i
5’\
—~~
N
N—r
I
S

@ With respect to these bases, the matrix representations of K; and
K (z,w) = Ki(w, z) are given by B; and B} respectively.

e For w=g lof e To(l), K1 and Ky are Hilbert-Schmidt, and Ki K}
and K3Kj are of trace class. We define the function S, by

Sy = logdet(/ — K1K7) = logdet(/ — KaKy)
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Period Mapping on universal Teichmiiller space

o In fact, det(/ — K1K7) is the same as the Fredholm determinant of the
quasi-circle C. It has been studied by Schiffer in 1957. Its relation to
the Grunsky operator for a C3 curve was proved by Schiffer in 1981,

@ The first variation of Sy is given by

1 2
Ls=—o | [ Stz

@ Hence, )
52 = —msl

@ This can be considered as the universal version of

6n%2 —6n+1
5.)

det A, = |F(n)[2N, Ny exp (— o

when n = 1.
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Period mapping on universal Teichmiiller space

@ Here we would also like to mention the relation of S, with period
mappings defined by Kirillov, Yuriev, Nag and Sullivan.

o Let

oo
Z cne™, Zn\cn|2<oo}

n=—o0 n=1

H= {f S S RIF

and

o0 oo
f(eie) = Z /Cneine, Z I|n||cn|2 < OO}

n=—0o0 n=—oo

’H@:{f:Sl—HC

@ H has a symplectic form © given by

1
@(f,g)Z%fSlgdf

which can be extended to Hc.
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Period mapping on universal Teichmiiller space

@ Hc can be decomposed into the direct sum of W, and W_, where

o0 o0
f(e) = Zaneina, Z nlan|* < oo}

n=1 n=1

g(e) = i bne~? i n|b,|? < oo}

n=1 n=1

W+:{f:51—>(c

W:{g:51—>(C

o W, and W_ have standard bases

1 ine} { 1 mG}
€n = ——=¢€ ) fn =
{ vn neN ﬁ neN

Lee-Peng Teo (XMUM) Liouville Theory and Index Theorem 18-22 January 2016 21 / 46



Period mapping on universal Teichmiiller space

o Let ®, be the infinite Segal disk

Do = {z c BW_, W+)‘ o(Zf,g) = ©(Zg.f), |—-2Z> o}

o Let Sp(#) be the group of bounded symplectomorphisms on #,
extended complex linearly to Hc.

@ With respect to the bases {e,} and {f,}, an element of Sp(#) can be
written as

A B * * t __ t
(Ez Z\>’ AA* — BB* =1, AB'=BA
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Period Mapping on universal Teichmiiller space

@ The group Sp(#) acts transitively on ©, by

Z— (AZ+B)(BZ + A)!

@ The canonical quotient map Q : Sp(H) — Do

Q <(f‘ @>) = (AZ+B)(BZ + A)™* = BA!
B A
induces an isomorphism
Sp(H)/U ~ D

where U is the subgroup of Sp(#) with B = 0.
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Period Mapping on universal Teichmiiller space

o Given v € Homeogs(S?), one can define a bounded
symplectomorphism [1(~y) on Hc by

~ 1
ﬂ(w)(f):fo'y—zﬂyilfoydﬁ

@ It is a group homomorphism, and  preserves the subspaces W, and
W_ if and only if 7 is a Mobius transformation.

@ Hence, there is a mapping
M:7T(1) - D

called the period mapping.
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Period Mapping on universal Teichmiiller space

e M(v) is given by

where

Amn =217Tﬁ 745 1 (v(e"‘)))"e—"made,
B mn :;r\/ff;l ('y(eie))_n e 'm0 dg
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Period Mapping on universal Teichmiiller space

@ In fact, there are relations with the Grunsky matrices:

By =B ', B, = (A%)~!
Bz =71, By = —B*(A*) 1

@ Hence,
S, = logdet(l — Z2)

o Let ©% be the restricted Segal disc consisting of those elements
where B : W_ — W, is Hilbert-Schmidt. ©% carries a natural _
Spo(H)-invariant Kahler metric whose potential is logdet(/ — ZZ).
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Universal index Theorem

e Each v € 51\Diff+(51) can be chosen as an element of DifF+(51)
fixing the point 1. It can be written as
y=glof
where f has holomorphic extension to D and g has holomorphic
extension to D*. Moreover,

f(0)=0, f(0)=1, g(x)=0cc

@ The space Mdb(S!)\Diff(S!) is identified with  fixing —1, —i and
1. Each v € S1\Diff, (S?) can be written as
Y =0wo
where vo € Mob(S1)\Diff, (S!) and
l-wl-2zw

W) =TT
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Universal index Theorem

o The tangent space at the origin of Mob(S!)\Diff, (S) consists of
smooth vector fields

u(z) = E Cka+1, C_| = —Ek
k#0,%+1

@ The holomorphic and anti-holomorphic tangent vectors corresponding
to uis

[e.e] o0
v(z) = Z crz" L, v(z) = Z g zk L
k=2 k=2

@ The unique right-invariant metric is the Weil-Petersson metric given
by

o
Ivlive = 2m Y (k> = K)lexl®
k=2
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Universal index Theorem

e Given Q and its exterior Q*, let H"(E) be the space of holomorphic
n-differentials on E = Q or Q*.

o If p € H"(Q),
#(z)=0(1) asz—0

o If o € H"(X2Y),
$(z) = O(z™") asz— oo

o When n > 1, let Hg "(Q) be the subspace of #'~"(Q) consisting of
¢ with
P(z) = 0(z*" 1) asz—0

o When n > 1, let Hy "(Q*) be the subspace of H'~"(Q*) consisting
of ¢ with
#(z) = 0(z7') asz— o0
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Universal index Theorem
o Let
2= | /E |¢|2p}5"<oo}

be the space of square-integrable holomorphic n-differentials.

[

Ana(E) = {¢ & H"(E)

@ Forn>1, let

22n—2 22n—2(2n_ 1)
An = (2n —2)I7’ bn = ™
(lk| 4+ n—1)! )
_ >
PR A (s T
NGTY if |kl <n
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Universal index Theorem

+ _ k—n - _ —k—n
° {e [n)k(z) = c[n]kz }an and {e [n)k(z) = c[n]kz }
are orthonormal bases for A, >(ID) and A, 2(ID*) respectively.

k>n

@ We define
+11 _ _ _ k+n—1
{e [1 - nlk(z) = c[1 — nyz }an

and
{ef[l —nk(z) =c[1— n]szkJrnfl}

to be the corresponding bases for 73~ "(D) and H§~"(D*).

k>n
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Universal index Theorem

@ Forn>1and k > n, let
ult = nli(w) =c[1 = nli (g7 (W) gy (W) ")

vIL = nli(w) =clL = nle (F7H(w)F (Y (w)' )

>2n-1

<-1
They are bases for H3~"(Q) and Hg "(Q*) respectively.

@ We have

Paywr 1 B
n—1 U[]- — n] (W) [n] z
(g(z) = w)g(2)*"1  a, ; k(w)cnfk
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Universal index Theorem

@ We have the following expansions

u[l — )i (F(2))f'(2)* ZA[l — e[l — n); 2"+

I=n
v[1 - nlk(g(2))g' ()" = Z D[1 — n]yc[l — n];z~Hn1
I=n

which define the matrices A[1 — n] and D[1 — n].
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Universal index Theorem

@ There are two ways to define bases for A,>(€2) and A, 2(2*).

@ Fork>n>1, let
Ulnli(w) =clnlc (g7 (w)*="(g~") (w)")
Vinli(w) =clnle (FHw)*"(F71) (w)")

>0

<-—2n

These are bases for A, 2(Q2) and A, 2(2%).

o We have
gz ™"
g(z) —w

f/(z)lf"f(z)2nfl —_i ) o e
(f(z) —w)w2r=1 —  q, ;V[ Jk(w)e[l = nli

:ai Z Uln]x(w)c[l — n]kz*k”L”*1
M g—=n
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Universal index Theorem

@ The expansions
Ulnl(f(2))f'(2) ZA["]/kC["]/Z "

VIrl(e(2)s(2)" = 3. Dloleelriz™"~

I=n

define the matrices A[n] and D[n].
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Universal index Theorem

e For n > 1, Bers integral operator K[n] : Ap2(2*) = Ap2(€2) and
L[n] : Ap2(2) — A, 2(Q2*) are defined by

R
(wiid)e) =n [ X (W)l :
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Universal index Theorem

@ Notice that

(K[nlo)(f (Z))f'( )”

// po "/’V w)t" g (w)"F(2)"dPw

(L[nlo)(g(z )) ( )"

9750’( f/()()ln/ ngt n
a ] Um—wmvg@”mf

g'(w)'f'(z)" B 00 ©0 Aloelnlclalezk=mw!—n
i aw) — Al — 2o 2o Arbelrbelrl
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Universal index Theorem

o With respect to the standard orthonormal bases of A,>(ID) and
Ap2(D*), the matrices of K[n] and L[n] are given by [n] and
D[n] = A[n]" respectively.

@ Notice that we can define p[n]x(w) and g[n]x(w) which are bases of
An72(Q) and A,,Q(Q*) by
pllk(F(2))f'(2)" = Alnlwe[nliz" ",
I=n

alnl(g(2))g'(2)" = >_ Dnlclnliz™""
I=n
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Universal index Theorem

@ One can check that
2n—1
pln]k(w) :Wu[l — n]k(w)
2n—1
q[n]k(w) :WVH — n)k(w)

@ There are matrices B[n] and 9M[n] such that

A[n] = Aln]B[n] D[n] = D[n]M[n]

@ They are upper triangular matrices with all diagonal elements equal to
1.

Lee-Peng Teo (XMUM) Liouville Theory and Index Theorem 18-22 January 2016 39 / 46



Universal index Theorem

o With respect to the bases {U[n]x} and {V[n]«}, the period matrix
Nx(2) and N, (%) of holomorphic n-differentials are given by

No(Q)i = (U[n];, Ulnlk)n2,  Na(Q%)i = (VInls, Vnlk)n2

@ Notice that

No(Q) =A[n] TA[n] = D[1 — n]D[1 — n]*
No(Q) =D[n] " D[] = A[L — n]A[L — n]*
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Universal index Theorem

e With respect to the bases {p[n]x} and {g[n]x}, the period matrix
N,(Q2) and N,(Q2*) of holomorphic n-differentials are given by

Nn(Q)i = (plnls, plnlk)n2,  No(2)ik = (alnli; gln]k)n2

@ Then
Ny () =2A[n] "A[n] = D[n]D[n]",
Np(Q*) =D[n] "D[n] = A[n]A[n]*
@ We have
det N;p(Q2) = det N,(Q), det NV,(Q2) = det N,(Q*)
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Universal index Theorem

e Given v € Diff; (S), define

1 ¢[n m ;i —i(l—
N ”]Ik—zﬂ_c[[n]]l;/ (&)< (e7)ne =m0 dg

so that

c[nley(e”) "y ()" = > N[y: nlwe[n]ie™="
1€Z

@ One can show that

N[y~ n =Ny 1 - n]*
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Universal index Theorem

o Let
My[y; n] = (N[y; ”]l,k)/,kzn

o An important identity is

Alyinl =My Yn) ™t = (Mufy; 1 —n]t)

@ Hence,

log det N,(Q2) = logdet N,(Q*) = — log M1[y; 1 — n]MNy[v; 1 — n]*
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Universal index Theorem

@ We showed that

2 1
Dlog det N, (@) = O —on+1 7{ S(g)(2)v(2)dz
127i 5!
@ This shows that
6n° —6n+1
log det N,(Q*) = —— """ "g
og det Nn((2') 127 1

where S7 is the universal classical Liouville action.
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Universal index Theorem

@ In particular, this implies that

6n2 —6n+1

N, = —
@ deth, exp( Tom

S), the universal index theorem.

@ det N, = (det Ny)®" 6"+,
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THE END

THANK YOU
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