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Abstract: In this note, we consider a hypersingular and supersingular integral equations (HSIEs, SuperSIEs) of the first kind
on the interval [—1,1] with the assumption that kernel of the hypersingular integral is constant on the diagonal of the domain
D = [1,—1] x [—1,1]. Projection method together with Chebyshev polynomials of the first, second, third and forth kinds are
used to find bounded, unbounded and semi-bounded solutions of HSIEs and SuperSIEs respectively. Exact calculations of
hypersingular and supersingular integrals for Chebyshev polynomials allow us to obtain high accurate approximate solution.
Gauss-Chebyshev quadrature with Gauss-Lobotto nodes are presented as the high accurate computation of regular kernel
integrals. Existence of inverse of hypersingular integral operator leads to the convergence of the proposed method in the case of
bounded and unbounded solution. Many examples are provided to verify the validity and accuracy of the proposed method.
Comparisons with other methods are also given. Numerical examples reveal that approximate solutions are exact if solution of
HSIEs is of the polynomial forms with corresponding weights. SPU times are also shown to present effectiveness of the method

and less complexity computations.
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1. Introduction

General singular integral equations of the first kind of
order p has the form

1 ! K(x,
[ oo [ﬁum oat = £,

p=1{123,} -1<x<1, (1)

encounters in several physical problems such as
aerodynamics, hydrodynamics, elasticity theory, acoustics,
electromagnetic scattering and fracture mechanics and so on

(see [1-14]).

@(t)dt

. 1
Notation f_l (t—x)?

denotes Cauchy singular integrals

(p=1), Hadamard finite-part integral or hypersingular
integral (p =2) and when p > 2 is called supersingular
integrals and x is the singular point. The formulation of this
classes of boundary value problems in terms of supersingular
integral equations have drawn lots of interests. Many
scientific and engineering problems [1-4] such as acoustics,
electromagnetic scattering and fracture mechanics, can be
reduced to boundary integral equations with hypersingular
and supersingular kernels. In 1985, Golberg [5] consider Eq.

(1) with the kernel K(x,t)=1,p=2 and proposed

projection method with the truncated series of Chebyshev
polynomials of the second kind together with Galerkin and
collacation methods. Uniform convergence and the rate of
convergence of projection method are obtained for
hypersingular integral equations (HSIEs) (1). In 1992, Martin
[6] obtained the analytic
one-dimensional hypersingular integral equation i.e. the case
of K(x,t)=1p=2 and L,(x,t)=0 in Eg. (1)
Capobianco et al. (1998, [7]) developed collocation method

solution to the simplest

and quadrature collocation methods for the approximate
solution of singular integro-differential equations of Prandtl’s
type in weighted spaces of continuous functions. Theoretical
convergence and rate of convergence are proved. In 2003,
Lifanov and Paltavski [8] proposed discrete closed vortex
frames and applied it to the analysis of a numerical scheme
of the solution of a hypersingular integral equation Eq. (1)
for the cases p =3 and p =5 on the torus. They have
proved the existence and uniqueness of the solution of this
equation under natural conditions with the help of the
numerical method. Chakrabarti and Berghe ([9], 2004)
developed approximate method for solving singular integral
equations of the first kind p =1 in Eq. (1) over a finite
interval. The singularity is assumed to be of the Cauchy type,
and the four basically different cases of singular integral



dealt with

simultaneously. The obtained results are found to be in

equations of practical occurrence are
complete agreement with the known analytical solutions of
simple equations. In 2006, Mandal and Bera [10] have
proposed a simple approximate method (Polynomial
approximation) for solving a general hypersingular integral
equation of the first kind (1) with K(x,x) =0,p = 2. The
method is mostly concentrated with the bounded solution and
illustrated proposed method by considering some simple
examples. Mandal and Bhattacharya ([11], 2007) proposed
approximate numerical solutions of some classes of integral
equations (Fredholm integral equations of second kind,
Characteristic hypersingular integral equation and HSIEs of
second kind) by using Bernstein polynomials as basis. The
method was explained with illustrative examples.
Convergence of the method is shown by referring to Golberg
and Chen [12] for each class of integral equations. Boykov et
al. ([13-14], 2009-2010) proposed method asymptotically
optimal and optimal in order algorithms for numerical
evaluation of one-dimensional hypersingular integrals with
fixed and variable singularities as well as a spline-collocation
method and its justification for the solution of
hypersingular equations,

polyhypersingular integral equations, and multi-dimensional

one-dimensional integral
hypersingular integral equations. Dardery and Allan ([15],
2014) considered Eq. (1) with p = 1. They have analyzed
the numerical solution of singular integral equations by using
Chebyshev polynomials of first, second, third and fourth kind
to obtain systems of linear algebraic equations, these systems
are solved numerically. The methodology of the present work
expected to be useful for solving singular integral equations
of the first kind, involving partly singular and partly regular
kernels. The singularity is assumed to be of the Cauchy type.
The method is illustrated by considering some examples. In
2019, Novin and Arakhi [16] proposed and investigated a
modification of the homotopy perturbation method (HPM) to
solve HSIEs of the first kind Eq. (1) with p = 2,K(x,t) =
1,L;(x,t) = 0. Proposed method are compared with the
standard homotopy perturbation method. It is shown
modified HPM converges fast and gives the exact solutions.
The validity and reliability of the proposed scheme are
discussed by providing different examples. The modification
of the homotopy perturbation method has been discovered to
be the significant ideal tool in dealing with the complicated
function within an analytical method. Lastly, Ahdiaghdam

([17], 2018) considered HSIEs of the form

1 1
_ f v j K(x )w(0)dt = £,
1

4 (E—x)* -
—-1<x<1 a€N, (2)

where K(t,x) and f(x) are given real valued Holder
continuous functions and (t) is the unknown function to
be determined. He has solved Eq. (2) for a = {1,2,3,4} by
using four kind of Chebyshev polynomials for all four cases
of solutions (bounded, unbounded, left and right bounded) of
(SuperSIEs).  Special
technique is applied by using the orthogonal Chebyshev

super-singular integral equations
polynomials to get approximate solutions for singular and
hyper-singular integral equations of the first kind. A singular
integral equation is converted to a system of algebraic
equations based on using special properties of Chebyshev
series. The error bounds are also stated for the regular part of
approximate solution of singular integral equations. The
efficiency of the method is illustrated through some examples.
Convergence of the proposed method is obtained for

a={1,2}.

In 2011, Abdulkawi et.al. [18], considered the finite part
integral equation (1) with K(x,t) =1,p =2 and showed
the exactness of the proposed method for the linear density
function and illustrated it with examples. Nik Long and
Eshkuvatov [19] have used the complex variable function
method to formulate the multiple curved crack problems into
HSIEs of the first kind (K(x,t) = 1,p = 2) in more general
case and these HSIEs are solved numerically for the
unknown function, which are later used to find the stress
intensity factor (SIF). In 2016, Eshkuvatov et al. [20], have
used modified homotopy perturbation method (HPM) to
solve Eq. (1) for the bounded case with p =2 on the
interval [4"’1,1] with the assumption that the kernel K(x,t)
of the hypersingular integral is constant on the diagonal of
the domain D = [—1,1] x [-1,1]. Theoretical and practical
examples revealed that the modified HPM dominates the
standard HPM, reproducing kernel method and Chebyshev
expansion method. Finally, it is found that the modified HPM
is exact, if the solution of the problem is a product of weights
and polynomial functions. For rational solution the absolute
error decreases very fast by increasing the number of
collocation points. Eshkuvatov and Narzullaev ([21], 2019)
have solved Eq. (1) for the cases p =2 and the kernel
K(x,t) of the hypersingular integral is constant on the



diagonal of the domain D =[-1,1] x [-1,1],

projection method together with Chebyshev polynomials of

using

the first and second kinds to find bounded and unbounded
solutions of HSIEs (1) respectively. Existence of inverse of
calculations  of
hypersingular integral for Chebyshev polynomials allowed us
to obtain high accurate approximate solution for the case of

hypersingular  operator and exact

bounded and unbounded solution.

In this note, general HSIEs (1) is considered for the
cases of bounded, unbounded and semi-bounded solutions
and outlined the collocation method together with kernel
expansions. For the unique solution of the unbounded and
bounded cases the following conditions

1 1
;j_ltp(x)dx =C,
p(=1) = (1) = 0. (3)

are imposed respectively.

The structure of the paper is arranged as follows: In section 2,
all the necessary tools are outlined and in Section 3, the
details of the derivation of the projection method is presented.
Section 3, discusses the existence and uniqueness of the
solution in Hilbert space. Finally in Section 4, examples are
provided to verify the validity and accuracy of the proposed
method, followed by the conclusion in Section 5.

2. Preliminaries

Ahdiaghdam [17] summarized the work in Mason and
Handscomb [22] as follows. Let P, j(t) be the Chebyshev
polynomials of the first-forth kind given by

T;(t) = cos(jO),r =1
Ui(t) = % r=2
P (®) = {v(¢t) = C(B((jzes)g),r =3, C)
COS |\ —
L Sin (;)

where t = cos6.
The function P, ;(t) satisfy the following orthogonality

properties

0, i=],
1, i=j=0r=1
1
. 1 5 i=j=0r=1
W= ;(Pi,rl Pj,r)r =9 1 )
=, ':" =2
5 L=
1, i=jr=1{34}

with respect to inner product

1

.90 = [ w@rog®a,
-1
where w,(t), r ={1,2,3,4} , the weight functions
defined by
(1,r=1,
42 4
1.0 1—-t*r=2,
W‘r(t) = Nt Ar(t) =41+ t,r = 3, (6)
kl - t, r= 4’,

In Mason and Handscomb [22] have proven the following
theorem.

Theorem 1 As a Cauchy principle value integral, we have

1 (Y w,.(O)P; ()
Sir(x) = Ef %dt =
-1

Uj_1 (%),
)T r=2,
W) r=3, @)

Vi(x) r=4.

Ahdiaghdam [17] has proved the following statement.

r=1,

Theorem 2 For m =1 derivative of Chebyshev

polynomials has the form

d

&Pr,m(x) =
mUp—1(x),

heo 2 2(m = 20U _ge1 (x) T =2,

Yito (CDF2m =) Up_g-1(x) T =3,
Yo 2(m = k)Upm__1(x) 1= 4.

Darbery and Allan [15] summarized three term relations

r=1,

(8)

of four kind of Chebyshev polynomials which is given in
Mason and Handscomb [22].

Po(x) =1, r={1234}

Jpr,m(x) = ZxPr,m—l(x) - Pr,m—z x),m=2, r={1234}
Pi(x) =x, Pyy(x) =2x, P3;(x) =2x—1, Py,(x) =2x+1,

\
(9)

It is known that the hypersingular operator H, can be
considered as differential Cauchy operator C, i.e.,



Hou = Cou == (21 2Cyyar). (10)

dx dx

On the other hand from (7) it follows that for all m = 1,2, ...,
T (t)

€ Tn() = JTrﬁgjydnd%ﬂﬁm
CyUn(0) = f 11f%ﬂ)t— e
1 V. (t)d
G =1 [ [0S o,
1—-tW,(t)d
CyWp (x) = f 1+i t(t)t Vi ().
(11)

For m = 0 we have
CgTo(x) =0, CgUO(x) =-T1(x),
= _VO(x)'

In Eshkuvatov [21] and Ahdiaghdam [17] shown that
differentiating Eq. (11) for m = {1,2,---} leads to

CgVO(x) = Wo(x), CgWO(x)

T, (t)
14/1—t2(t — x)2

m+ 1 m—1
[ ) - U

HyTp(x) == J-

Vie CUn(@) |

T 4=t DU,

HyUp, (x) = 7Tf-1
d d
Hng(x) = anVm(x) = an(X)

-1

3

2(m = k) Upyp—je—1 (%),

I
i

d
HoWp, (x) = d_ gWin(x) = ——V T ()
D12 = K)Upy_ge—1 (%),
k=0
(12)
for m=0
HyTo(x) = 0,HyUy(x) = —Up(x),
HyVo(x) =0, HyWy(x) =0,
(13)
Moreover,
1
Tm+1(X) = E [Um+1(X) - Um_l(.X')], m= 0'112""

m=0,1...

1
XU () = 5 [Unm1 (1) + Upng (0],

1
1 -xHU,(x) =5 [Tn(x)

Vi (%) = Up () = Upp_q(x), m =0,1,2,-
W, (x) = U, (x) + Um_l(x)), m=20,1,..

—Th1(X)],n=0,1,..

(14
where U_;(x) =0 and U,(—x) = (—1)"U,(x).

3. Description of the method

Since kernel in Eq. (1) is constant on the diagonal of the

region D = [—1,1] x [—1,1] we can assume that

K(x,x) =cy ¢y #0. (15)

Taking into account Eq. (15) we can write Eg. (1) in the form

o (* 9® 1M a@e®
), =2 L =P
+ 1) Li(x Ht)dt = f(x), (16)

where Q(x,t) = W
Main aim is to find four type of solution of Eq. (16). Hence,

we search solution in the form

(x) =w.(u(x), r={12,34}, @an

where w;(x),i = {1,2,3,4} are defined by (6). Substituting
(17) into (16) yields

co [T w(t w, ()0 (x, t
= e _(x))p u(t) dt + nf_l—(t( )Q)(p 1) u(t) dt
2w Gty e Du@de = £,
mTJ_1
r={1234}, —-1<x<1, (18)

Introducing notations for all value of r ={1,2,3,4} and
p=1{12-}

Co Low(t)

Hpu=2 | e,
Cpptt = ; %u(t)dt,
u =1 w()Ly(x, Du(t)dt, (19)

leads to the operator equation

Ho,u+Cpu+Lu=f r={1234} (20)



To find an approximate solution of Eq (20), u(t)
approximated by

u(t) =y, (£) = (21)

_o bj P (1), v=1{123,4]},
which gives approximate solution of Eq. (16) as follows

p(x) = w(x) Z}lzo bj

where unknown coefficients b;, are needed to be defined.
To do this end substitute (21) into (18) to obtain

z b}r[ J-ll(twr(t))p

j=0

Pj,r(x), r=1{1234}, (22)

P (t)dt

L w, ()Q1(x,t)

7) T—xpr DOt

1 1
+- f w, (0L (x, t)P,-,r(t)dt] = f(x),
-1
r={1,2,3,4}, (23)
and consider three cases in terms of p values.

3.1. Case 1 (Singular Integral Equation): Let p = 1 then
operator form of the Eq. (20) is

Crau+Lou=f, r={1234}, (24)
where
C _ Co ! Wr(t) dt
=7 -1 (t—x)u( dt,
=2, w (DL tu(t)dt, (25)
with
L(x,t) = Q,(x,t) — Li(x,t),
Q1 (x’ t) — K(x,t)—K(x,x) (26)

t—x

We substitute (21) into (24) to yield approximate solution of
Eq. (24)

O [eo (1 we(D) 11
Z b;, [; o Pr(t) dt +— f_ 1WT(x)L(x, )P () dt]

1 Wr(t)

oy [212, 2D dr + 211 we ()L, O] = £, (27)

It is easy to evaluate the weight integrals in Eq. (27) as

(0, r=1,
—x r=2,
1, r=3,
L—l,r=4,

he(x) =2 1, 20 g¢ =

1 (t-x

(28)

Exact evaluation of singular integral in Eq. (27) and taking
into account Theorem 1 with (28) we arrive at

D byl 51,00 + 3,00
=1

+bo[cohr (X) + Yo, ()] = f(x), 7= {1,234}, (29)
where
() =2 1 w(OLCx, Oy, ()dt, (30)

here kernel L(x,t) is defined by (26).

Consider particular case. Let r = 1, in this case we search
unbounded solution on the edge by imposing first condition
in Eq. (3)

T;(t)

Z, o bjlf =C, (31)

which leads to by, = C. Shifting second term in Eq. (29) to
the right and exact calculation of S;;(x) = U;_;(x) leads to

Yier bjalco Up-a () + ;1 (0)] = f(x),
where f;(x) = f(x) = Cho,1 (%)

In order to solve Eq. (32) for unknown parameters b; ; using

(32)

collocation method we choose the suitable node points
{x;}, such as roots of U,(x) or (1—=x*)U,_,(x) or
Gauss-Lobotto nodes i.e. zeros of T',(x). Then Eq. (32)
leads to a system of linear equation for i = {1,2,---n}

Z} 1 jl[CO j— 1(x1)+1/)]1(x1)] f1(x) (33)

Solving (33), we find the unknown coefficients b;q,j =
1,..,n then substituting the values of b;, into Eq. (22)
yields the numerical solution of Eq. (24) for r = 1.

For the cases r = {2,3,4} we use (29) at the collocation
points x;,i=0,1,2,- roots of U,,.(x) or
Vg1 (x), Wy pq1(x) or Gauss-Lobotto nodes T, (x).

n as the

3.2. Case 2 (Hyper-singular Integral Equation): Let p = 2
then operator form of the Eq. (20) can be obtained by
subtracting and adding Q,(x,x) in the second term of Eq.
(18) so that

Hou+Cu+Lu=f, r={1234} (34)
where

((Hou=2[" (”:r(” u(t)dt,

J Cr ot = Ql(" 2 [ B u(er, (35)

LLru = Ef—1 Wr(t)L*(x, tu(t)dt,



with

(L*(x, t) = Q,(x,t) + Ly (x,0),
Q1(x,t)—Q1 (x,x)

Q06 8) === (36)
_ K(x,£)-K(xx)
k Ql (x, t) - t—x .

To find approximate solution of Eq. (34) substitute (21) into
(34) to yield

Co
Z%h_

Q1(x X)f

wy(8)

a7 br@de

Wr()

1=

co (1w (D)
+b(,r[° T dt +

wr (t)

NG dt

Q1(x, x)f

+2 [0 we@L (o) de] = £ (), (37)

Exact calculation of Hypersingular and singular integrals in
Eq. (37) and differentiation of h,.(x) in Eq. (28) as well as
using the results of Theorem 2 leads to

N d
D Bir 0 g5 G0 + 2 5,50 + 1,0

j=1

d
b [0 7 he () + QG O, () + 5, (0|

=f(0), (38)

where ¥}, (x) = % 2, we(OL (x, )P, (t) dt and
Consider different values of r. For the unbounded case
r =1 we use the results of (31) and due to (12) and (38) it
follows that

n
2 b

d
7= Ut () + Qs (6 00Us () + 95, 0

j=1
= f1(x), (39)
where fi(x) = f(x) — cipg(x) and
« 1 L*(x,t)
P00 == e (@t (40)

where L*(x,t) is defined by (36).

To solve Eg. (39) for unknown parameters b;, using
collocation method we choose the suitable node points
{x;}i=; such as roots of U,(x) or Gauss-Labotto nodes
T',(x). Then Eqg. (39) leads to a system of linear algebraic
equation

1 1
Py (t) dt + ;-f—l wr (X)L (x, t) Pj(t) dt]

Z?=1 bj,l [Co [% Uj_l(x)]x=xk + Ql(xk:xk)Uj—l(xk) +

ViG] = fi@ok=12.m @)

Solving the Eq. (41) for the unknown coefficients b;q,j =
b;; into Eq. (22)
yields the numerical solution of Eq. (34) for r = 1.

1,..,n and substituting the values of

In the case of bounded solution we assume that r = 2, then
from Theorem 1-Theorem 2 and properties of operators
(12)-(13) as well as (38) it follows that

by [—coG + DU ) = 2E2 [0 () - U ()] +

1/);,2 (x)] + bo, [_Co —xQ1(x, %) + Yy, (x)] = f(x) (42)

where ;,(x) = = [ L' (x, )0VT = £2U; ().

To find the unknown parameters b;, we use collocation
method and choose the suitable node points {x;}%; such as
roots of U,,,;(x) or (1—x?)U,_,(x) or Gauss-Labotto
nodes T',.1(x). Then Eq. (42) leads to a system of linear
algebraic equation for k = {0,1,...n}

Uj—l(xk)] +

X1 by [—Co(f + DU; (x) — M (U1 (i) —

52| + Bo2[—co — 1101 (s 1) + W5 2(0i)] = £ () (43)

Again solving the system of Eq. (43) for the unknown
coefficients b;, j =0,...,n and substituting the values of
b;, into Eq. (22) yields the numerical solution of Eq. (34)
for r = 2.

For semi-bonded cases r = {3,4} we have

n

d
Z bj,r [Coasj,r(x) + Ql(xr x)Sj,r(x) + ll’]*r(x)]

=

b [0 e () + Qa (6, DRy () + 5, (0] = f(x (44)

where
Yi(x)
=1 \/EL*( OV, (£)dt, 7 =3,
=1 (45)
&I \/;L*(x OW,(6) dt, =
1 1 wr(®P)(0) W(x),r =
S =—J_, e ¢ { V(o (46)



d
asj,r (x)
m-1

D 20m = Up i1 ()

k=0
m-1

[ (=112 — k) Uy ey (x),7 = 4
k=0

r=3,

(47)
and
da
—h(x) =0, r={34} (48)
hence the system of algebraic equation can be obtained at the

collation points such as roots of V,.,(x) or W, .,(x) or
Gauss-Labotto nodes T',,,,(x), as follows

d
Z b; » lco (asj,r(x)> + Q1 (i, 1) Sj - () + Pf - (31)
Jj=1 x=xp

+bo [(=1)THQ4 (ks xi) + Yo - (x10) ]

=f(x), r={34} k=12,n+1 (49)

To find the unknown coefficients b;, j = 0,...,n we solve
Eq. (49) and substitute the values of b;, into Eq. (22) to
get numerical solution of Eq. (34) for r = {3,4}.

3.3 Case 3 (Super-singular Integral Equation. Let p = 3
and assume that main kernel in Eq. (1) can be written as
follows

K(x,t) =co+ Q(x)(t = %) oo+ Qper (X)(t — x)P7!
+Q, (t, x)(x — t)P, (50)

then Eq. (1) is of the form

c_o o) Ql(x) f @)
(t—X)p 1(t_x)p 1
Q 1() ®)
4o ptX f (t(p_x)dt+ f Ly (x, ) (t)dt

=f(x)—1<x<1, (51)

= Qp(t,x) + Ly (x, t).
It is easy to see that

where L,(x,t)

1 dP7Y 1 @(b) _
(p—-1)! dxP~1 f—l (t—x) dt = f

20O g, (52)

1 (t- x)p
Searching solution in the form

9(6) = w,(6) Sg by, P (0,7 = (1234}, (53)

and using the results of Theorem 1 and relationship Eq. (52)

We arrive at
C dr1 Q(x) dP?
Z b [ —1)ldxr-1 SjrG) + (pl— 2)!dxp‘25j‘r(x)
j=0
Q (x) d
+- 5 12| _x ]7"( x)

+Qp-1 ()8 (%) + 1, ()] = f (%), (54)

where 1;,(x) = = [, wy (X)L (x, )P, () dt.

Since p = 3, from (28) it can be easily get that for all
r={1,2,34},

d? a3
Lh =tk @ =2 h®=0, (55

Splitting Eq. (54) into two parts (j=0 and j>1) and
taking into account Eq. (55) yields

Qi) apr—?
=1 b]r [(p 1)|dxp op—1 ]r( ) +—= (p—2)! dxP-2 Sj,r(x) +

Qp—2(%) da

255 () + Qo1 (05 (@) + 5 ()] +
Bog [@p-2(0) 3= () + Qpor (DR () + 0, ()] = (). (56)

To find the unknown coefficients b;, j = 0,...,n we solve
Eq. (56) at the collation points x;,k = 1,2,---n 4+ 1 which
is taken as the roots of orthogonal polynomials U, ,,(x) or
Gauss-Labotta node points T',,,(x) = 0. Then substitute
the values of b;,. into Eq. (53) to get numerical solution of

Eg. (51)) for r = {1,2,3,4}.

4. Quadrature method

The In this section, we develop Gauss-Chebyshev
quadrature formula with Gauss-Lobotto nodes for weighted
kernel integrals. It is known that many weighted kernel
integrals have not exact solution in many circumstations. So
that we need suitable quadrature for numerical computation
of weighted kernel integrals. In Kythe [24], states that the

Gauss quadrature formula of the form

[ wEOf ()dx = T Af (x0), (57)

is exact for all f € P,,,, if the weights A; and the nodes
x; can be found for different orthogonal polynomials
approximation of f(x) onthe interval [a, b].



In particular, if [a,b]=
{1,2,3,4} are defined by (6),
polynomials are the Chebyshev polynomials of first, second,

[_111]
as well

and w,(x),r=
as orthogonal

third and forth kind respectively then resulting formulas of
Eqg. (57) are known as Gauss-Chebyshev rule. Let us define
the  nodes  ¢;,§;2,§;3.§j4 a the zeros of

Tn+1 (x)' Un+1 (x)' Vn+1 (x)' Wn+1 (x) respectively,

_ (@k=1m
Sk = COS( 2(n+ 1) )

km
&p2 = cos (n

j=12,...,n+1,

), k=12,...,n+1,

+ 2 tg
= (Qk_l)”) k=12 +1 o
fk,?)_cos 2n+3 ’ = 1,4,..., )
= ( an) i =1,2 +1
&pa = cOS mt3) i=12,...,n .

Lemma 3 Open Gauss-Chebyshev rules are given as

n+1

1
f)dt = Z A f(&ka) Ak = mr1

- i +1
n+1
f V1-t2f(0)dt = Z Araf (§i2) Ak = n+t§)

n+1

T 1+t 2
f_l mf(t)dt = kZl Arsf(83) Ars = m(l + &k3),

1t /1 —x s 2
;J-_l mf(x)dx = kZ; Apaf (§ka) Ara = m(l — Xpe2)-

(59)

The word "open" is used for not including endpoints. We
usually omit "open" since all Gaussian rules with positive
weight function are of the open type. In Kythe [24] stated the
following theorems.

Theorem 4 (Johnson and Riess 1977). Gaussian QF has
precision 2n + 1 only if the points x;,i = 0,1,...,
of ¢pi1(x) , where ¢,.,(x) are orthogonal
polynomials.

Theorem 5 If f € C?™"*?[q,b], then the error of Gaussian

QF is given by
Ru(f) = I2(F) = L(f)
=0 12 (P2, (x)dx, £ €[a,b],  (60)

(2n+2)! Ja

n are the
Zeros

where P,.,(x) is the orthogonal polynomials of degree
n+1 with n+1 distinct zeros and p(x) is a weight
function.

In  Eshkuvatov et al. [21] we

have extended

Gauss-Chebyshev QF using Chebyshev polynomials of first
and second kind for the weight kernel integrals (29). In a
similar way we are easily able to extent Gauss-Chebyshev
QF for the cases of third and forth kind of Chrbyshev
polynomials.

In many problems of HSIEs regular kernel L(x,t) will be
given as convolution type

iz1 Gi(0)d;(0). (61)
(61).

L(x,t) =

In the ~case of convolution kernel

Gauss-Chebyshev QF has the form

type

P (0) = = f; we(O)L(x, )P (E)dt =

Yy () Bt Apa (di(ti )T (b)) m =1
IZ 21 ¢ () XRE A2 (di(te )V () T = 2,
| 221 () 2iii Aps(di(te3)Vi(tes)) r = 3,
kzl L 600 TR Ara(di(t )Wy (t,2)), 7 =
(62)
For non convolution regular kernel L(x,t) case, we have
the following Gauss-Chebyshev QF

1 1
Wir ) = [ W OLGx, OB (O
1

n+1
D A fi (3t ) fi (5 tr) = L b )Ty (tia)r = 1,
nel
D Akafa bz, o tz) = L% i) Uy ()7 = 2
nel
D Aksfs (6 ts), (5 bs) = L%, i)V (6s)r = 3,
k=1

n+1

D Aiafa (3 tea) fu( ties) = L0 i) W (tis)r = 4.
k=1

(63)
where t.,r = {1,2,3,4} are defined by (58)

5. Important Tables

We very often need to use polynomial values of the
Chebyshev polynomials for the numerical computation. Table
1 refers to the first few terms of Chebyshev polynomials of
first T,(x) and second kinds U,(x) respectively and Table
2 refers to the first few terms of Chebyshev polynomials of
third
Table 1 and Table 2 can be easily get by three term
recurrence relationship given by Eq. (9).

Table 1: Chebyshev polynomials of the first and second kind

V,(x) and forth kinds W, (x). Polynomial form of



n T (x) Un(x)

0 1 1

1 x 2x

2 2x2—1 4x2 -1

3 4x3 — 3x 8x3 — 4x

4 8x*—8x2+1 16x* —12x% + 1

5 16x° — 20x3 + 5x 32x5% — 32x3 + 6x

6 32x6 — 48x* + 64x°% — 80x* + 24x2% — 1
18x%2 —1

Table 2: Chebyshev polynomials of the third and forth kind

n Va(x) Wh(x)
0 1 1
1 2x—1 2x+1
2 4x2 —2x —1 4x2+2x—1
3 8x3 —4x?—4x+1 8x3+4x? —4x—1
4 16x* —8x3 —12x% +| 16x*+8x3 —12x% —
4x +1 4x +1
5 32x5 — 16x* + 32x3 +| 32x° —16x* —32x3 —
12x2+6x—1 12x2 + 6x + 1
6 64x° — 32x5 — 80x* +| 64x° + 32x° — 80x* —
32x3 +24x%2 —6x—1| 32x3+24x%+6x—1

6. Numerical results
6.1 Case 1: p = 2, r = 2. (Bounded solution)
Example 1: Solve HSIEs of the form

L [EE L] emdt = £0o, (69

where
K(x,t) =2+ tx(t L t) = + !
6 = x(t = %), 1(x')_t+2 x+2
and
20v/3  10x
= 2—
f&) = C2+x)2? x+2( V3 +x)
10 102 —+/3
+102 —V3)x +—(2V3-3) + ( ).
3 x+2
The exact solution of Eq. (64) is
o) =VI—x2—, (65)

Remark. In this example, main kernel K(x,t) is given as
convolution form and on the diagonal K(x,x) = const. On

the other hand regular kernel L(x,t) is not convolution type.

Here we present experimentally that the proposed method

can work well even the regular kernel L(x,t) in Eq. (64) is
not in the convolution type and solution is not of the
polynomial form.

Solution. Suitable changes in Eq. (64) leads to

Lo()dt
L t—x

Efl p(t)dt

m)_y (t—x)?
o [ s|e®ar =0, (66)
Sothat ¢co =2, Q(x,x) =x? and

L(x,t) = x + — +—.
x+2 t+2

From Egs. (42) and (66) we obtain
[ (x + 553) + 902 oz + (-2

2
+ = Uny1 (Dby, +3)-

2
+ %) by, +
1 [_Z(j + 1)bj.2

2
+x7(bj+1,z — bj_12)U; (%) + bj29; 2]
=f(x), (67)

where b_;, = by1; =0 and

—lfl Vi-t2?
9in=7)laz Y

We choose the collocation points x; as in Eq. (58). Solving
Eg. (67) for the unknown coefficients bj(fl‘) for different

values of n and substituting it into (22), we obtain the
numerical solution of Eq. (64). Errors of numerical solution
of Eqg. (64) and comparisons with the method presented in
Eshkuvatov [20] are given in Table 3.

Table 3: Numerical solution of Example 1

x | Exact, (65)| Errors R,,n = 6| Errorsin[20]
n,m=6,
-0.9999| 0.1414037| 3.5663 x 10™* | 1.0852 x 10~*
-0.901 | 3.9473984| 1.2235x 10™*| 3.5502 x 107*
-0.725 | 5.4019519| 2.4011 x 1073 | 1.88998 x 10™*
-0.436 | 5.7541347| 2.2201 x 1073 | 3.0648 x 107*
-0.015 | 5.0372166| —1.6201 x 1073| 0.8678 x 107*
0.015 | 4.9622208| —1.601 x 1073 | 1.9992 x 10™*
0.436 | 3.6943623| 1.3001 x 1073 | 3.3917 x 10™*
0.725 | 2.5275188| —0.9487 x 1073| 0.6333 x 10™*
0.901 | 1.4954122| 2.0388x 107* | 1.2746 x 10™*
9999 | 0.0471408| 1.0831x107*| 0.3333 x 107*




x; as given in Eq. (58), the system of algebraic equations (70)
has the form

n

x | Exact, (65) Errors R, Errors in [20]

n = 26, n,m = 26,
-0.9999| 0.1414037| 5.2180 x 10715 | 1.4040 x 1070
-0.901 | 3.9473984| —1.2879 x 107°15| 1.8203 x 107°
-0.725 | 5.4019519| 1.7764 x 107°> | 0.6194 x 107°
-0.436 | 5.7541347| —1.5987 x 107°'*| 0.2622 x 107°
-0.015 | 5.0372166| —1.4211 x 107°%*| 0.1739 x 107°
015 | 4.9622208| —1.1546 x 107°1*| 1.8552 x 107°
436 | 3.6943623| —9.7700 x 10715 0.1970 x 107°
725 | 2.5275188| —2.6645 x 107°1%| 0.2347 x 107°
901 | 1.4954122| —4.8850 x 10715 0.1340 x 107°
9999 | 0.0471408| 1.4225x 107915 | 3.5400 x 1071°

Table 3 shows that when x comes close to the end points of
the interval (—1,1) or in the middle of the interval, errors
decreases drastically and when n = 26 the errors reached to
almost zero. It reveals that proposed method is suitable for
HSIEs when solution is bounded. On the other hand proposed
method is dominated over the method proposed in Eshkuvatov
atal. [20]. In [20] n stands for number of nodes and m is for
number of selection function.

Example 2: (Mandal and Bera [10]) Let us consider the
following HSIEs

1Y @) 1t 3
;J;l(t_x)zdt+;f_1(t+x)<p(t)dt =14+ 2x,
(68)
The exact solution of Eq. (68) is
P(x) = —=VT—27(9 + 10x). (69)
Solution: Comparing (68) with (33) we get
=1 0.(x,x)=0 L(x,t)=x+t.
Eq. (37) yields
D bal=G + DY@ +5,()]
j=1
bo,z [_1 + IPES,z(x)] = (1+ 2x), (70)

where
1 1
Va0 = [ @+ VT - ey @
1

Due to orthogonality condition (5), we obtain

Yor1(0) =3, Y =5 ¥(x)=0, j=2. (71)

Substituting (71) into (70) and choosing collocation points

. X; 1
Z (—(] + 1))bj,2Uj(xi) + 5b0,2 + ZbLz
=

= (1 + in),

i=0,...,n,

(72)

Solving Eq. (72) for the different value of n, we obtain the

numerical solution of Eq. (68). The comparison errors of Eq.

(68) are summarized in Table 4.
Table 4: Comparison results of Example 2

x| Exact solution Error of Errors of Mandal
(69) proposed method| and Bera [10]
n=3
-0.998| 0.0079350 | 1.73 x 107918 | 555 x 107°%7
-0.688 |—0.19851699 | 1.11 x 107916 | —1.94 x 107°¢
-0.118 |-1.00198275 | 2.22 x 107916 0.00 x 10190
118 |-1.30437141| 2.22 x 10706 0.00 x 10190
.688 |-1.48700461| 2.22x107°16| 4.44 x 107016
.998 |-0.15481294 | 2.27 x 107°Y7 | 8.33 x 10797
n=7
-0.998| 0.0079350 | 6.94 x 107°%8 | 3,09 x 107016
-0.688|-0.19851699 | 5.55 x 107°17 | 3.61 x 10701¢
-0.118|-1.00198275 | 2.22 x 107°%¢ | 0.00 x 10%%°
118 |-1.30437141| 2.22 x 107016 0.00 x 10+90
.688 |-1.48700461| 0.00 x 1070 | —8.88 x 107016
.998 |-0.15481294 | 2.27 x 10717 | —6.11 x 107016

Table 5: CPU time (in seconds). Comparisons for

Example 2
Number of points CPU Prop. Mandal and Bera
n method (68) [10]
3 0.3121 0.6022
7 0.9409 1.5328
10 1.6526
20 5.204
30 11.3804
50 32.4334

Table 5, reveals that proposed method and Mandal’s method
[10] are very accurate to this example for small value of n but
Table 5 shows that CPU time of proposed method is much
more less than Mandal’s method [10]. On the other hand for
large value of n computational complexity of Mandal’s
method is much more higher than the proposed method. On
the other hand proposed method can be used for any value of
n. In Table 5, we are able to compute for "n = {3,7}" only. It



can be shown that the method proposed here is exact for
Example 2 with only n = 2.

6.2 Case 2: p = 2, r = 1. (Unbounded solution)

Example 3: Let HSIEs with corresponding condition be
given by

1t (1+2(t—x) L s
o et e

=4+ 8x

1 1
- t)dt = 1.
2] o

(73)
The exact solution of Eq. (73) is
P00 == (4x* - D). (74)

Solution: Comparing Eq. (73) with (34) we obtain

e2xt3

CO = 1’ Ql(x!x) =2 and L(x, t) = ;C .

Let approximate solution be searched as (22), then Eg. (41)
becomes

Ty Bz {2 Uy () + 20215 () + 5 (0) )

(75)
+bo 2102 (x) = (4 + 8x),
where
_eZXJ-—ltS Tj(t_) dt _01
Ip]',z(x) - T L 2 \/1_—t2 ) ] =VU,l4,...
It is known that
£3 = 1 [T3(x) + 3Ty (). (76)

Taking into account (76) and orthogonality conditions (5), we
get

3
wo,z(x) =0, 1/’1,2(35) = Eezx’ 1/’2,2(95) =0,

1
Y3,(x) = Eezx' l/’j,z(x) =0, j=z4

With these values of 1;,(x), Eq. (74) takes the form

d 3e2*

T by {0 () + 20, ()] + by
(77)

+b3’2 E = (4 + 8x),

For n = 3 and applying Table 1, we arrive at
2byy + byy (2 + 4x) + b3, (8x + 2(4x% — 1))

36236 er
+b1'2 7 + b3,2 ? = (4’ + 8x) (78)

Equating like powers of x from both sides of Eq. (78), we
get

by, =3=0, by, =2. (79)
To find b,, we impose second condition of (6.36) to yield
by, = 1. Substitute values of b;,,i ={0,1,2,3} into (6.24)

1
0@ = == (T (0) +21,(x))
= ixz (4x% — 1). (80)

which is identical with the exact solution (73)..

6.3 Case 3: p = 2, r = 3. Bounded solution on
the left and unbounded solution on the right

Example 4: Let us investigate the following HSIEs.

1t (1+2(t-x) 1t o, .
;L—(t_x)z <p(t)dt+Ej_1(Ee t )(p(t)dt
= f(x), (81)

where f(x) = —32x° — 32x% + 24x + 4 + e,
The exact solution of Eq. (81) is

1+x

p(x) = E(—16x3 + 24x? — 12x + 8). (82)
Solution: Comparing (81) with (33) we get
=1 Qxx)=2 L'(xt)=se*t> (83)

From (82)-(83) and (36) it follows that
bo3(2 + Po3(x))

j-1

+2 b3 ,Z:(; (=120 = ) Uje-1(x)
j=1 +2(U; (%) + Uj—1(0) + 9;3(x)

1
= —32x3 —32x% + 24x + 4 + Eez".

(84)
where U_;(x) =0 and
Pia() =2 [ (Ge¥e3) 2Ly (0. (85)
It can be easily obtain that
O EAGEAGEEIAG! (86)

Using (86) and orthogonality conditions (5) we obtain

Y (x)=ie2"¢ (x)=ie2x1p (x):lezx
03 16 1713 16 123 16’

Pa3(x) = e P (x) =0, j=4 (6.24)



Substituting (6.24) into (84) and equating like powers of x

leads to

b0’3 == 8, b1’3 - _6, b2’3 == 4, b3‘3 - _2

which leads to identical with exact solution

7. Conclusion

In this note, we have developed projection method for solving
HSIEs of the first kind, where the kernel K(x,t) is constant
on the diagonal of the rectangle region D. Collocation method
are used to obtain a system of algebraic equations for the
unknown coefficients. Examples verify that the developed
method is very accurate and stable for HSIEs of the first kind.
Numerical solution are obtained with the help of Matlab
software.
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