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Motivations/Synopsis:

» fundamental geometrical structures are present in quantum systems
* the rich interplay between geometrical mathematical structures [Hopf fibrations
(complex, quaternionic, and octonionic) & physical solitons (monopoles, instantons, ...)]
in generic quantum systems that is both fascinating and of pedagogical value.
« while these geometrical objects have been conjectured (but not yet detected)
as fundamental entities in elementary particle physics,

in very simple quantum systems

--- Galileo Galilei, The Assayer (1623)




Hilbert space of N+1 dimensional system ["(N+1)-state” pure system]:

0,1,...,N be a time-independent orthonormal basis.

summed over (repeated) «
& B indices [denoted by
superscripts because dz¢

Arbitrary

Normalized state: 2P 2P is naturally contravariant]

= (2°(t),2'(t), ..., 2N (t)) € CV+1 — {0}

Y
(. —

\ | = Parametrizes an
Pl G e ._, al (9 2N+1 Y
} { J } (N+1) dim. system in QM

Hilbert spaces:2-state, 3-state, 4-state, b-state ,.. & S3, S°, 57, S92, S, .
[(odd) dimensional spheres have very special propoerties!]




Real Hopf fibrations: SM/{+1.-1} = RPM

RPM = M-dimensional real projective space
e.g. [S3=SU(2)1/{+1, -1} = [RP3=50(3)]

Hopf fibrations:

Complex Hopf fibrations: @Sl = CPN
CPN = N-dimensional complex projective space
e.g. S3/5! = [CP=5?] (Dirac monopole)

Quaternionic Hopf fibrations: S4%+3/53 = HPK

HP = k-dimensional quaternionic projective space
e.g. S7/[S3=5U(2)] = [HP=5S%] (BPST instanton)

Octonionic Hopf fibrations: ?2S8-+7/S7 = OPL? X
"OPL = L-dimensional octonionic projective space”
e.g. S1/S7 = [OP1=S8] (True)



Fiber bundle:

Mobius strip, simple nontrivial example of a fiber bundl/e.

Fibration:
E =bundle space, F= fiber, B= base manifold,
IT= projection map.

E/F=B e.g. SN1/sSl=(CPN
(complex Hopf fibration series)




Consider: Z(t) — A(t)Z(t) where A(t) = |A\(t)|e") € C! — {0}
(20,21, 2Nyand (A9, A2t ... A2 identified

Spaceofall Z modulo thelequivalence relation Z(¢) ~ \(¢)Z(t)

1dentical to N-dimensional

romplex projective space C' PV

inhomogeneous coordinate§ (i, (1) = 2%(t)/2"(t)

In any local patch or chart|U,;, wherein z7 # 0.Jthe inhomogeneous coordinates gf:”(f) = 2%(t)/2"(¢)

are well-defined, and we can pass from homogeneous coordinates z“ to ¢ which ISexpicItiy Invariant

under the complex A scaling (when there is no risk of confusion, we shall suppress the index (n) of

explicitly realized

last projection specified i“l local chart U] but extended to the atlas, U U™

constitutes an_explicit Hopf map of the S?*¥*! bundle over C'P" base manifold with U(1) fiber

Hopf map of the $2V+! bundle over CPV base manifold with U(1) fiber. That the fiber is U(1)
follows from the observation that (¢ = ¢*/c” remains unchanged iff each ¢® undergoes the same
complex scaling Re™, but ¥ _ |¢*|? = 1 fixes the modulus R to be unity.




Exact formula of geometric factor in quantum mechanics

dt 2i(BCP R(Cn¢n)

A — C(d¢™/dt)—¢>(dC™ /dt)

R s S R
—60(0) — ([ )= 4 [ w@rHOw0)d

¢(o)




-coordinates of CPV

n the Dverla,p U{n} N U
transition function _,5 21 = Rei® c 1

Under this change of coordmates, ¢ = () — (" = C(¢)

The geometric connection is thus revealed to be |A = —i . dgz,s é‘; d¢®

_;& Eiicif)‘itj which is an Abelian connection whose curvature is

F = dA = 2K = i90®, wherein K = $g,;d(" A d{7 and ® = In(1 + ('¢")
are respectively the Kahler 2-form (which is real and closed (dK = 0))

and the Kahler potential of CP¥. Here 0 = dg‘* TR and 0 = dC“ aC:

denote the exterior derivatives withd = 0 + 0, while 9i; = 6‘31- %

is the hermitian matrix of the Fubini-Study metric

ds? = gi5dC¢ 'd(J on CPN Whiﬂil is a|Kahler-Einstein manifold

Riceci and metric tensors are propnrtioall}r related by a factor of 2(N +1).




¢ (d¢e /dt)—¢(d¢™ /dt) 9_7
A= 1c dt = (0 — D)d

ba0(t) = 6:0(0) — (f55 A)

(1) (o)

[CA(T)CA(T)]3[CR(0)¢R(0))2

B ¢*(T)¢*(0)
[CB(T)CA(T)]Z[CR(0)CR(0)]2

we can discern clearly the|ldynamicall and|geometric| phases

(W(T)[¥(0)) =

The formalism 1s| valid in a very general sense

In the special case of a closed path ¢ = 05 bounding a two-surface S,

(*(T') = (*(0), the geometric phase factor reduces to the expression

Chgi = g
argle*Hocos ) — arg [exp ( § Gt} = [ F




»Formalism is valid for both closed and open paths in CPN

»Geometrical phase (agrees numerically) with Anandan-Aharonov
phase (total phase minus “dynamical” phase) (for closed paths)

J. Anandan and Y. Aharonov, Phys. Rev. Lett. 65 1697 (1990)
D. N. Page, Phys. Rev. A36, 3479 (1987)

»Berry phase (Adiabatic Approximation)
M. V. Berry (Proc. Roy. Soc. London, A392, 45 (1984))

In each local chart U wherein zp # 0, the projection

map of the fibration is constructed by

S2N+1 can also be viewed as the total bundle space of the

Hopf fibration S?V+1/81 = CPV with CPV as the base
manifold and S as the fiber.




¢ (#)

W (1) = e ()

r|a)

oy (DS (B)]2

A. | Misinterpretation of the “gauge symmetry” of Anandan-Aharonov geometric phase

There are TWO connections: (U(t)] %|‘I’(t})dﬁ, and the Kahler connection A = —i %" dfé‘;g—é;dc_“.

They are related by
(U(E)| d|T(t)) = A(m) + dd(m) (1)

wherein ¢, = 2" /|z"|.

Note L.H.S begets additional term dx(t) under |¥(t)) s eX(O)|T(¢)).

Consistently, on the R.H.S. ¢(,)(t) = @ () + x(t).

BUT A((¢) remains explicitly unchanged (an overall scaling for all z* does not change (* = z%/z")!
In other words, the Kahler potential A does NOT gauge the symmetry |¥(t)) s eX(1)|T(t))
(which Anandan-Aharonov advocated(!).

A) The Kahler connection A transforms as an Abelian U(1) gauge potential under local coordinate transformations
between patches: In the overlap U,y N Ug), the coordinates are related by QE‘E) = 2% /¢ = (z”/z‘f)q(“n) Vv a; thus the

transition function is just (25 [z") = Re'™ e C!. Under this change of coordinates, the connection A = —i S dgz;g; dc”

transforms as A — A" = A + dy. The expression for the geometric phase/factor is invariant under such coordinate
ansformation

C_Q(T)Cﬂ(ﬂ) . (fC(T) ,;Tc-: dC“__ C‘ldfﬂ')
CP(T)CP(T)]2[CF(0)C (o)) ¢(o) 2¢ACh



A simple explicit example: Any 2-state system (N:])

S? fibration over S? = CP! —_
W) = C |&
0O=sx=<mn0<8 <70 < o < 2n)
&’ = e"("“’?) cos(-,j_'});c1 = e'(x+3%) sin(%), with |c°2 + |¢!]? = 1.

Hopf map projection

Ca(X,e_,cbz —% Ca E(jl:)1 . C? = Co/_co =_]_,Cl — Cl/co — e"d’_tan(%)_
ds%_a = dé®dc® + dé'dc! = %.[dBQ .+_s_in2 Qd¢2 + (2dx — cos 0do)?).

ds2.p, = [010; In(1 + ¢'¢1)]d¢ S = 1[d#? + sin? 0do?]

A = SGIEEES = 3(1— cos8)dd| 6.0 = 2°/|2% = */|°l = (x— §)  Dirac mohopole

ds%3 = ds%. m+[A +-d¢zo]2, wherein A +dd.o = dx — % cos Odao

monopole connection with Chern number 5= [ F = 5- [dA = ;- Jo—o 02” 3sin0do A do = 1

Note also that the Jocal chart fails at the south pole # = nf where "

vanishes, and we shall need more than one patch for the atlas. A chart which fails only at the north
pole (6 =0) is =) = ¢®/ct. In the overlap UQ N UM, we have o) = ((’.1/00)({‘1) with transition

function (¢'/c%) = ¥ tan(£). Moreover, the phase of the coordinate transition function ¢’ tan(%) is

precisely ¢ ; hence following our discussions in section VII. Ay = Ay +do = Aq) + e®ide=. The
monopole charge can also be deduced, via thg Wu-Yane formulation) from the Iy (U(1)) homotopy
map of the transition function, € : ¢ € ST — ¢ € U(1) = S, which has winding number 1.
Note the distinction between the Wu-Yang transition function relating the monopole potentials A g,
and A(yy (which are connected by gauge transformation ¢ € U(1)) and the transition function

' tan(g) between coordinate patches which 1s a complex scaling. Remarkably the setup 1 the
previous sections vield these results self-consistently.



Furthermore, according to the rules above, the general state 1s

m [10) + € tan(6/2)|1)]

=0 cos(0(t)/2)[0) + P sin(6(t)/2)|1)]




P . ada;pted from Quantum Mechanics, by Jinyan Zeng,
Expl Icit example. Fan Yi Publishing Co., 3rd. edition, Vol. 2, pgs. 269-271.

Time-independent Hamiltonian 2-state of S.H.O.
H = p*/2m + Smw?2?; E, = (n+ 3)hw

Consider 2-state basis: |n = 0) and |n = 1) :iltssp:;;n?;; %r;,m:pileznidz 53

(W (0)) = cos(A/2)|0) +sin(6/2)[1); f = constant

W (t)) = e #HW(0)) = cos(a/z)e—ﬂ\m + sin(8/2)e 2 [1)

'.',wt

2 [cos(6/2)]0) + sin(6/2)e " |1)]

= TJv(0))

ft T/ 4 — fg'”/“" WAt — wdt + L 5(cos O)wdt =|m(cost —1).
2w /fw /
2 o QW () [ H W () i 5 (2 — cos O)

B C*(T')¢(0) —i(.0(T)—.0(0))
() W(io)) = — — —€ =z =
WO = BoeoRreeo!

CH(T)C*(0) o (i ﬁ(T)A i TIIJ e
[CB(T)CB(T)|2[CF(0)C"(0)]2 p( /C(o) +ﬁ/0 (W(t)|H(t)|W(t))dt)




. . . . . —
Spin J system in rotating B field: = B(sina coswt, sin arsin wt, cos «)

B B
U= V]Lexp {{% sinaJy + (H— Cos o +w]J3]t}— Viexp { - [sin 3.J7 + cos ,ng]}

cos 3

h




(2t

{?05/3
Usie () = (1, MU (1), M1

_ Mt (MM ),

COS — S —

- -

vt

S (7 Sin CR

sin 3.7 + cos ﬂJg]}

a’, 7,7 are the Euler angles

Time-development operator

|12J

B menr, o B MM, MM M
s (=17 e [(J—I—M)!(.]-I—M’)!

W Wt
\/CDSQ 5 + cos? 3 sin? — 5

_ cos2 32 o i(2y+wt)

_ 1
V2

sin F'e™

25

— Sin

()= (,u_ sina + w), tan g =

13 n (J+M+n) L3 o
] 2}(“1) M =)0 =M )

vt
COB o

2 vt 2 2 Ut
\/cos + cos® Fsin” 5

Ut
Cos [ sIn 5

SIn 7y =

COsS 7y =

5+ cos? 3 sin2 %t

B %B SI11 (v

h %Bcosaer




For arbitrary state to return to original state (modulo overall phase i.e. closed path in C'P
time T

Wwi'= 2m;

01 = 2mm; m=1,2,3,....

Figures:
1)Expectation value of J = <¥(t)|J|¥(t)>
T=2n/w + 2mn/0 (path not closed)

2)Magnetic field B
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»Open path example/test:

1
Spin 3

_lot 8t . .t et o . Bt
e z (cos?+1c05[351n?) e 2 (15111[351n?)
u() =

iwt iwt

ot oo L Bt it I . Bt
ez 151n[351n; ez cos;—lcosﬁsm;

Choose [W(0)) = (1) , [W(D) = UO[W(0)) = (

iwt
—_ it at
2 (ccs —|—2 icos Bsin—2 ))

'Bt)
2
1

A = A|, = - (29Cos[B] — w(3 + Cos[2B] + 2Cos[t¥]sin[B]?))dt

T a

(WO HOIW®) = I (—9Cos[B] + wCos[B]? + wCos[tI]Sin[B]>)

A+ E WOHO ) = — 2 dtf,

WD) = &P (eosin[FSin[ESin{2] + &7 (CosEZ] + fCos[BISin{E]) (CosE] — iCos[B1Sin[E])

EORO = (14 e D (Cot[B] — iCotLICsc[B1) (Cot[B] + ICotIICsclA])) J Sin[ﬁ]ZSin[%zJ Sin[f1*sin[]?
[Fm@EmPFmEm?

= (sl'n[ﬁ‘]2 « sin ] « sin [*] + &= ((Cos[B] + Sin [ — 1Cos [%]) (Cos[p] « Sin || + tCos [?])

OS0!
(M) [0g)]

»Even when (T-t) # 2nm/w or (T-1) # 2mn/6 (open path)

(WD) =

Z(T) i T
lexp(i L . Atr j {1|J(t)|H(t)|L|J(t)}dt) s satisfied




2) or 3-state basis; and S5°/S! = C'P? (4-dimensional base manifold)
W) = "|0) + 1) + *[2)

Explicit S° parametrization:
& = e 0XF) cos(0,/2): = X sin(f/2) cos(02/2): = 3 sin(6;/2) sin(02/2).

1; C(lo) = e*“ tan(f; /2) cos(fa/2); Q(QO) = e tan(6,/2) sin(#y/2): Y=Py— X+ O

1 | .
A= Z(1 —cos01)[d(2¢ + ) + cosbad(2¢) — )]

F= QL sin6ydfy A [2 cos®(Aa/2)dg + sin® (0a/2)dy] — (1 — cosby) sin fadby A d(26 — ) =(YF
7r

1

o

2
closed 2—sur face 4 C P2

Ashtekar gauge potential
on the Kahler-Einstein manifold CP2




Adiabatic Approximation and Berry Phase

Ld
ih [ (1)) = H{t) (1)),

Expanding in time-dependent|energy eigenstates H (t)|E,, I(t)) —

=N aa(t)e kI B B ),
| |

Substituting expansion into Schrodinger Equation <—

%@e—% Jo Ba(tat’ _ _ Z@: a’ai(t)e_% Jo Balthdt' (F3 (1)) ;
|

J

(Ej(t) d*i(t) |Eq (1)) + (Es — Ea)<EﬁJ(t)|%|Eai(t)> = Oag dﬁ“

For non-degenerate states: with o # 3 = E, (t) # E5(t);

dH(t)
(EAOLG 1)) =1 el |~ 0 (a2

Adiabatic approximation.

dag, d t d |
_5,%@ ~ —ap(t)(Es(t)| | Es(t)) = ag(t) =~ aﬁi(oj\;—fo (Es s | Byt




W(t) ~ ) %fo'j'e—fcf (Eodir|Bajdt o= Jo Ba(t)at' | B (1))
ajj

In particular with a,(0) = 0,,:[¥(0)) = |E,(0)).
j i i

D (#)) Je—fcf@qjl%IEwidt’e—% Jo E’f(t’)dt’|E7J(t))

Additional termF_ Jo By Ol 1Bx(0)4" ool Boryry phase.| Wilczek-Zee (non-abelian

c.f fime-ndependent H:{E,} with [¥(0)) = |E,) = [¥(t)) = e 7| E,)

K. Fujikawa, Int. J. Mod. Phys. A21 (2006) 5333.

hB
HOV, (0 = +(=)v, ()

a . o .
cos 5 g 1wt sin 5 e 1wt
vi(t) = S a Vo (t) = o
sin— —CO0S —
2 2




Start with

General formalism

COS—

B .
% sima w,(0) = é yo_(0) =

%cosa—l—w

tan J =
sin—

2

ot 9t . .ot LAV .9t
e 2 (cos— +icosPsin— e 2 [(isinfsin—
’ lot ot fot ot 9t
i ez (cos?— icosf3sin 3)

ez (isinBsm ?)

u.ut

b 2 B) sin ] (ZISIHB COs— b Sll’l‘9 )
2 2 2 2

it
it ot . . . ot
e2 |cos——i (0052 B _ sin2 E) sm—]
2 2 2 2

iwt

_iwt ot
e 2 [cos—+1((:0525—51n >

(2151nB CoS— B sm'9 )
2 2 2

1mt

B —('9 —w) B (‘9+ﬁ>)
cos ez sin e 2
= U0 = U000 =w.o={ 7, o=,
sinEeE( +w) —cos> e_z( ®)

wsina

cos% (a—a e ot 0 = sin% (a—o)e et tang = _Mesna_ _
, W_ - ha = uB+nwcos a B %ﬂucc}su

o) = —cos% (a—a)

sin%(a —a)

%in o

19_\/( ) +2(—)ooc-::>st:t+ouoz—m!:B ,Q:%COSG-F(D tanﬁ_ﬁ




P, () = wy(t)exp {— % [¢ % uBcosa — RTM (1 + cos(a— OL’))] t}

_if t [ [m’fi(t*)H(t')m.i (t") Hih (wTi(t') %wi (t,)j] dt'}

Exact answer of Geometric Phase
with 7' = 27 /w;
[ A= —n[l+cos(a — )]

Adiabatic limit: Aw < B ={a’ — 0;wi(t) — v (t)

(1)) ~ ‘E—J‘J(Eﬂ%lff*v}dt’




Real Hopf fibrations: SM/{+1.-1} = RPM

RPM = M-dimensional real projective space
e.g. [S3=SU(2)1/{+1, -1} = [RP3=50(3)]

Hopf fibrations:

Complex Hopf fibrations: @Sl = CPN
CPN = N-dimensional complex projective space
e.g. S3/5! = [CP=5?] (Dirac monopole)

Quaternionic Hopf fibrations: S4%+3/53 = HPK

HP = k-dimensional quaternionic projective space
e.g. S7/[S3=5U(2)] = [HP=5S%] (BPST instanton)

Octonionic Hopf fibrations: ?2S8-+7/S7 = OPL? X
"OPL = L-dimensional octonionic projective space”
e.g. S1/S7 = [OP1=S8] (True)



William Rowan Hamilton

o 1gl;

e

(g Rrwan Mol

Lol penis cisen

»Quaternion Plague on_Broom_Bridge.jpg (250

x 179 pixels, file size: 26 KB

»from
<http://en.wikipedia.org/wiki/Image:Quaternion

Plague_on_Broom_Bridge.jpg>
W. R. Hamilton, Philosophical Magazine, 3 25 169, 4830-495 (1844).
Flements of Quaternions, W. R. Hamilton and W. E. Hamilton(editor) (University

of Dublin Press, (1866)).
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eometry of S*F+3/[5% = SU(2)] = HP*

c.f.

N=2K+1 N ,a S. L. Adler, J. Anandan, Found. Phys. 26, 1579-1589 (1996).
o i a — -
a=0 b—n VI 2 (N+1)-states

Each quaternion <-> 2 complex nos.
a=01.. .. K a=a+K+1.

q* = Re(z%)15 + fm(z"‘)g?

ATr(¢q1?)

PE = %(I + o)

Coordinates h® € HP®

1 a0 " .
ds%4K+3 = dS?{PK + §T'r(3d(jﬂqm + QDAHPK qﬂ])Z

Quaternionic Kahler manifold

1 58] htohs dhehte — hodhte
ds2ox = ~Tr(dh®G**dh'?), G5 = - , GloB = Gfe =
Supr = 577 ) ITr(ki)  [Tr(hh0)2 A = o PR

T2



Complex Hopf fibrations S2N+1/St = CPN

CN+1 o {G} s 52N+1

0,1,..N) 2°

Quaternionic Hopf fibrations S#+3/S3 = HPK

HH'—I—I o {ﬂ} S S4K+3 sy HPR’

o o = e L. 0 @ oy
01k qg" — Q) —\/%T:(qﬂqﬁf) »QY/Q" =q%/q = {0}

2 lQ =1



Schrodinger equation ih< |¥) = H |¥)

i Tr(PTq°h®) o) 4+ Tr(PY (i0%)q°h®) |)

\/%Tr(hﬁ hi8)

he (dhi®) /(dt) — (dh®)/(dt)hte

A= Adt = iTr(hPhis)

hie(T)
VAT (W3 (T)Ri(T))

c.f. Abelian case

C ( )C (D) T exX T
(U(T)[¥(0)) = [CO(T)CE(T)]3[Ce(0)C(0))2 Pl

Te —i [T Adt - m( )[Teﬁfn ?—Edt]TP_ (0)

¢(T)

¢(o)

;
A _
Ty

he(0) )
\/%Tr(h’f(o)hﬁ(ﬂ))

T
/ (U ()| H(£)[W(1))dt)




Re (U+|H|W) (U|H|) + ilm (UL H|T)

1
P\ (OIHDY — i (| H| ) — Re (| H| W)

LIJJ— — = —JE o + o :
[T5) = S Tr(Pr Q%) o) + Tr(PQ) |a)
a=0

Relation Between Gauge Potentials Agpor and Aypx

B dcﬂ‘-fu _ Cadg‘a B dhoepie — podpie
Acpricrt = ——5imey o+ AWK = T AR

Z2%dz® — dz%z° p

27zb b = dg.0 + Acparst = Acpar

| o0 i 1 "
Lt G ) = 1)




Explicit Example : Generic Four-State Systems

quaternionic Hopf fibration, S7/[SU(2) = 5% = HP' = §*

Explicit Parametrization of S”

ST (QY, Q1) satisfied QP2+ |QY)* =1, Q's € H.
Let Q¥ = ucosg?Ql = uwvsin g, 0<0<m0<As<4r,0<others <2m,

ei(q’l ‘I’ﬁl]fg CoSs % ei(frl_ﬁl]/g Sl].]. % ez(’)’ﬂ‘l’.ﬁ?)/g cos Q_‘f 83‘(72—52)/2 S]_n Q_Q?
U=\ _emim=B1/2 gy = e—i(1+81)/2 g a1 v=1 Cite-s)/2 gy, E i) /2 s dz e SU(2)

(1)) = ZI: Tr (Pféﬂ(t)h“(t)) o) + Tr (Pfr(z'aﬂ)@"(t)h“(t)) )
s Tr(h? ()ht5 (1))

o, [3=0

S7/S% = HP' = §*
With Hopf fibration, the coordinate of HP! are " = (Q")'Q" = I.h' = (Q")'Q' = v tan 3
The SU(2)-connection of HP' is

dh'h™t — hldh! . 2@
Agpt = TR —i Bin E{i“ﬂ’ﬂ

sin®(g) = |=?/(|z]* + A?);
A. A. Belavin, A. M. Polyakov, A. S. Schwartz, Yu. S. Tyupkin, Phys. Lett. B 59,
85-87 (1975).

e St




1

1 1 in® )3 —
Co = Tr(FAF)= 82 /. E]rjl Hdt? A Tr(dvo')? =942 fsﬂ Tr(dve')” =1

We need at least two local charts U and UM to cover the whole HP'. In patch

U, hiy = (@1)7'Q* fails at § = 0 since Q' = wv sing = 0. And in patch U®,

hiy = (Q°)~1Q™ fails at § = 7 since Q° = ucos§ = 0. In their overlap U UM,

coordinates transform according to A = (Q“)—lthﬂlj? where (Q%)~!Q! = vtan$ is
the transition function which is a large gauge transformation with winding number 1

with the gauge potential transforming as A = idvv'+vAqyv'. This can be seen from




Pure state bipartite qubit-qubit entanglement and the BPST instanton

W) Heilli) @ 7)), where i, j takes values &

Clauser-Horne-Shimony-Holt operator
C:p H S H — ( R + S] .:gyT + { R e 15'!} ® { T Sil‘ﬂi]ﬂ.l‘l}' for S, T and U.
(U|CHSH[UY map. = 21/1 + 4] doti]? [ 0 < [dete? < }




C" = cos o cos L gilvi+B1)/2 . Ol = sing (e*hlﬂﬁﬁl +82)/2 05 L o5 22 _ piln—a—mi+82)/2 gin M iy %)

1
= Re(z%)15 + Im(z“)g—, + Re(z%
1
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Existence of Hopf fibrations S2N*1/S!= CPN and S#+3/S3 = HPK
allows us

to treat the Hilbert space of finite-dimensional pure quantum systems
as

the total bundle space with, respectively, UZ)=S'and SU(2) =S3 fibers
and

complex projective and quaternionic projective spaces as base manifolds.

This alternative method of describing quantum states and their evolution
reveals the between




Unlike our non-abelian geometric phase formula which originates from the
exact Hopf fibration and which 1s valid for arbitrary even-dimensional systems, the

Wilczek-Zee non-abelian Berry phase derivation and formula 1s predicated upon the

particular nature of the degeneracy of the Hamiltonian (which determines the gauge

group of the non-abelian Berry connection) and is valid only for adiabatic systems.
This means that there can be no generic correspondence between our Hopf fibration
construction and the Wilezek-Zee approach, although specific examples with particular

Hamiltomans can exhibit similarities between the two formalisms.




