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. introduce the basics of the Berezin-Toeplitz quantization

schemes

both operator and deformation quantization
mostly concentrate on compact Kahler manifolds
coherent states, covariant symbols

asymptotic expansion of Berezin transform
Karabegov classification

revived interest: non-commutative geometry, fuzzy
manifolds, matrix limits

TQFT (quantization of moduli space of flat SU(n)
connections.



More details: in Berezin-Toeplitz quantization for compact
Kéhler manifolds. A Review of results, Advances in Math.
Phys. 38 pages, doi:10.1155/2010/927280

some additional details and applications in:
Berezin-Toeplitz quantization and star products for
compact Kahler manifolds. Contemp. Math. Vol. 583,
2012, 257-294

Results: partly joint with M. Bordemann, E. Meinrenken,
and A. Karabegov

other names for related research: Englis,
Cahen—-Gutt—-Rawnsley, Charles, Ma—Marinescu, ...



THE GEOMETRIC SET-UP

(M,w) a Ké&hler manifold.

M a complex manifold of complex dimension n

w, the Kéhler form, a non-degenerate closed, positive
(1,1)-form

w_lzg,/ )dz; A dZj,
=1

with local functions gj;(z) such that the matrix (g;(z));j=1,..nis
hermitian and positive definite



Consider (M, w) as a symplectic manifold (i.e. take the fact that
dw = 0 and w is non-degenerate).

For a symplectic manifold M we have on C>°(M) a Lie algebra
structure, the Poisson bracket {.,.}.

For its definition

assign to f € C>°(M) its Hamiltonian vector field X;, and then

w(Xp, ) =df(),  {f.g}:=w(X Xp)
Gives a Lie algebra structure in C>°(M) with Leibniz rule

{fg, h} = f{g, h} + {f, h}g, vf,g,h e C*(M).



Quantization condition:
(M, w) is called quantizable, if there exists an associated
quantum line bundle (L, h, V)

L is a complex line bundle over M,
h a hermitian metric on L,
V a connection compatible with the metric in L,

fulfilling additionally

CUf'V(L_v) =—lw



Kahler case

Require L to be a holomorphic line bundle and the connection
compatible both with the metric h and the complex structure of
the bundle

by this V will be uniquely fixed

In local holomorphic coordinates and a local holomorphic frame
of the bundle the metric h is represented by a function h

Then the curvature of the bundle is given by 89 log h

Quantum condition B X
iodlogh=w .



EXAMPLES

(a) C"is a Kahler manifold with Kahler form

n
w:iZde/\Cﬁk.
k=1

Poisson bracket
ag of 0g
{"g}‘lz(azk oo o)

quantum line bundle is the trivial line bundle with hermitian
metric fixed by the function h(z) = exp(— >_}_ Zk2k)



(b) Riemann sphere (or the complex projective line)
P1(C) = CU {o0} = 2

w =

1

the quantum line bundle is the dual to the tautological line
bundle, the hyper plane section bundle

(c) generalizes to the n-dimensional complex projective
space P"(C).
Kahler form is the Fubini-Study form

_(1 + ‘W‘z) 27:1 aw; A dw; — 221':1 W,'Wde,’ A de

WFs ‘=1
(1 + |w|2)?

Again, P"(C) is quantizable with the hyper plane section bundle
as quantum line bundle



(d) (complex-) one-dimensional torus givenas M = C/I';
where I :={n+mr | n,m e Z} is a lattice with
7e€C,im7>0

Kahler form )
w= ,lidz NdZ,
mT
quantum line bundle is the theta line bundle of degree 1, i.e. the
bundle whose global sections are scalar multiples of the
Riemann theta function.



(e) unitdisc D :={z e C||z| < 1} (non-compact)
Kahler form is given by

2i

(f) compact Riemann surface M of genus g > 2

the unit disc D is the universal covering space

M can be given as a quotient of D by a Fuchsian subgroup of
SU(1,1), whose elements act by fractional linear
transformations

Kahler form wyp is invariant under fractional linear
transformations, hence it defines a Kahler form on M

the quantum line bundle is the canonical bundle, i.e. the bundle
whose local sections are the holomorphic differentials.

its global sections can be identified with automorphic forms of
weight 2 with respect to the Fuchsian group.



CONDITIONS FOR BEING QUANTIZABLE

Those examples might create the wrong impression that all
Kahler manifolds are quantizable.

A prominent counter-example are higher dimensional tori C"/L.

Only those are quantisable which are abelian varieties, i.e.
those which admit enough theta functions.

For n > 2 a generic torus will not be an abelian variety.

What is the reason?



For M compact! Recall the quantization condition
curv, v = —iw

w is positive = (up to factor) curv is positive, — Lisa
positive line bundle = (via Kodaira Embedding Theorem) L
is an ample line bundle

there exists my € N such that L®™ has enough global
holomorphic sections to embed M into projective space (i.e.
L®my is very ample).

hence, quantizable compact Kahler manifolds are complex
submanifolds of PV(C).

If we read the relation above in the other direction: w is a
integer class



Warning: This embedding ¢ is not a Kéhler embedding, i.e.

(WFS ) # wm-

vice versa: every projective submanifold is via restriction of the
Fubini-Study form and the hyper section bundle a quantizable
Kéhler manifold.



THE BEREZIN-TOEPLITZ OPERATORS

(M,w) a quantizable K&hler manifold with quantum line bundle
(L, h, V).

Consider now L™ := [®M with metric h(™).

lo(M,L™) the space of smooth sections

scalar product

1
— (m) .
{(p, 1) .—/Mh (p,v)Q, Q= n!w/\wn Aw

F%‘Z),(M, L™) the space of bounded global holomorphic

sections

b
nom . L2(m, L™y — ) m, Ly



If M is compact then

FO(M, L™) = Tpor(M, L™) = HO(M, L™)

is finite-dimensional.



Take f € C*(M), and s € I'2)(M, L™)

s — NM(f.s)= T(s)

defines

b b
Tty — 1 m, L)

the Toeplitz operator of level m.

The Berezin-Toeplitz operator quantization is the map

fre (Tf(m))meNo .



Remark

instead considering the sequence of bundles L®™ it is possible
to incorporate an auxiliary hermitian holomorphic vector bundle
E and consider the sequence of vector bundles

" @ E
and the corresponding Toeplitz operators

An important case is the metaplectic correction. Here E is a
square root of the canonical bundle.
An example when this is needed is the case when considering

quotients to have at least asymptotically unitarity for
quantization commutes with reduction.



APPROXIMATION RESULTS FOR COMPACT KAHLER
MANIFOLDS

Theorem (Bordemann, Meinrenken, and Schl. 1994)

(a) -
. m o
dim ([T = (oo

(b)
[[mi [T{™, 78] = T || = O(1/m)

(c)
TS T — TE)|| = O(1/m)

The BT quantization has the correct semi-classical behavior, or
strict quantization in the sense of Rieffel, or continuous field of
C* algebras with additional Dirac condition.



Certain other results

1. The Toeplitz map of level m
C*(M) — End(Tpo(M, L)), £ — T{™,

is surjective, i.e. every operator is a Toeplitz operator.

2. T = T7(m) (for real valued functions f the Toeplitz

operator T; is selfadjoint),

3. Let A € End(I (M, L(™)) be a selfadjoint operator then
there exists a real valued function f, such that A = Tf(m).

4. The Toeplitz map is never injective (M compact !) But it is
asymptotically injective, i.e. || Tf(f’g),H — 0 for m — oo implies
f=g.



Operator of geometric quantization

P — vﬁ(’:(?;) +if-
V(™ is the connection in L™, and X\™ the Hamiltonian vector field of
f with respect to the Kahler form w(™ = m - w
Need a polarization, not unique, in the complex situation there
is canonical one by taking the projection to the space of
holomorphic sections.
Operator of geometric quantization:

Q™ - n(mptm

By surjectivity of the Toeplitz map it can be written as Toeplitz
operator of a function f, (maybe different for every m)

Indeed Tuynman relation:



STAR PRODUCTS

Given the Poisson algebra (C>*(M), -, {, }) of smooth functions
on a manifold M.

A star product for M is an associative product « on C>(M)[[v]]
such that for f, g € C>*(M)

1. fxg=1f-g mod v,
2. (fxg—gxf)/v=—i{f,g} mod v.
Can be written as
f*g:ZVka(f7g)a Ck(f7g)€ COO(M)
k=0

with

Co(f,9) =19, and  Ci(f,g)— Ci(g.f) = —i{f, g}



additional properties

» 1xf=7Ffx1=f(null on constants)
» local if

supp Cj(f,g) CsuppfNsuppg,  Vf,ge C(M).

locality is equivalent to the fact that the C; are bidifferential
operators, and hence the star product defines for every open
subset U a star product. Such local star products are either
called local or differential star products



Equivalence of star products:

* and « (for the same Poisson structure) are equivalent iff there
exists a formal series of linear operators

B=) Bv',  Bi:C®(M)— C*(M),
i=0

with By = id suchthat B(f)+ B(g) = B(f*g)

Symplectic case: equivalence classes of differential star
products are uniquely classified by their Deligne-Fedosov class

Cl([x]) = -] + Ha(M)[1V]

This is a 1:1 correspondence.
Hence for contractible manifolds there is a unique class.



For compact Kahler manifolds there are many different and
even non-equivalent star products.

Is there a star product which is given in a natural way?
Yes: the Berezin-Toeplitz star product to be introduced below.

A definition of Karabegov:
A differential star product is called star product with separation
of variables if and only if

fxh=f-h and hxg=h-g,

for every locally defined antiholomorphic function g,
holomorphic function f, and arbitrary function h.

Equivalent conditions is Ck(.,.) for kK > 1 has only derivatives in
the (anti-)holomorphic directions in the second (first) argument.
As such it was given by Bordemann-Waldmann and called star
product of (anti-)Wick type.



Karabegov and Bordemann-Waldmann proved that there exists
for every Kahler manifold star products of separation of
variables type.

Only a formal star product, no relation to an operator calculus,
contrary to the Berezin-Toeplitz star product

star products with separation of variables are classified by the
Karabegov form

1 o0
LW + Z wiv',
i=0
w_1 = wpy, and w; are closed (1,1) forms

Here classification means up to identity

Warning: property of being a star product of separation of
variables type will not be kept by equivalence transformations.



BEREZIN-TOEPLITZ DEFORMATION QUANTIZATION

Theorem

3 a unique differential star product

frarg= Y v C(f.9)

such that

T(m NZ( > Ckfg)

Asymptotic formula means the following for f, g € C>°(M) and for
every N € N we have with suitable constants Ky(f, g) for all m

J N
(m) (m) 1 (m) 1
[T Ty — Z <m> TC,-(fﬁg)H < Kn(f,9) (m) .

0<j<N



Theorem (Karabegov and Schl.)

(a) The Berezin-Toeplitz star product is a local star product
which is of separation of variable type with the role of
holomorphic and anti-holomorphic functions switched
(Wick-type).

(b) Its classifying Deligne-Fedosov class is
1 /1 0
CI(*BT) = T (V[w] — 2>

(c) lts classifying Karabegov form is

1

——W + Wean-
v

Let Ky be the canonical line bundle of M, § = ¢{(Ky), and wean
the curvature form of Kj, with respect to the metric induced by
the Liouville form.



Proof of first theorem: mainly based on symbol calculus of
Boutet de Monvel and Guillemin

Proof of second theorem: asymptotic expansion of the
Bergman kernel off the diagonal.



» BMS Theorem (using Tuynman relation) — there exists
a star product xgg given by asymptotic expansion of
product of geometric quantisation operators

> xgq is equivalent to xgr,  B(f) := (id — v5)f

> xgq IS not of separation of variable type



THE DISC BUNDLE

Now coming to the set-up of the proofs

» assume that the quantum line bundle L is already very

ample,
> pass to its dual (U, k) := (L*,h™") with dual metric k,
U=L*k=(h)"

» inside of the total space U, consider the circle bundle
Q={ e U|k(\)) =1},

» disc bundle (interior of Q)
D:={ e U|k(\) <1},

» 7: Q— M (or7: U— M) the projection,



» the bundle Q is a contact manifold, i.e. there is a 1-form v
(= (£(0 — d)log h)| q) such that y = -7*Q A v is a volume
formon Q, also 7*Q = (dv)".

» Qisa S' bundle
/(T*f)u - / fQ, Ve C®(M).
Q M
> L2(Q, )
» H subspace of functions on Q which can be extended to

holomorphic functions on the disc bundle (“interior” of the
circle bundle), called generalized Hardy space

generalized Szegd projector is the orthogonal projection
N:L2(Q,u) — H

v



» H(™M subspace of H consisting of m-homogenous
functions on Q, homogenous means ¥(c\) = c™)(N)

» space H is preserved by the S'-action. It can be
decomposed into eigenspaces H = [[_, H(™ where
¢ € S" acts on H(™ as multiplication by ¢™.

» Szegd projector is S invariant and can be decomposed
into its components, the Bergman projectors

A 12(Q, ) — M,



» Qis a S'—bundle, L™ are associated line bundles

» sections of L™ = U~ are identified with those functions ¢
on Q which are homogeneous of degree m,

» identification given via the map

ym : LA(M,L™) — L%(Q, 1), S+ 1bs where

ds(a) = a®(s(r(a))),

» Restricted to the holomorphic sections we obtain the
unitary isomorphism

m : Thot(M, L™) = H™).



Now we have the the two projections

0™ < 12(Q, ) — Hm.

MM LB(M, L™) — T po(M, L™)
and the unitary map
TYm - L2(Ma Lm) - L2(Qvu)
and they are compatible
Am o Ym = Ym © nem

After identification with v, we can identify [1(™ with 1™
In particular the modes of 1 can be identified with M(™.



Bergman projectors (1™ have smooth integral kernels,

the Bergman kernels 5,,(«, ) on Q x Q, i.e.

A () (a) = /O Bin(a, B)%(8)u(5).

In joint work with A. Karabegov we showed 2001 the
asymptotic expansion of the kernel off the diagonal.

The Bergman kernel can be given in terms of coherent states.
(see later)



TOEPLITZ STRUCTURE

(N,x) Boutet de Monvel and Guillemin

Here only special case:

M:L2(Q,u) — H is the Szegd projector and ¥ is the
submanifold

T={t(\)|AeQ t>0} Cc T"Q\0

of the tangent bundle of Q defined with the help of the 1-form v

¥ is a symplectic submanifold, a symplectic cone.



A (generalized) Toeplitz operator of order k is an operator
A:H — H of the form

A=N-R-T

where R is a VDO of order k on Q.

build a ring

symbol is the leading symbol of R:  ¢(A) := o(R)x

the symbol is well-defined

o(A1Az) = o(A1)a(Az)

o([A1, Az]) = {o(A1), 0(A2)}x.

if Ais of (formal) order k with symbol o(A) = 0 then A is of
order k — 1

vV v vV v Vv Y



We need the following Toeplitz operators

: . 10 .
1. the generator of the circle action D, = Ty (¢ is the

angular variable)
order 1 with symbol t
operates on H(™ as multiplication by m

2. f € C™(M) let Ms be the operator on L2(Q, u)
corresponding to multiplication with 7*f
T;=0N-M:-TN: H — H (the global Toeplitz operator)
order 0 with symbol o(T¢) = 75 (f)



T; commutes with the circle action and can be decomposed

o

T=T] 7.

m=0
(T the restriction of T; to (™)

after the identification of H(™ with ',,,(M, L™) we see that

these T\™ are the Toeplitz operators T\™ (acting on the
sections of the bundle L™) introduced before



Sketch of proof of part (c) of BMS theorem

A = DSD(TfQ — Tng)
formally A is of order one, calculate its symbol:
o(A) =t(rs(f-9) — m=(f) - 75(9))
as 75 (f-g) = 7+(f) - 5(g) we get o (A) =0
hence, A is of order zero

itis S! invariant

M and hence also Q are compact manifolds — Ais a
bounded operator



from S'-invariance

A= ﬁ Alm)
m=0

where A(™) is the restriction of A on the space H(™.
for the norms we get ||A(™)|| < ||A||

A = A = m( Tf(.’;) - 7M™

taking the norm bound and dividing it by m we get the claim

T TS — T(P1 = 01 /m)

O



Sketch of proof of part (b) of BMS theorem

the commutator [T, T4] is a Toeplitz operator of order —1
consider the Toeplitz operator
A= DE[T;, Tyl +iD, Ty gy -
formally this is an operator of order 1
But (using the quantum condition)
o([Tr, Tol) = i{rsf, 739} = =it '{f,g}m

hence again o(A) = 0 and A is an an operator of order 0 and
hence A is bounded
as before with

A™ = Aoy = mP[T{, TEM] +imT (.

we obtain the claim
[mi [TI™, T8 = T = O(1/m)



» our original proof of part (a) of BMS was quite complicated
and different.
now it is an easy consequence of the asymptotic expansion
of the Berezin transform (joint with A. Karabegov)

» existence proof of star product follows from generalisations
of the proofs indicated above done inductively in such a

way
N—1

An =D} TiTg— > DY/ Tg g
j=0

is always a Toeplitz operator of order zero. The operator
Ay is S'-invariant, As it is of order zero his symbol is a
function on Q. By the S-invariance symbol is given by (the
pull-back of) a function on M. We take this function as next
element Cy(f, g) in the star product.
Now Ay — Tgy(t,g) is of order —1 and
Ani1 = Dy(An — Tgy (1)) is of order 0 and induction can
continue.

» uniqueness follows from part (a)



COHERENT STATES AND BEREZIN TRANSFORM

Recall 7
vs(a) = a®M(s(7(a))),

Now we fix o € U\ 0 and vary the sections s.

» coherent vector (of level m) associated to the point
a € U\ 0is the element e\ of ['po (M, L™) with (for all
S € Tho(M, L™))

(e, 8) = (@) = a®M(s(7(0)))

forall s € T (M, L™).
» check:

el — gm. g(m ceC* :=C\{0}.



» coherent state (of level m) associated to x € M is the
projective class

e = [el™] € P(Thoy(M,L™), a7 '(x),a 0.

» The coherent state embedding is the antiholomorphic
embedding

M — PB(p(M.L™) = PYC),  x—[elT ]



Covariant Berezin symbol (™ (A)

(of level m) of an operator A € End(T po(M, LI™)) is defined as

(m) A (m)
(M(A): M — , o(m) . lea’,Aea )
a"(A): M —C, xw—o""(A)(xX):= <e&m) eg")> ,

aer(x).

Can be rewritten as

oM (A) = Tr(AP{™).
with the coherent projectors

(m)y ()
pm Lo iten oy
(e, el™)



» Also the notion of a contravariant symbol exists.

» the operator is represented as a certain integral against
the coherent projectors

» for a Toeplitz operator Tf(m) a contravariant symbol is f
itself



BEREZIN TRANSFORM

The map
() C®(M) = C®(M),  fes [(M(f) := oM(T{M)

is called the Berezin transform (of level m).



Theorem (Karabegov, Schl.)

Given x € M then the Berezin transform /(™ (f) has a complete
asymptotic expansion in powers of 1/mas m — oo

MO0 ~ S

i=0

ml

where [; : C>*°(M) — C°°(M) are maps with
Io(f) = f, L (f) = Af.

» A is the Laplacian with respect to the metric given by the
Kahler form w,

» Complete asymptotic expansion: Given f € C*(M), x ¢ M
and an r € N then there exists a positive constant A such
that

— 1 A
MO - S hHO—| < S

ml

i=0 00



Starting point is here the Bergman kernel

(170) 09 = gy Ly B OBa(. 07 1(9)u5)
We can show

Bm(a, B) = <e((1m)7 e/(gm)>'



NORM PRESERVATION OF BT QUANTUM OPERATORS

Theorem BMS (a) :

flo— = < [T < |flo

30

First statement

(Ol = 16T < (T < [floo -



Proof of

D ()l = [T < TN < |l

First inequality:
Using Cauchy-Schwarz inequality (x = 7(«))
|<e(m) T(m) e(m)>|2

(e} bl f «

(T =

(™, el™y?
<Tf(m)e&m)’ Tf(m)e((lm)>

(el™ ey

< [T

(the last inequality in this line follows from the definition of the
operator norm)



Proof of

(Do = 16T < (T < [floo -

Second inequality:
Recall the multiplication operator M,fm) on Moo (M, L™)

TS = (0™ pEm nemy | < v

for ¢ € Moo (M. L), ¢ # 0

M) th“" fso,fso)ﬂifM )(Z)ht (w)ﬂ
|l |2 [y P (0, 0)Q Ty H) (0

Hence,

< Ifl5 -

M
1T < v = sup Ml gy
oo 1l



Second,
» take xo € M a point with |f(xe)| = |f|

» asymptotic expansion of the Berezin transform yields
|(I'™M F)(xe) — f(Xe)| < C/m with a constant C

» hence,
|f(xe)| — [ F)(xe)|| < C/m
» and

C C
_ 2 _ = (m) (m)
floo— 2 =) == < (™) < [ flac.

» This gives the statement



BEREZIN STAR PRODUCT

» Construction of the Berezin star product, under very
restrictive conditions on the manifolds

» A(M < C>=(M), of level m covariant symbols.

» the symbol map is injective (follows from Toeplitz map
surjective)

» for (M (A) and ¢(™(B) the operators A and B are uniquely
fixed, and we set

oM (A) %(my o™ (B) := o™ (A B)

> X(m) ON Al™ is an associative and noncommutative product
» Crucial problem, how to obtain from x(; a star product for
all functions (or symbols) independent from the level m ?

» in general not possible, (only for limited classes of
manifolds)



CONSTRUCTION OF THE BEREZIN STAR PRODUCT FOR
ALL QUANTIZABLE KAHLER MANIFOLDS

We start from the Berezin-Toeplitz star product.

take -
EDN %
i=0
with the operators from the asymptotic expansion of the
Berezin transform.
set:
freg=I1(I""fxpr I"19)

as Iy = id this gives an equivalent star product, which we call
Berezin star product.

It is of separation of variable type (of anti-Wick type). If the
construction with the covariant symbols work it coincides with it.



RAWNSLEY’S EPSILON FUNCTION (™

_ hm(el”, el™)(x)

™M — C®(M), x e™(x): M elmy 7 o (x),
We have

0 # (6™, &™) = a®M(el™(7()))
hence,

el™M(x) #0, forx=r(a), and

(The coherent vector el™ cannot have a zero at x = () -
otherwise it cannot “see the non-vanishing sections there”. )
Warning: e&m) will have zeros, but they are elsewhere.

In fact ¢(™ > 0 and we can introduce the modified measure

and obtain a modified scalar product (.,.)\™ for C**(M).



Some nice results

>
h™ (1, 82)(x) = (81, P\ s) - €™ (x) .

> Let s1,8,..., Sk be an arbitrary orthonormal basis of
I'ho/(M, Lm). Then

Zh( (sj, sp)(

» If ¢(™ is constant (as function of the points of the manifold):

e(m) _ dim Fho,(M, Lm)
vol M ’




» When (™ will be constant?:

» Clear, when there is a transitive group action on M and
everything is homogeneous then from the sum above it
follows that it is constant.

» More precisely (Cahen—Gutt—Rawnsley): (™ is constant if
and only the quantization is projectively induced,

» in this case the Kahler form coincides with the pull-back of
the Fubini-Study form under the coherent state embedding.



CONTRAVARIANT SYMBOL

» Given an operator A € End(I po (M, LI™)), the contravariant
Berezin symbol 5(™M(A) € C>*(M) of Ais defined by the
representation of the operator A as integral

A= / x) P QM) (x),

if such a representation exists.
» For the Toeplitz operator T,(m) we have

FmM(Ty = f |

In other words: the function f is a contravariant symbol of
the Toeplitz operator Tf(m).

» Every operator A has a contravariant symbol (as every
operator is a Toeplitz operator.

» Attention: the contravariant symbols of fixed level are not
unique.



» Hilbert-Schmidt norm on End(I po (M, L(™))

(A,C)ys=Tr(A*-C) .

» Theorem: The Toeplitz map f — T( and the covariant
symbol map A — o(™(A) are adJomt

AT, s = (™A, 0"

» every operator has a contravariant symbol, hence

(A, B)ys = (o™ (A), 5m(B)!™.

» By the adjointness property and surjectivity of the Toeplitz
map we get injectivity of the covariant symbol map o(".



Other applications
>

TrA= / A)Qlm),

we use Id = T; and by adjointness
Tr A= (A, Id) g = (o™ (A), 1)\
» In particular,

- / Fom — / oM (TIMy Q).
M M

dim o (M, L™ / Qm / M (x) Q
M

» For the special case (™ (x) = const

dim Fho,(M, Lm)
VOIQ(M) ’

(m) _



TWO -POINT FUNCTION

(e, &™) (e, ek™)

ol ol el )

¢(m)(xv}’) =

with a = 771 (x) = x and 3 = 77 1(y).
» This function is well-defined on M x M.
» The two-point symbol

(el™, Ae(ﬁm) )

(el &)

oM (A)(x.y) =

is the analytic extension of the real-analytic covariant
symbol,

» well-defined on an open dense subset of M x M containing
the diagonal.



Then

(m) (m)
U(m)(A) *(m) U(m)(B)(x) = U(m)(A_ B)(x) = (e ,A-Bey ")

(&™ &™)

- /M oM (A)(x,y) - M (B)(y. x) - o™ (x,y) - QM (y)



PULL-BACK OF THE FUBINI-STUDY METRIC, EXTREMAL
METRICS, BALANCED EMBEDDINGS

» (M,w) be a Kéhler manifold with very ample quantum line
bundle L.

» choosing an orthonormal basis of the space Io/(M, L™)
we get an embedding (™ : M — PN(™) of M into
projective space of dimension N(m)

» On PM(M) | the standard Kahler form, the Fubini-Study form
WFS

» pull-back (¢(™)*wrg defines a Kahler form on M.
(independent on choice of the orthogonal basis)

» In general (¢(™)*wrs # w (Not even up to multiplication
with a constant.

» Zelditch (generalizing some results of Tian and Catlin)
shows: (®(M)*weg admits a complete asymptotic
expansion in powers of % as m — oo.



» it is related to the asymptotic expansion of the Bergman
kernel along the diagonal.

Um(X) = Bm(a, a) = (e{™, e{™).
» The pullback calculates as
(¢<m>)* wrs = Mw + 198109 Um(x) .

» if we replace 1/m by v we obtain the Karabegov form of
the star product x5

5 =F((6™) wrs)



Donaldson took the Tian-Yau-Zelditch expansion. as
starting point to study the existence and uniqueness of
constant scalar curvature Kahler metrics w on compact
manifolds.

he approximates them by using balanced metrics on
sequences of powers of the line bundle L obtained by
balanced embeddings.

The “balanced condition” is equivalent to the fact that
Rawnsley’s epsilon function is constant.

In fact if the metric h is real-analytic then

dd1og Um(x) = ™ (x)



CALCULATION OF THE COEFFICIENTS OF THE BEREZIN
STAR PRODUCT

» In the paper together with Karabegov we showed that the
asymptotic expansion of the Berezin transform equals the
formal Berezin transform | = F(/(™), of the star product

>

1= "1, C®(M) — C(M).

i=0

» knowing the /; gives the coefficients CE(f, g) of xg.

» The operators /; can be expressed (at least in principle) by
the asymptotic expansion of expressions formulated in
terms of the Bergman kernel.



» for local functions f, g, f anti-holomorphic, g holomorphic

fxg=1(g-f)=1(g~*f).

CE(f.g) = (g - ).

» By locality it is enough to consider the local functions z;
and z; and C? can be obtained by “polarizing” .

H)+()
e = aly n————=—, a% ;€ CZ(M)
g(;) 00 ozp0z5" 200

0f alig
Ci(f,9) = & ()= =
(%) D00z 0z



» From / we can recursively calculate the coefficients of the
inverse /- as / starts with id.

» From fxgr g = I7'(I(f) g I(g)), we can calculate (at least
recursively) the coefficients C27 starting from the CP.

» In practice, the recursive calculations turned out to become
quite involved.



EXAMPLE

v

The simple case k = 1 (but instructive).

We start from the Kahler form w in local holomorphic
coordinates z;

Laplace-Beltrami operator is given by

ij
A= Z g 82,82,

v

v

v

Poisson bracket

i (Of g  Of Og
— c. - - ~J
{f.g}=e ; g <8Z,’ 0z; 0z az,->

v

From /1 = A we deduce immediately
of dg
B _
Cl(f,g) = ;g 9702



» The inverse of [ starts with id — Av + .....
» From

(id — Av)(((id + Av)f) xg ((id + Av)g))
for the terms of order one in v we get
CPT(f,g) = C{(f,9) + (Af)g + f(Ag) — A(fg)
_ Z j Of 0g
0210z,
» not a surprise: This we could have obtained from the
polarisation of the Poisson bracket.



THE USE OF GRAPHS

» Gammelgaard: His starting point is the formal deformation
w of the Kahler form w = w_j.

W(F

reAs

» Ao is a subset of certain subset of the isomorphism
classes of directed acyclic graphs.

» To each such graph a certain bidifferential operator
Dr(f, g) is assigned.



vV v v Vv

v

v

Huo Xu: His starting point is the Berezin transform.
He gave a graph expansion of it.
Berezin transform fixes the Berezin star product.

frog =Y det(A(T) — 1) Jei-1vi 1. g)

!
2 A ()
=> Cl(f,g)
k=0

another class of graphs
for more information see my second review.



SUMMARY OF NATURALLY DEFINED STAR PRODUCT

name Karabegov form Deligne
Fedosov class
*BT | Berezin-Toeplitz %w + Wean (Widk) %(%[w] — g).
*B | Berezin Tw+F(i0dlogum) | 1(1[w] - 3).
(anti-Wick)
*GQ | geometric (=) (L] - 9).
quantization
* Wi 101 d
K | standard product (1/v)w (anti-wick) 11 [w] - 9).
*Bw | Bordemann- —(1/v) w wick 1L [w] + 3).
Waldmann

Um Bergman kernel evaluated along the diagonal in Q x Q
¢ the canonical class of the manifold M




