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ABSTRACT

Periodic control systems are of interest in many engineering and me-
chanical research. Many important analysis of periodic control systems
directly links to the periodic matrix equations, i.e., periodic Lyapunov
equations or periodic Riccati equations. This paper represents the itera-
tive methods for solving a class of periodic Lyapunov equation, known as
periodic projected discrete-time Lyapunov equation. A remarkable con-
tribution of these types of equations are seen in control problems with
periodic setting, and also in dimension reduction of periodic systems in
descriptor forms. We explore the Smith iterations for the iterative solu-
tion of the projected discrete-time algebraic Lyapunov equation and an-
alyze the cyclic and repeated structure of the periodic matrices to ensure
the recursive computation of the periodic solutions. We also introduce an
algorithm for computing the low-rank approximations of those iterative
solutions. Computational results are illustrated at the end to report the
efficiency of the suggested methods.

Keywords: Periodic systems, periodic projected Lyapunov equations,
reflexive inverses, Smith iterations.
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1. Introduction

In the last few decades much attention has been given to the study of pe-
riodic control systems and the problems that arise in the context of periodic
control problems. Such problems are, for example, the periodic feedback con-
trol, periodic model reduction, robust control, periodic stabilization problems,
analyzing circuit models with periodic inputs, multirate data sampling control
systems, orbital motion modelling of spacecrafts, periodic attitude control of
helicopter rotors, etc., see e.g. Bittanti and Colaneri| (2000), [Kuo et al.| (2004),
[Nakhla and Gad| (2005)), [Vargal (2007). The mathematical representations of
these problems generally have huge memory and computational complexity.
These complexities may generate from different resources, for example, struc-
tures of the models, discretization schemes used to linearize the partial differ-
ential equations that describe the models, and many more.

However, a huge number of applications addressing these problems demands
the solution of the periodic matrix equations associated to the mathematical
models. Periodic matrix equations such as periodic Sylvester equations which
are closely related to the analysis and design of discrete-time periodic control
systems have been widely studies in [Hajarian| (2018ablc) using the biconjugate
residual method and the conjugate direction method. The periodic discrete-
time Lypunov equation, an another well known matrix equation in the study
of discrete-time periodic control systems and is mainly used in discrete-time
periodic model reduction and periodic feedback control problems, has been
studies very detail in [Benner et al.| (2011)), |[Chu et al.| (2007), Kressner| (2003]),
(1997). Our study is focused on the discrete-time linear periodic time-
varying (LPTV) systems in their descriptor form.

In the study of model reduction for the periodic discrete-time descriptor
system the system matrices are very large and sparse, and the system can be a
multi-input-multi-output (MIMO) model. Therefore, the dense computation of
the solution of the associated Lyapunov equation is computationally expensive
and sometime unrealistic. As a result, huge attention has been devoted to find
iterative solutions of large scale periodic Lyapunov equations for LPTV systems
in the discrete-time setting [Benner et al|(2014). In this paper, we describe one
such iterative technique, known as Smith iterations, for the iterative solutions
of the projected discrete-time algebraic Lyapunov equations and ensure the
recursive computation of the periodic solutions.

We consider here the LPTV system in the discrete-time case having dimen-
sion n = (ng,n1,...,NK_1) as

Erxpi1 = Ay, + Brug,  yr = Crxy, k€Z, (1)
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where Ej € R's+1XMht1 Ap € RM+1XMe - By € RMe+1XMe - (Cf € RPEX™k are
the system matrices, x; € R™* is the state, u € R™* is the control input, and
yr € RP* is output. In all system matrices are K-periodic, and K > 1.
Also, 22{;01 np = n. Here Ejy can be singular for all k.

Many important analysis of are accomplished by performing a causal
and noncausal separation of system . Those analysis are connected with the
periodic matrix equations, known as projected periodic discrete-time algebraic
Lyapunov equations (PPDALESs) |Chu et al.| (2007)

A Xp AT — B, X EF = —Pi(k) B, B Py (k)7 @)
Xy = Br(k) X, P (R)T

where X}, are the periodic reachability Gramians, X, = X, and P,(k), P.(k),
for k=0,1,..., K —1, are the left and right spectral projectors of the periodic
matrix pairs {(Ej, Ax)} 4 corresponding to the finite eigenvalues
(2007), |Stykel (2008). In the study of control theory, we know as causal
reachability Lyapunov equation. This type of equation appears in many appli-
cations, for example, in periodic state feedback problems, in model reduction
of periodic descriptor systems, robust control and stabilization of periodic dy-
namical systems Benner et al.| (2011), |Chu et al.| (2007), [Kuo et al.| (2004). For
the causal observability Gramians, we inherit a similar type equation.

The computation the periodic projectors is one of the crucial task in finding
solutions of (). Consider the pairs {(Ey, Ay)};_, is periodic stable (pd-stable)
Benner et al.[(2014)),|Chu et al. (2007). Then one can find the periodic canonical
decomposed form |Sreedhar and Van Dooren| (1994), |Van Dooren| (1979) of
{(Fk, Ak)},fg(} for k=0,1,...,K — 1, as

0

UrErVigr = B

Al 0
, UnApVy = [ Ok I } ) (3)
g

where Uy, Vj are nonsingular and periodic. One can then define the left and
right spectral projectors P;(k) and P, (k) Benner et al.|(2011),|Chu et al.| (2007),

(2008)) defined as

I ¢
Mt

I, 0
k

P(k) = U, I

8 Uk, P.(k) =V [ } Vit (4)

onto the deflating subspaces of {(FE}, Ak)}£(;017 fork=0,1,..., K — 1.
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Numerical solution of is very demanding in many applications where
periodic control is sought. Many research have been devoted to this direction
in last few decades. Direct method for the numerical solution of has been
considered in [Benner et al.| (2011), [Chu et al.| (2007)) for time-varying system.
This proposed method is based on the decomposition of {(Ey, Ak)}f:_ol using
generalized periodic Schur form Kressner| (2001)), Vargal (2004b) and solves the
resulting periodic Sylvester and Lyapunov equations. Hence, it is expensive in
terms of computations and one should avoid this for large scale problems.

Therefor, huge attention has been given to iterative solutions of . A very
challenging task in the iterative computation for solutions of is to restore
the cyclic structure of the solution at each iteration step [Benner et al.| (2014).
This structure preservation may demand the inversion the system matrices. For
descriptor systems where the matrices Ej can be singular, direct inversion of
matrices may not be possible. In this paper, we introduce the reflexive inverses
of periodic matrix pairs that are defined via the canonical decomposition of
the periodic matrix pairs. The left and right deflating projectors are used for
this computation. Those periodic inverses are then used for solutions of
using Smith iteration |Gugercin et al.| (2003), Penzl (2000). The main idea
is to reformulate the Smith method using those periodic inverses and then
solve the periodic projected Lyapunov equation. It is worth mentioning that
the generalized ADI method and the Smith method have been exploited in
Benner et al.| (2014) to find the approximate solutions of . But, the methods
discussed in Benner et al.| (2014) fail to preserve the demanding block diagonal
structure of the solution during the iteration process.

2. Analysis of Numerical Solutions of
PPDALESs

Direct solution of ([2)) using the corresponding lifted forms of (1)) and (2]) has
been proposed in Benner et al.| (2011). Using the lifted representation, one can
show that the periodic Lyapunov equations is equivalent to the following
projected lifted discrete-time algebraic Lyapunov equation (PLDALE)

AXAT —exET = —PBBTPI, x =P xPL, (5)
where

£ = diag(Eg, El, ce 7EK—1)7 B = diag(Bo, Bl7 PN 7BK_l),
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0 0 Ao
Ay 0
A: b (6)
0 Ax_1 O
and
X = diag(Xy,..., Xx_1,Xp),
P, = diag(F(0),P(1),...,P(K-1)), Qi =1—-"P, (7

Py = diag(P(1),...,P(K —1),P,(0)),Q, = I — P,.

In general, the direct method is not a wise choice for large-scale problems
due to their computational complexity (O(Kn2,,,), where n,,,,=max(ny)) and
extensive use of memory. As a result, research has been developed to iterative
solutions of . Iterative approach using the corresponding lifted structures
of the PPDALES, i.e., (5)) has been considered in Benner et al.| (2014)), Hossain|
. A brief discussion of implementing the generalized ADI and the Smith

method can be found in Benner et al.| (2014), Hossain| (2011) for the solutions

of.

However, the generalized ADI method proposed in Benner et al. (2014)
fails to preserve the block diagonal structure at each iteration step of the
approximate solution due to the singularity of the periodic matrices Fj, for
k=0,1,..., K — 1. Therefore, the concept of generalized inverses of F} has
been raised. A class of generalized inverse, known as reflexive generalized in-
verse of periodic matrix pairs can resolve the issue by preserving the block
diagonal structure in the iterative computation.

3. Reflexive inverses of periodic matrix pairs

For periodic systems with non-singular E}, the inversion problem has ex-
ploited in|[Kono| (1981)), Perdon et al.| (1992) to analyse the important properties
of periodic systems. A generalization version of that inversion problem has been

considered in (2004b)) using the lifted representation. For the general-
ized LTI case, the reflexive generalized inverse has been proposed in [Stykel and

Simoncinil to find the inverses of singular system pencil. In Benner and]
Sokolov , a similar concept of reflexive inverses has been proposed to com-
pute the partial realization for descriptor systems. Similar inverses have also
been proposed in with the name (1,2)-inverse. Brief description
of these definitions can be found in |Campbell and Meyer| (2009). Analogous to
[Stykel and Simoncini| (2012), we reformulate the reflezive generalized inverses
for the periodic matrices Ej, with respect to P,(k) and P.(k + 1) as

Malaysian Journal of Mathematical Sciences 451



Hossain, M. S.

_ 5 0

By = Vg1 | "0 0 Uk, (8)
for k=0,1,..., K — 1. For nonsingular A, there is no need to construct such
inversion. Because, the exact inverse of Ay is equal to its reflexive generalized
inverse for each £ = 0,1,..., K — 1. The main advantage of this approach

is that the resulting system preserves the block sparsity of the lifted system
matrices. Moreover, the reflexive generalized inverses satisfy

EyEyEy = By, EyEy = Pi(k), EwE,=P.(k+1), 9)

for k=0,1,...,K — 1.

4. Smith iterations for causal PLDALESs

The generalized Smith method for computing the solution of the causal

PLDALEs can be exploited by multiplying the PLDALE by £ and its
inverse. Multiplying (5) from left and right by &£, and ()7, we get

P.XPL — EAXAT(E)T = EP,BBTPL(E)T,

X = PPl (10)

where EE=P,., and &£ = diag(Fy, E1,- -+ , Ex_1). Equation can be rewrit-
ten as

X — (EAX(EANT =P.EB (P,EB)T, X =P, XPT, (11)

where X = P, XPL, and P,& = EP,. Then can be solved using the Smith
method Penzl| (2000), Stykel| (2008) given by

X, = P.EB(PEBNT,

X, = P.EB(P.EB)T 1 (EAX 1 (EAT. (12)
The unique solution X of is approximated as
i—1
X = (EA'P,EBBETPI((EA)T)". (13)
£=0
Hence, the Cholesky factor R;, defined as X; = R;RI, is given by
Ri=[P.EB, (EA)PEB,..., (EA) ' PEB]. (14)
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Remark 4.1. At each iteration step i, fails to generate the block di-
agonal structure as in due to the presence of different block cyclic ma-
trices at different iterative steps of (14). It is worth mentioning that X =
diag(Xy,..., Xx_ 1, Xg), and Xy = RiRY for k = 0,1,..., K — 1. Therefore,
the main challenging task remains to compute the block diagonal Cholesky
factor as R; = diag(RY,,..., RY_,,;, R};) at each iteration step i of (T4),
where Rzﬂv collects all the iterative counterparts of Rj at the i-th steps for
k=0,1,...,K -1, and X}, = Ry Rl ~ Rz,i(RZ,i)T- .

Remark 4.2. For Observability type periodic Lyapunov equations one gets a
similar type lifted Lyapunov equation as in . This Lifted equation also fails
to preserve the block diagonal structure in its iterative approximation. .

4.1 Structure Preserving Cyclic Computation of PLDALEs

Preserving the appropriate structure of the solution in the iterative com-
putations is one of the most challenging tasks in periodic computation. The
structure problem in can be resolved by introducing a new permutation
matrix in each iteration step ¢ of . The permutation matrices introduced
at different iteration steps also have nice cyclic structures. First, consider the
trivial case

S 0 0 0
© S, 0 0
= . : : (15)
0 Sm.K_Q O
0 0 S

where S,,,, denotes a square identity matrix of size m; and m; is the number
of columns of B;. The permutation matrix has the following two properties:

e ¢'Il indicates a forward i block-column shift of II.

o oFTII =o'l =1I.

We can consider few sample calculations like the following. Assume K =
3 (k=0,1,2), Then for i = 1,0°II = II is given by

Smo 00
I=| 0 S, 0 |. (16)
0 0 Spm,
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For ¢ = 2, we compute

0 Sm O
c'M=0oll=0()=| 0 0 Sm |, (17)
Spmy, 00

which is a forward shift of the last block-column of IT in . Clearly for ¢ = 3,

we have

0 0 Sp,
o’ =o(cl) =o(c(I))=| S, 0 0 |, (18)
0 Sm, 0

which is simply a forward shift of the last block-column of oII. For iterative
solutions for periodic Laypunov equations a similar types permutations are also
seen in Kressner| (2003).

Using the above permutation strategies, takes the new form
i1
X = (EA'P,EBT) (o' )TBTETPL((EAT)
=0

Hence, the Cholesky factor R; has the form

R; = [P, EBIL, (EA) P, EB(oT), ..., (EAP,EB(eTI) . (19)

In we have P.EBIl = P,EB, and R; = P, R; is satisfied at each
iteration step ¢. One can stop the approximations in by meeting the
criteria that the normalized residual norm defined as

|AR,RT AT — ER,RTET + P,BBTPY 1

|
R) =
(%) [PBETP s

(20)

satisfies the condition n(R;) < tol. Here we define the tolerance level, tol a
priori.

It is worth mentioning that each block in R; has block diagonal struc-
ture, but R; as a whole is not block diagonal. In fact, the diagonal blocks of
(19) enables us to construct the algorithm for the periodic computation of the
Cholesky factors directly from for k € [0, K — 1]. With algebraic manip-
ulation over , we find that the periodic matrices Ej, A, and By appear
in a cyclic manner in periodic computations R, ; at the iteration step ¢ for
different k. Identifying and investigating these cyclic relations, we develop the
algorithm for computing the periodic Cholesky factors R, ;, k =0,1,..., K—1,
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1 =1,2,..., from the periodic coefficient matrices, directly. We represent few
steps of those computations below: For i = 1, we get

Ro1 = P.(K)Ex_1Bx_1 = P.(0)Ex_1Bk_1,
R1’1 = Pr(l)EoBo, % EK = E’07 Bx = By
Rx_11 = P.(K—-1)Ex 2Bk _o.

For ¢« = 2, we get

Roo = FEg_1Ax_1P.(K —1)Ex_ 2Bk o,
Ry EyAoP,(0)Ex 1Bk 1,

)

Rix_12 = FEg 92Ag oP.(K —2)Ex_3Bk_3.

For ¢ = 3, we get

Ros = Ex 1Ak 1Ex_2Ax oP.(K —2)Ex_3Bk_3,
Ri3 = FEoAoEx_1Ax 1P.(K —1)Ex_3Bg_o,
Rk_13 = FEx_2Ag 2Ex 3Ax 3P, (K —3)Ex_4Bg_u,

and so on. Clearly, Ro1 = Rk,1,Ro02 = Rk2 and Ryp3 = Rk 3 in the above
computation. We summarized the computation in Algorithm [ Note that the
periodicity of all the involved coefficient matrices including the projectors are
considered in the above computation. That means, P,.(K) = P,.(0), P.(K—1) =
P.(-1), Ex = Ey, E_; = Ex_1, and the similar for others. Obviously, Xy =
Xo = Ry RE = RyRY. In Algorithm [1} Ry ; means the approximated periodic
Cholesky factor Ry computed at the i-th iteration steps. Finally, Rz,i collects
all these computed components for a specific k, where £k = 0,1,..., K — 1.
For example, we compute Rf; = [Ro1,Roz2,...,Roq] for k = 0. A similar
construction is followed for the other values of k.

We can set a stopping criteria for the above iterative computation by setting
the normalized periodic residual norm defined as
A R RE AL — EkRk+1R£+1E£ + Pi(k) B, B (k)" ||r
|1 P.(k) By BE Pi(K)T ||
which satisfies the condition n(R,) < tol. for k € [0, K — 1], where tol. is the
tolerance defined by the user.

; (21)

W(Rk) =

Malaysian Journal of Mathematical Sciences 455



Hossain, M. S.

Algorithm 1 Computing Periodic Cholesky factors using Smith method.
Input: (Ey, Ag,Bi), P.(k) for k=0,..., K — 1.
Output: Low-rank Ry, such that X = RkRE.

1: fork=0: K —1do

2 Ry1=P.(k)Ey_1By_1 % E_1=FEx_1,B_1=DBg_1
3 Py =1,, % initialization of a cyclic matrix

4 Rp, =Ry,

5: end for

6: fori=2,3,...do

7. m=mod(i — 2, K)

8 for k=0: K —-1do

9 Pei=Po; 1Erm1 Apm

10: Rk,i = Pk,z' P’r(k —m — 1) Ek—m—2 Bi—m—2
11: Ry, =[R},y Ru.

12: Rk = RRQR(RZ,I’, Tk)

13: end for

14: end for

Remark 4.3. We compute the causal periodic observability Gramians of sys-
tem (1) using a similar type computation strategy. In that case the permu-
tation matrix changes in every iteration step by a backward shift of the last
block-column. The corresponding cyclic computations of the periodic Cholesky
factors are performed analogously.

5. Results

Example 1:

To test our derived algorithm, we consider an artificial model which is discrete
and of index-1 (Benner et al., 2014, Example 1). The problem is reconstructed
from its original periodic descriptor model in (Chu et all [2007, Example 1).
The periodic descriptor system has n; = 404, my; = 2 and p; = 3 and the peri-
odicity is K = 10, i.e., k =0,1,...,9. We compute P;(k) and P,.(k) using the
Kronecker-decomposition of periodic matrix pairs {(Fk, Ak)},f:_ol proposed in
Chu et al.| (2007), |[Varga) (1995). Each periodic matrix pairs of {(Fj, Ax) kK;Ol,
for k = 0,1,...,9, has n£ = 400 causal eigenvalues and ng® = 4 noncausal
eigenvalues. The set of periodic matrix pairs {(FE}, Ak)}ngol is periodic stable.
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The constructed lifted system has order n = 4040. Since Ej are singular, we
compute the Ej using relation (8.

We illustrate the data structure plotting the sparsity of the periodic pair for
k = 0 in Figure 1. A similar type sparsity is also observed for other matrix
pairs.

0 Org
50 50
100 100
150 150
0 50 100 150 0 50 100 150

nz = 324 nz =400

Figure 1: Sparsity patterns of Ay (left) and Eq (right).

The causal eigen-spectrum of the lifted system is shown in Figure 2, which
shows that all the causal eigenvalues of the lifted system has magnitude less
than 1. Note that the eigenvalues of the lifted system are also eigenvalues of
the corresponding periodic system. This also represents the stability of the
original periodic system.

We find the approximate solution of the causal lifted Lyapunov equations using
Algorithm [I] Since, Algorithm [I]is the cyclic reformulation of the approxima-
tion stated in , we compute the normalized residual norms for the lifted
Lyapunov equations, both for the reachability and observability types. We use
relation to compute these residual norms. To reduce the redundancy we
apply the rank-revealing QR (RRQR)Golub and Loan| (1996) decomposition
at every fifth iteration step, since computing norms at each iteration steps is
computationally expensive. We repeat the iteration process 30 times to reach
the tolerance level close to 107 1. Figure 3 shows how the residual norms de-
crease at the Smith iterations during the computation of the reachability type
causal lifted Lyapunov equations.
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Proper eigenvalues

038 . : . : : , :
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2-0‘2- * L
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s 8 07 02 0 02 04 06 08
real axis

Figure 2: Finite eigen-spectrum of the pencil A — A.

Convergence histories of causal PLDALEs
10 T T

=-+=| R-ADI (Reachability Gramian)
—a— LR-Smith(Reachability Gramian)

Normalized residual norm
=9
=)
T

-10

0 5 10 15 20 25 30
Iteration

10

Figure 3: Normalized residual norms for the lifted projected Lyapunov equations for causal reach-
ability type.

Figure 4 shows the similar results for the causal observability type lifted Lya-
punov equations. We observe that within 30 iterations the residual reaches to
a significant low numeric scale. We terminate the iteration procedure while the
norms of the residual reaches the tolerance level tol = 107!°, We emphasize
that the computed results can be used further for model reduction of periodic
system , and for periodic feedback control problem associate with system

().
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Convergence histories of causal PLDALEs

10 T T v
’*\ == R-Smith(Observability Gramian)
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2 ' AN * \
-4 \ 1 \
10" | * / . \k g
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D %
8, NN
® 10° | - i
£ 10 Y] 3 \.7{‘
§ “\\ / \;\
10° | + 4
‘\
y
10-10 L L L L L
0 5 10 15 20 25 30
Iteration

Figure 4: Normalized residual norms for the lifted projected Lyapunov equations for causal ob-
servability type.

Example 2:

We take the second example form Section 4.3 of [Uddin|(2011]), where a spring-
damper model is considered as an artificial model describing a piezo-mechanical
system. The original model is a continuous-time model. We discretize the
model to convert it into a discrete-time model and then impose periodic coeffi-
cients into the damping matrix. As a result, we get a discrete-time descriptor
system of periodic dimensions ng = 1100, my = 2 and p; = 3 and the periodic-
ity is K = 10. Details of the model formulation can be found in the Appendix
of |Benner and Hossain| (2017).

For this reformulated periodic model we have n£ = 1100 and ng° = 100 for
each pair of {(Fy, Ag) kK;()l, where k = 0,1,...,9. The model is periodic stable
and the constructed lifted system has order n = 11000. Similar to Example 1,
we compute the Ej, for k=0,1,...,9, using relation (8).

We plot the sparsity of the periodic pair for £ = 0 in Figure 5. A similar type
sparsity is also observed for other matrix pairs.

Figure 6 shows how the residual norms decrease at the Smith iterations during

the computation of the reachability type causal lifted Lyapunov equations. We
consider 35 iterations to reach to the tolerance level close to tol = 1072,

Malaysian Journal of Mathematical Sciences 459



Hossain, M. S.

0 0
200 200
400 400
600 e
. .'ll
o
800 o 800
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nz = 6564 nz = 2988

Figure 5: Sparsity patterns of Ag (left) and Ey (right).

Convergence history of causal PLDALEs

10°1 2
n\k [-8 LR-Smith(Reachability Gramian)|
al s ,
£ 10 LN
S e
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8100t “n 1
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E | ",
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108 \ \ \ \ \ \
0 5 10 15 20 25 30 35

number of iterations

Figure 6: Normalized residual norms for the lifted projected Lyapunov equations for causal reach-
ability type.

In Figure 7, we observe similar result for the causal observability type lifted
Lyapunov equations.
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Convergence history of causal PLDALEs

10°
R
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£
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Figure 7: Normalized residual norms for the lifted projected Lyapunov equations for causal ob-
servability type.

6. Conclusion

In this paper we present details of the recursive computations of periodic
Cholesky factors for the periodic Gramians which are the solutions of the gen-
eralized projected periodic discrete-time algebraic Lyapunov equations. The
present work gives details of the iterative computations presented in [Benner
and Hossain| (2017) to find model reduction of periodic descriptor system. The
paper deals with the reflexive inverses of the periodic matrix pairs and exploits
the low rank Smith method to compute the approximate Cholesky factors of the
periodic Gramians. These periodic Gramians are the solutions of the periodic
Lyapunov equations relating the concerned periodic system.
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