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Question 1 

Given two squares below. 

 

Explain how these squares visualize the proof of Pythagoras Theorem. 

[10 marks] 

Solution 1 

Both the squares have areas (𝑎 + 𝑏)2. 

The first square is gives us  

(𝑎 + 𝑏)2 = 𝑎2 + 𝑏2 + 𝑎𝑏 + 𝑎𝑏. 

Identify 
1

2
𝑎𝑏 as the area of the triangle. 

Identify there are four triangles. 

Identify the middle square as 𝑐2. 

Thus the second square gives us 

(𝑎 + 𝑏)2 = 4 (
1

2
𝑎𝑏) + 𝑐2 = 2𝑎𝑏 + 𝑐2. 

Thus  

𝑎2 + 𝑏2 + 2𝑎𝑏 = 2𝑎𝑏 + 𝑐2. 

Hence  

𝑎2 + 𝑏2 = 𝑐2. 
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Question 2 

Show that √19 + √99 < √20 + √98.  

[10 marks] 

 

Solution 2 

Suppose √19 + √99   >  √20 + √98 

Squaring both sides yields 

19 + 2√19√99  +  99  >  20 +  2√20√98 + 98, 

which reduces to 

√19.99    >  √20.98 . 

This of course s equivalent to  

19. 99  >  20.98 . 

At the point we can just do the calculation, but let’s use our factoring skills: 

Subtract 19.98 from the both sides to get 

19. 99 − 19.98  >  20.98 − 19.98 

19(99 − 98)   > 98(20 − 19). 

Which reduces to  19  > 98. THIS IS CONTRADICTION. 

Hence, √19 + √99  <  √20 + √98 

 

 

  

 

 

 

 



 

4 
 

Question 3 

Find all continuous functions 𝑓: ℝ → ℝ such that 𝑓(2022𝑥) − 𝑓(2021𝑥) = 674𝑥. 

[10 marks] 

 

Solution 3 

𝑓(𝑥) = 𝑓 (
2021

2022
) 𝑥 +

𝑥

3
 

= 𝑓 ((
2021

2022
)

2

𝑥) +
𝑥

3
 (1 +

1

3
) 

⋮ 

= lim
𝑛→∞

𝑓 ((
2021

2022
)

𝑛

𝑥) +
𝑥

3
 (1 +

1

3
+

1

32
+ ⋯ ) 

= 𝑓(0) +
𝑥

3
 (1 +

1

3
+

1

32
+ ⋯ ) 

= 𝑓(0) +
𝑥

2
 

𝑓(𝑥) =
𝑥

2
+ 𝐶, for some constant C. 
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Question 4 

Prove that  

1

14 + 12 + 1
+

2

24 + 22 + 1
+ ⋯ +  

2022

20224 + 20222 + 1
<

1

2
. 

 (Hint : 𝐾4 + 𝐾2 + 1 = (𝐾2 − 𝐾 + 1)(𝐾2 + 𝐾 + 1)). 

[10 marks] 

 

Solution 4 

 

∑
𝑘

𝑘4 + 𝑘2 + 1

2022

𝑘=1

 

= ∑
𝑘

(𝑘2 − 𝑘 + 1)(𝑘2 + 𝑘 + 1)

2022

𝑘=1

 

= ∑
1

2
(

(𝑘2 + 𝑘 + 1) − (𝑘2 − 𝑘 + 1)

(𝑘2 − 𝑘 + 1)(𝑘2 + 𝑘 + 1)
)

2022

𝑘=1

 

= ∑
1

2
(

1

𝑘2 − 𝑘 + 1
−

1

𝑘2 + 𝑘 + 1
)

2022

𝑘=1

 

= ∑
1

2
(

1

𝑘2 − 𝑘 + 1
−

1

(𝑘 + 1)2 − (𝑘 + 1) + 1
)

2022

𝑘=1

 

=
1

2
( ∑

1

(𝑘2 − 𝑘 + 1)

2022

𝑘=1

− ∑
1

(𝑘2 − 𝑘 + 1)

2023

𝑘=2

) 

=
1

2
(

1

(12 − 1 + 1)
−

1

(20232 − 2023 + 1)
) 

<
1

2
. 
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Question 5 

Let 𝐴 and 𝐵 be real matrices of size 𝑚 × 𝑛 and 𝑛 × 𝑚, respectively. Prove that the non-zero 

eigenvalues of 𝐴𝐵 and 𝐵𝐴 are the same. 

(Hint : 𝑑𝑒𝑡(𝐼𝑚 + 𝐴𝐵) = 𝑑𝑒𝑡(𝐼𝑛 + 𝐵𝐴)). 

[10 marks] 

 

Solution 5 

det(𝜆𝐼𝑚 − 𝐴𝐵)  or  det(𝜆𝐼𝑛 − 𝐵𝐴) 

𝜆𝑚det (𝐼𝑚 −
1

𝜆
𝐴𝐵)  or  𝜆𝑛det (𝐼𝑛 −

1

𝜆
𝐵𝐴) 

𝜆𝑚det (𝐼𝑚 −
1

𝜆
𝐵𝐴)  or  𝜆𝑛det (𝐼𝑛 −

1

𝜆
𝐴𝐵) 

𝜆𝑚−𝑛det(𝜆𝐼𝑚 − 𝐵𝐴)  or  𝜆𝑛−𝑚det(𝜆𝐼𝑛 − 𝐴𝐵) 

𝜆 is a non-zero eigenvalue of 𝐴𝐵 if and only if 𝜆 is a non-zero eigenvalue of 𝐵𝐴. 
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Question 6 

Given the figure below. Suppose 𝐴𝐶 is not congruent to 𝐵𝐶 and 𝐶𝐷 bisects ∡𝐴𝐶𝐵. Prove   

that 𝐶𝐷 cannot be perpendicular to 𝐴𝐵.  

 

 

[10 marks] 

 

Solution 6 

(By contradiction) 

Let 𝐴𝐵 ≇ 𝐵𝐶,  𝐶𝐷 bisects ∡𝐴𝐶𝐵 and suppose 𝐶𝐷 ⊥ 𝐴𝐵. 

Since ∡𝐴𝐶𝐷 ≅  ∡𝐵𝐶𝐷 and ∡𝐶𝐷𝐴 ≅  ∡𝐶𝐷𝐵, therefore 

△ 𝐴𝐶𝐷 ∼△ 𝐵𝐶𝐷 by AA. 

This implies  𝐴𝐶 ≅  𝐵𝐶. 

Contradict since  𝐴𝐵 ≇ 𝐵𝐶 by assumption earlier. 

Therefore, 𝐶𝐷 is cannot be perpendicular to AB. 


