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ABSTRACT
A mathematical model for the flow of human blood through an artery
bifurcation is studied using finite element analysis (FEA). The FEA has
been applied for a two-dimensional steady flow of an in-viscous fluid
through different geometries. The flow through a two-dimensional model
of a carotid artery bifurcation has been simulated. The velocity profiles through the bifurcation branches were computed. The validity of
the computational method was established by comparing the numerical
results with other findings.
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1.

Introduction

The study of blood flow through bifurcations in the arterial system has
been of special interest with certain form of arterial diseases. Bifurcations are
often the center of diseases of the blood vessels like atherosclerosis or ruptures
of the walls (Guyton (1981)). They can lead to symptoms such as high blood
pressure or thrombolyses, which can cause strokes or heart attacks (ArjmandiTash et al. (2011)). Atherosclerosis are linked with regions of low flow velocity
and it is heavily influenced by the geometry of the bifurcation and the viscosity
(Kaluzynski and Liepsch (1995)).
Though simplified two-dimensional geometric idealization yields basic information, an approximate analysis requires the consideration of three-dimensional
geometry; because two-dimensional models are unable to show important effects such as secondary motion. The study reveals a complex flow field in
which secondary flow plays an important role (Bharadvaj et al. (1982)). Further, Perktold et al. (1991a) discussed the wall shear stress and non-Newtonian
flow velocity during the pulse cycle and also numerically analyzed the wall shear
stresses and the flow phenomenon in the human carotid artery bifurcation.
Numerical methods are very useful in supporting experimental methods
and often enable the determination of flow variable which is difficult to obtain through experiments, e.g. wall shear stresses. A considerable number
of numerical studies are carried out for Newtonian and non-Newtonian fluids
to analyze the flow in two and three dimensional carotid artery bifurcation
(Boileau et al. (2015), Botner et al. (2000), Chakravarty et al. (2000), Chen
and Lu (2006), Fany et al. (2009), Jou and Berger (1998), Karner et al. (1999),
Lou and Yang (1993), Perktold and Rappitsch (1995), Perktold et al. (1991b),
Taewon (2013)). Although these numerical methods provide satisfactory approximations, finite element method was used by many researchers to give
better solution for carotid artery bifurcation in Auricchio et al. (2012), Kwack
and Masud (2014), Taylor et al. (1998)
A comparative study has been done in Manjunatha et al. (2015) compared
the analytical results from the model with that of the experimental values
for velocity and flow rates. Zhang et al. (2016) examined the left coronary
artery as an exemplification using wall shear stress and wall pressure gradient. Further, Gharahi et al. (2016) enhanced the estimation of hemodynamics
of carotid artery by developing computational fluid dynamics analysis using
magnetic resonance imaging (MRI). Recently, Urevc et al. (2017) developed a
blood viscosity model to predict the blood in the steady-state as a function of
viscosity.
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The purpose of FEM is to find an expression which becomes minimal when
the accurate approximation is inserted. An example for such an expression
would be the total energy of the system. For continuum mechanics and especially fluid dynamics, the standard approach is the weighted residual method
and since it is hard to find the functional in nonstructural systems. Using variational or weighted residual methods reduces the problem to solving a system
of linear equations. When using polynomials as interpolation functions, the
system has to be solved for the coefficients. The size of the system of linear
equations increases with the order of the polynomial. In general, the approximation becomes accurate for higher order polynomials at the cost of higher
computations. Another important aspect when solving the system of linear
equation is the inclusion of the boundary conditions. If not imposed before
explaining the system, the matrix will be singular.
The goal of this paper is to understand the basics of numerical analysis of the
blood flow by finite element analysis. As part of this study, a simple software
for FEM was also developed to model the steady flow of viscous incompressible
fluids through artery bifurcations. The computed results obtained from a finite
element method (velocity and flux) gives the proper agreement with Perktold
and Rappitsch (1995), Taylor et al. (1998).

2.

Model for Y-bifurcation

The study investigates the flow through a Y-bifurcation of a carotid artery
in the neck. In the present two-dimensional model, the carotid artery (CCA)
branches into two smaller vessels, the internal carotid artery (ICA) and the
external carotid artery (ECA). The bifurcation is symmetric with an angle of
370 at the apex between both vessels. The flow ratio is divided at a ratio
of 70 : 30 between ICA and ECA respectively. The ICA provides the blood
flow to the brain. In the model, the radius of the CCA is taken as 3.3 mm
(Perktold and Rappitsch (1995)). The walls at the bifurcation are assumed to
bend in a quadratic function towards the ICA and ECA. The ICA is tapered,
starting from the radius of the CCA down to a radius of 2.4 mm (Perktold
and Rappitsch (1995)) after a distance of 10 mm. The ECA is assumed to be
symmetrical. The model for the bifurcation and the resulting mesh is shown
in Figure 1.
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Figure 1: The mesh used for the Y-bifurcation.

3.

Formulation

The carotid artery is distensible, and we assume the tapering of the arterial wall radius as the axial distance increases from the apex. Let R and RI
represents the radius of CCA and ICA respectively. The ICA is tapered from
3.3 mm at the neck termed 0.0 mm (axial) into the ICA to 2.4 mm at a point
10.0 mm into the ICA. Analyzing the tapering, the radius of CCA is given by,
R = R0 − Ztanθ,

(1)

where R0 is the undisturbed radius, Z is the location in question, and θ is the
angle of tapering. Equation (1) is valid for rigid tube. However, the tube is
distensible (elastic like the carotid artery), and radius of ICA is given by,


2π
RI = R 1± ∈ sin (Z − ct) ,
(2)
λ
where ∈ is the amplitude ratio of the distensible wall, λ is the wavelength, c is
the wave speed and t is the time.
The flow is pulsatile in the tube, and the arterial motion is sinusoidal. Also,
the pressure differences help in the flow of blood and further, into the artery.
The wavelength (λ) is not the same in ICA and CCA because the flow velocities
in both the tubes are not equal. The Navier-Stokes equations describing the
motion of the fluid in the model are taken in radial and axial directions.

∂u
∂t
∂v
ρ
∂t

ρ
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With the continuity equation,
∂v
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(5)

Taking dimensionless quantities
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(6)

(7)
(8)

Discretization

For solving the governing equation, by applying FEM the discretization can
be done manually by defining some nodes over the geometry and connecting
them to finite elements. A requirement for the finite elements is that each
of them should have the same number of nodes. The number of nodes also
dictates the choice of the interpolation function. For a two-dimensional linear
interpolation function (9), we have three unknown coefficients.
φi (x, y) = ai + bi x + ci y

(9)

To solve the resulting system of linear equations, the number of unknowns has
to be equal to the number of nodes. For the linear interpolation function in (9),
we would, therefore, need a triangular shape defined by three nodes (Figure 2),
because, for the convergence of the solution in FEM the assumed displacement
field should be isotropic. This is achieved by using Pascal’s triangle. If the
components of the displacement field are complete polynomials, it helps to
include an appropriate number of terms in the displacement model.
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Figure 2: A two-dimensional finite element defined by the three nodes φi , φj and φk .

5.

Analysis

 3

By choosing the stream function Ψ = 1.5 − x3 + x . For this, the flow of
an in-viscous fluid around a cylinder between two plates is considered, because,
we are assuming that the viscosity of blood (µ = 0.03 P oise) is constant for
a normal healthy person (Guyton (1981)). For further studies, we can apply
FEM analysis for varying viscosities. The geometry used is shown in Figure 3.

Figure 3: Mesh and boundary conditions used for simulation.

We consider a channel of 10 cm by 2 cm with a cylinder in the center of
radius of 0.83 cm. The following boundary conditions are assumed:
Along the upper edge, the stream function is set to a constant value of 1.
Along the lower edge, the value is set to −1. Along the boundary of the circle,
the stream function is set to zero. For the inflow along the left edge, we assume
a parabolic flow profile. Since the velocity is given by the basic equation, the
boundary condition for the stream function is the integral of the parabolic flow
170
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profile and it is given by,


1
Φ(y) = 1.5 − x3 + x
3

(10)

The calculated stream function is shown in Figure 4. We can clearly see,
how the streamlines bend around the cylinder (Figure 5). The initial parabolic
flow profile also develops into a constant flow profile (Figure 6). To visualize
this, we derive the flow profile from the stream function. Since the velocity is
given by the derivative in the y direction, we can use the differential quotient
for the discrete finite elements:
ui =

Ψi − Ψj
|xi − xj |

(11)

The flow profiles for different positions about the left edge are shown in
Figure 7. We can clearly observe that the flow changes from a parabolic to a
constant profile further away from the left edge. At a distance of 1.2 cm from
the left edge, the flow is already linear. (Note that the axial velocity variation is
not, in general, parabolic, and in fact reverses in direction close to the wall even
tough the total volume flow always remains positive) (Taylor et al. (1998)).
We also derive the flow profile around the cylinder. The velocity profile are
shown in Figure 8. As the fluid approaches the cylinder, the velocity decreases
in the center while it increases at the sides. As soon as the fluid hits the surface
of the cylinder, the speed decreases from the upper wall and increases again
towards the cylinder boundary. The effect increases as the distance between
the walls and the cylinder decreases. At the minimal distance at x = 0 cm,
the velocity increases from the wall towards the cylinder. At the same time, an
increase in the overall velocity with decreasing distance between wall and the
cylinder can be observed (Chattot and Hafez (2015)).
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Figure 4: Streamlines of the in-viscous fluid around the cylinder.

Figure 5: Close up of the streamlines around the cylinder.
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Figure 6: Close up of the streamlines at the transition from parabolic to constant velocity profile.

Figure 7: Velocity profiles along the channel at the transition from parabolic to constant profile.
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Figure 8: Velocity profiles at different positions along the cylinder.

Another quantity for analysis is the flux. It is defined as the integral of the
velocity over the surface of a cross-section.
Z
Q=
v(x, y, z)dA.
(12)
A(e)

In two-dimensional case with radial symmetry, the integral can be simplified
as:
Z

R

Q = πR

v(r)dr.

(13)

−R

Here, R is the Radius of the tube. For the case of finite elements, the
velocity distribution becomes discretized and the integral transforms to a sum:
Q = πR

N
X

vi ∆r,

(14)

i=1

where N is the number of discrete elements and ∆r is the width of an element.
The flux for the cylinder is analyzed for different positions along the tube. At
the inflow, the value is s = 6.1544 cm3 and s = 6.2763 cm3 at the out flow. It
can be seen that the flux at the inlet and outlet are the same, thus the total
flow is conserved. The small differences in the flux can be explained by errors
due to the finite size of the meshing.
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5.1

In-viscous flow through a Y-bifurcation

We now consider the in-viscous flow through a Y-bifurcation. For the simulation, the following boundary conditions were used (Figure 9): On the upper
walls, the stream function is set to 1, on the lower walls to −1. At the apex,
the value is set to 0. For the inflow, we again assume a parabolic flow profile.
The resulting streamlines are shown in Figure 10 and 11.

Figure 9: Mesh and boundary conditions used for the simulation.

Figure 10: Streamlines along the bifurcation.
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Figure 11: Close-up of the streamlines separating at the apex.

We can see the flow separating at the apex into the ICA and ECA. Through
the choice of the boundary conditions, the flow divides symmetrically into
both vessels, and this can also be observed in the velocity profiles. Both are
symmetrical over the radius of the cross-section of the bifurcation. The velocity
profile at the outlet is shown in Figure 12. It clearly shows the fluid having a
higher velocity towards the apex. We find that the flux at the inlet is equally
divided between ICA and ECA. The value at the inlet is 6.27 cm3 , and that in
the ICA and ECA is around 3.14 cm3 . This is expected since the flow profiles
have been already symmetric.

Figure 12: Velocity profile at the outlet of the ECA.
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6.

Conclusion

The mathematical model for the flow of blood in carotid artery bifurcation
have been studied by using finite element simulation. The present model shows
the functionality of the developed finite element program. The flow profiles for
a in-viscous fluid (constant viscosity) were computed for different geometries.
The standard test of flow past a cylinder showed the expected flow profiles.
Furthermore, the computed velocity profiles and flux will give a good agreement
with the existing models (Perktold and Rappitsch (1995), Taylor et al. (1998)).
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