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Definition of Entanglement
Pure states: |W> ,0=|l//><l//| p=0, p'=p
Trp’ =Trp=1

Mixed states (density matrix): ,0=Z Pi ‘V/i ><V/i ‘ =Z P Wi ><'/7i ‘ =

vo<p <l ) p=1

Separable states: p=) pp ®p° v0o<p=<l Y p-=1

N

If any state p cannot be written in this form, then the state
is called entang/ed (=not separable).



Characterizing entanglement?

entangled (NPT)
Characterizing
of entanglement
is still an open
separable .
question!
T maximally entangled

bound entangled (PPT,
not separable)




Qubits

Qubits: ..
) = cmsgm} + el sing|1).

mixed
p=31+no)
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Bipartite qubits

Bipartite Qubits:
p=+(1®1+Noc®1+1®Mc+ Y ¢, 0,8 0))

!

“local” parameters (will
3 dimensional picture)
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»Tetrahedrons: positivity

»Double pyramid: separability
»O0rigin: totally mixed state




Bipartite qubits

Bipartite Qubits:

p:

L11l®1+1c®1+1®M o+ ¢c;0,0 0;)
| { I

“local” parameters (will be set to zero, in order to obtain a
3 dimensional picture
PICe)  [Tr, (p) =Try (p) =1,




Bipartite qubits

N v

»Tetrahedrons: positivity
»Double pyramid: separability
»Origin: totally mixed state




I Bipartite qubits

»Tetrahedrons: positivity
»Double pyramid: separability
»Origin: totally mixed state



Bell-CHSH inequality for qubits

Bipartite Qubits:

P =%{ 1®1+38-6 ®1+1®b5+ ) c;0' ®al}

i, j=1

C; =Tr(o, ®ij) —>T,

Bell operator:

- — —_—\ -  — —
!

Berish =a-0'®(5—b )-O‘+&'-O‘®(B+B;)-g'

| Theorem: The density matrix p violates
the CHSH-Bell inequality for the
|| operator B, g, iff M(p)=>1.

T N .
U, =TT M(p) =4 +4,

<BCHSH >p =2{M(p) <2

Y
ol
2|
o



Qutrits

Qutrits: ____, Gell Mann matrices

p=31+nd)

neR®|n<1
. 010y 0 o—i O , 1 0 0 .
P T I o o), x| 0o =1 0 |,
(.3 : .3) (.i. : D) [D : D] hermitian,
) o0 o1 00— . o0 frace /es.s',
=I [ J
h_(HE)A'(?E E)}"(EH) not unitary
000 1 0 0
A"—[Dn—zj J-.E——L(I:Ii n).
o 4 0 ¥3 o oo —3
Problem:

eigenvalues not
positivel

n, ,=0,n,=1



I Bipartite Qutrits

p=1(1®1+nA®1+1®M A+ ¢; 4 ® 1)
T~ i

set to zero " Tra(p) =Trg(p) =1,
> preduce state space even more




Weyl-Operators (unitary)

o |s)(s+1]

wk{s—fj|3 o E}?

o213

Wi.els)

— O o
o o =

D*wﬂ

_U*wﬂ

Lo e R

— D =

U_U*w




All Bell states

Bell state:
2
\Q) =13 |ss) =L (/00)+[11) +| 22))
s=0

The remaining 9-1 Bell states
are obtained by:

‘Qk,l> =W, ®1 ‘Qo,o>

Pe = ‘Qk,l ><Qk,l ‘

d—
W, =S o |s)(s+1]
s=0
27i

lo = e ¢

"y-coordinate™: k

”x-umrdithe”: |

" The state space for

two gqutrits has a phase

space structure in its

core

Baumgartner, Hiesmayr,
Narnhofer, Phys. Rev. A
74, 032327 (2006)



The simplex for qutrits (qudits)

Bell states: F’k’I = ‘Qk,|><Qk,l ‘

"y-coordinate™: k

”x-coordinate”: |

] Zﬂ'-’k,fpk,f | cre = 0, Z{'-’k,f=l |

the "magic” simplex

W

Construction works for any dimension d (qudit)

B. Baumgartner, B.C. Hiesmayr and H. Narnhofer,
"A special simplex in the state space for entangled qudits “,
J. Phys. A: Math. Theor. 40 7919-7938 (2007)



Entanglement of bipartite qutrits

p="2L1®1+aP,+5 (P, +P,)

9

o

P

1

i enclosure polvtope

%(P‘ID+PED)
—p

1

“kernel polytope

| PP T=separable

Baumgartner, Narnhofer, Hiesmayr, PRA 2006.



I Optimal entanglement witnesses

entanglement witness
< optimal entanglement witness

separable

EWert — (K = Kt # 0 p,., € SEP:
Tr(K poy) < 0 and Tr(K p) = 0}

Simplex:
i = Zk,! K.l Pk,!



Reduction of parameters:

-Simplex:
K = E}.:_E K 1 Pﬂ.:.i

Group theoretical methods:

"y-coordinate”: k

“x-coordinate™: 1

- reduce parameter considerably

‘Theorem: = reduce von dxd to d dimensions

THEOREM 7 The operator
K= Z !w';;,fpﬁ-f
kg

is a structural witness iff V¢ € C* the operator

My =" e Wieeld) (6| W, 2

kL

15 not negative.
K is moreover a TW for some p € W, iff 3¢, such that det M, = 0.



Entanglement of bipartite qutrits

[pllnestate] - ﬂ1®1+ aPlO +IBP20

o

P

1

isotropic states

bound
entanglement

enclosure polytope
kernel polvtope

isotropic states

P

positivity B
1




Geometry of line states

[ Ot tine] = #1@)1"' aPy + SR, + ¥,

P11

12(P1,14P1,0+P2, 0y




Geometry of the CGLMP-Bell inequality

[ Oiine] = 1_03_ﬂ1®1+ aPy, + R+ ¥R,

Christoph Spengler, Marcus Huber, Beatrix C. Hiesmayr, Optimization of Bell operators
and visualization of the CGLMP-Bell inequality, arXiv:0907.0998




How much entanglement? Generalized concurrence?

9

[Pine] = —L1®1+ a Ry + IBPo% + 7R,

* Poo
Poo

13(P00+Po1+P 02

12Po1+Po2y

¢

1>=C>0.8 (red)
0.8>=C>0.6 (yellow)
0.6>=C>0.4 (green)
0.4>=C>0.2 (blue)

0.2>=C>0 (violetHjesmayr, Huber, PRA, 2009




. How to quantify entanglement ???

Pure states: ‘W>...wi1'h n particles (parties)

Ea(P)=2..,S(p)

P =T (w){w))
Any entropy S(p,):

1
Sa = o log, Tr(p®) ... Reny's o entropies
a=>1, Von Neumann
r—1
Se(p) = djl 1{1 —Tr(p")) ... linear entropies

our choice: r=2



. How to quantify entanglement for mixed???

Mixed states: ...with 2 particles (parties)

E,(p= Z P; |Wi><l//i |) = :),n;, pinis(psi) =2 I!).nl/t. Pi S(Pa)

p =Tr (v ) {w;)

Any entropy S(p,):

1
Sa = o log, Tr(p®) ... Reny's o entropies
a=>1, Von Neumann
r—1
Se(p) = djl 1{1 —Tr(p")) ... linear entropies

our choice: r=2



Bounds and the m flip concurrence:

Observation 1:

d

Sa(pe) = (1= Te(p?)

:Z( +ZZ(§G3+ +ZZ Z(smw

(ézan = Z (] £A|{in}><{zn}m B|{3n ><{3?1H4BU?#>

Oc o
m-flip concurrence
4 ( i&i{SGB u.f} ]]__R.’i{gaj w}) dI{—l
KK o
B - K=s K#s Z T : : y:
( Ohpelge » 1 ) Oc k=01l >kKk {in}

al k)Y = 1), o) = k) and oL t) = 0 Vit Akl



Bounds and the m flip concurrence:

Observation 2:

Define m flip density matrix:
poc. = (0c +0L) p* (Oc + Of)

Sqare root of eigenvalues of PPO. are )\f‘? :

Conpw(p) = mf’ﬂ{oaz(z max({X}) - Z A) }

Oc Az




Bipartite Qubits

Pure states:
E(piz) = By = &2 = S(p) + 5S(p2)
= —logy(Tr(p7)) — logy(Tr (F‘z”

2
1
50) l0g,(1 ~ 5Ca)

= — logy(1 -
= —2 logy(1 - §C¥2}

[} ° \>
Mixed states: 2xWootters concurrence

Eialprz) = Plpiz) = inf > pi {S(Tra(ps)) + S(Tra(ps))}

Pl

=2 inf } pi S(Tra(py) = —2 inf D pilogy(Tr{(Tra(p))*})
. 1 .
= —2;ﬂ£ZPilDEE (11— _C%EW"*ED

| 1
@ 2 ;;ntﬂfu. log, (1 — —Z}‘L,Crfg (¥3)) = —2 logy(1 - 50?2(4912J]:

Cua(prz) = max{ 0. 2max(7)) - 3 A%}




. Bipartite Qutrits

S(pr) = —logy(1 — _[Z GUN@EH}

S(p2) = —logy(1 — _[Z Cgm@ﬂrm

Era(p1z) = Plpr) = gﬁizpi {S(Tra(pi)) + S(Trafps)) }

= 2 ;ELZP-E S(Tra(p;)) = -2 gﬁizpﬂﬂgg[ﬁ{[ﬁﬂﬂﬂjg})
= 20l 3" piloga(1 — 5Ch(1)

1
@ 2 I}P‘:Eilﬂgg (1— —ZECE (W) = —2 logy(1 — 5'3?2[:012)):

Clﬂ(ﬂu)@ﬂﬂx{m 2 ligfi{ffc}) - }f“}

i




Literature for the multipartite qudit systems
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Generalized Smolin state of n qubits:

P = L@ +c,-0,°") = ZKkIPk®In

k,I=0

- biseparable cuts
- bounds are exact
- separability measure: only E;, ,>0

- entanglement measure: only E;, >0

* all NPT-entangled states are (multi)
bound entangled

- entanglement is unlockable by
cooperation of two arbitrary parties

- all states are two copy distillable to the
vertex states (which are (multi) bound)

‘Bell’s inequality same geometry, even
violating its not useful for quantum
security, quantum information
concentration




Entanglement measures and bounds: two sets

Separability in multipartite systems (n particles):

(1) A pure state is called k-separable if it can be written by
(Horodecki)

‘?_> — ‘(;")1> ) ‘(;")2> R R ‘C);) : E<n

fully separable for k=n; k=1: is fully entangled or 1-
separable (not equal to maximally entangled)

Obvious generalization for mixed states:

Ok—gep = Z Di ,()El_ X ()? 60 e X p_’;c : with p; = []? Zpi — 1
: i



Entanglement measures and bounds: two sets

Separability in multipartite systems (n particles):

(2) Which particles are entangled? The y,-separability:

Instructive example: [¢) = [0); @(0)s ® |1 )34 with [¢T) = %HU) ®)
0)+[1) 1) }. Here the number of particles is n = 4 and the separability
is a 3-separability with the substructure v3 = {1/2|34}.

This state is obviously equivalent to %‘HOOOO) + [1010) } with the sub-
structure v3 = {2|4[13}, here just the role of the first and second sub-
systems are interchanged. Therefore, it is convenient to reorder the
subsystems of the state if necessary.

Generally:

o= OBy Ok r }



Entanglement measures and bounds: two sets

Separability in multipartite systems (n particles):

(2) Which particles are entangled? The y,-separability:

= WO G2) - Wk r }

Not straightforward to mixed states:

Definition of ~;-separability:

To every p we associate a separability property, the set v, which is made up of {3;}, i.e.
sets of numbers representing subsystems. A state p is called ~,—separable iff there exists an
unambiguous decomposition with maximal £ into:

Osen = O i @ pP o e plP it pz 0, Y =1 (4)

'Yk' convex



Entanglement measures and bounds: two sets

Separability in multipartite systems (n particles):

(2) Which particles are entangled? The y,-separability:
Smolin state

—2Y. 1
(d=2); P = 2%(1@)” +n,-0,7") = Z Cy. Pkcﬁn
K,1=0
n=2: -~ = {12,34}
Only

unambiguous set:

g = {1234)



I Entanglement measures and bounds: two sets

otal state pure; list of requirements of the
eparability measure:

Erp i = {S(p) + S(p2)} - 0[S(pr2), 0]
Evg s = {5(p1) 4+ S(ps)} - 0[S(p13), 0
Eys i = {S(p2) + S(p3a)} - 0[S(pas), O]
Fio3: = S(p1) + S(p2) + S(ps) — Er12 — F13 — Eas




Entanglement measures and bounds: two sets

Physical measure: What kind of entanglement is
in the system? Bipartite, tripartite,...n-partite?

GHZ) =-1(/000)+|111))

2

W) = £(/001) +|010) +|100))

Both states have in common:

-any partial trace gives the unity matrix

therefore, completely unseparable (separability
measure is identical)

Physical difference: Ignoring one particle will yield
for GHZ into a separable mixed state
‘and for W in an entangled mixed state



Entanglement measures and bounds: two sets

Physical measure: What kind of entanglement is
in the system? Bipartite, tripartite,...n-partite?

Sla: En(p) =>.1_, S(ps) > 0 Vp with b <n
Slb: En(p) = 0 Vp withk=n
P2 Ey(p) > 0 ¥ {og) C (B} cm and |{ag} > 2

P3: Erayp) = 0V {a} {8} ewn o Ho}=1

Pd: Eray(Apr H (1 =) p2) < A&ji(p1) + (1= A) Epayy(p2) (convexity)

P5: > Tr (V;: pT/;T) Erot (ﬁ) < Eiot(p) (non-increasing on average under LOCC),

where V; is a separable operator, i.e. of the local form V; .= V! & V2w . o V",



Entanglement measures and bounds: two sets

Physical measure: What kind of entanglement is
in the system? Bipartite, tripartite,...n-partite?

Define a useful quantity (convex roof already for pure state)

Plp):= inf > i (Y S(Trogfen) (Wi])

S
two—particle entanglement: &5 = P(p12), &3 = P(p13),
Ela= Plpa), Exn = Plpa),
Eaa = Plpas), Esa= Plpsa) .

three—particle entanglement: &3 = max :0_, P(p123) — E12 — E13 — 523: \

P
P

8124 = Imnax :0_, P(p124) — 512 — 814 — 824 )
134 = max :O: P(p1as) — E13 — E1g — 534 )

Eo34 = Max :0: P(pazs) — Ea3 — Eoy — 534 )
four—particle entanglement: &;934 = max [(ﬁ), P(p1234) — 123 — E104 — E134 — o34

- 812 - 813 - 514 - 823 - 824 - 834]



Entanglement measures and bounds: two sets

|z,)=sina|W )+ cosa|GHZ)

FIG. 3: Here the information content in bits of the state
Ta, Eq. (31), is plotted. The colored, thickened and dashed
curves are the single properties I = E§=1 Ss (blue), the 2—
partite entanglement Es, = Fiz + Eis + Ez23 (green) and
the 3-—partite entanglement E5y = Ej23 (red]. The single
properties I are svmmetric, however, the genuine 2— and 3—
partite entanglement are not.

r, =sin’ a|W )(W |+ cos’a|GHZ ) (GHZ |

Information
3i5r

FIG. 4: Here the information content in bits of the state
o), BEq. (32), is plotted. The colored, thickened and dashed
curves are the single properties I = ELI Ss (blue), the 2-
partite entanglement Es, = Eiz 4 Ei3 + Eas (green) and
the 3-—partite entanglement F 3y = Eq33 (red). The thin, not
dashed curve is R(p), which is the lack of information about
the state.



Bounds and the m flip concurrence:

Observation 1:

d

Sa(pe) = (1= Te(p?)

:Z( +ZZ(§G3+ +ZZ Z(smw

(ézan = Z (] £A|{in}><{zn}m B|{3n ><{3?1H4BU?#>

Oc o
m-flip concurrence
4 ( i&i{SGB u.f} ]]__R.’i{gaj w}) dI{—l
KK o
B - K=s K#s Z T : : y:
( Ohpelge » 1 ) Oc k=01l >kKk {in}

al k)Y = 1), o) = k) and oL t) = 0 Vit Akl



Bounds and the m flip concurrence:

Observation 2:

Define m flip density matrix:
poc. = (0c +0L) p* (Oc + Of)

Sqare root of eigenvalues of PPO. are )\f‘? :

Conpw(p) = mf’ﬂ{oaz(z max({X}) - Z A) }

Oc Az




Generalized Smolin state of n qubits:

P=n L@ +¢,-0,°") = ZKkIPk®In

k,I=0

- biseparable cuts
- bounds are exact
- separability measure: only E;, ,>0

- entanglement measure: only E;, >0

* all NPT-entangled states are (multi)
bound entangled

- entanglement is unlockable by
cooperation of two arbitrary parties

- all states are two copy distillable to the
vertex states (which are (multi) bound)

‘Bell’s inequality same geometry, even
violating its not useful for quantum
security, quantum information
concentration
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