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ABSTRACT

The discrete Schrédinger operator Hy,, on the subspace of even functions
of the Hilbert space £2(Z™), with finite potential depending on A, i € Rso,
is considered.

The dependence of the threshold resonance and eigenvalues on the
parameters A, 4 and n are explicitly derived.

Keywords: Discrete Schrédinger operators, threshold resonance, eigen-
values, lattice

1. Introduction

In (Albeverio et al.l 2006) an explicit example of a —A —V on the possesses
both a threshold resonance and a threshold eigenvalue, where —A stands for the
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standard discrete Laplacian and V is a multiplication operator by the function
V(x) = pdao + AD 2|5 =1 Ozs, Where A, i € RZ, and 4, is the Kroneker delta.

Beyond, the authors of (Lakaev and Bozorov} 2009) considered the restric-
tion of this operator to the Hilbert space £2(Z?) of all even functions in £2(Z3).
They investigated the dependence of the number of eigenvalues of Hy,, on A, it
(A > 0,1 > 0), and they showed that all eigenvalues arise either from a thresh-
old resonance or from threshold eigenvalues under a variation of the interaction
energy.

Moreover, they also proved that the first eigenvalue of the Hamiltonian
H arises only from a threshold resonance under a variation of the interaction
energy.

This result for the continuous two-particle Schrédinger operator was re-
vealed by Newton (see p.1353 in (Newton, [1977))) and proved by Tamura
(Tamural (1993, Lemma 1.1) using a result by Simon (Simon), 1981)).

In case A = 0, Hiroshima et.al. (Hiroshima et al.| |2012|) showed that an
embedded eigenvalue does appear for n > 5 but does not for 1 <n < 4.

Our aim here is to investigate the spectrum of H),, , specifically, embedded
eigenvalues and resonances at the edges of the continuous spectrum for any
dimension n > 1.

2. The Dicrete Schrodinger Operator

2.1 The Discrete Laplacian

Let Z™ be the n—dimensional lattice, i.e. n—dimensional integer set. The
Hilbert space of £? sequences on Z" is denoted by ¢?(Z"), and we use £2(Z")
to denote its subspace of all even functions.

On the Hilbert space ¢2(Z"), the discrete Laplacian A is usually associ-
ated with the following self-adjoint (bounded) multidimensional Toeplitz-type
operator (see, e.g., (Mattis, [1986])):

1
A= 3 (M) - T(O)),

sezn
|s|=1

where T'(y) is described as a sum of the two shift operators by y, and —y,
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yelh:

(TN = 3 +) + fle—y), feBEZ), vez"

Let a notation T" = (R/27Z)" = (—n, 7]™ means the n-dimensional torus
(the first Brillouin zone, i.e., the dual group of Z™) equipped its Haar measure,
and let L2(T™) denote the subspace of all even functions of L?(T")-the Hilbert
space of L? functions on T™.

The Laplacian A, in the momentum representation, i.e. in the Fourier
representation, is introduced as

A=F1AF,

where F stands for the standard Fourier transform F : L*(T") — ¢2(Z"), and
A acts as the multiplication operator

(Af)(p) = —e)f(p), [f=Ff peTn,
where

n
Zl—cosp] peTm
j=1

In the physical literature, the function e¢(-) being a real valued-function on
T™, is called the dispersion relation of the Laplace operator.

2.2 The Discrete Schrodinger Operator

The discrete Schrédinger operator in £2(Z™) is defined as
H)\;L =-A— V(SU),

where the potential ‘7(;10) depends on two parameters A, p € Rs( and satisfies

R w, if =0
V) ={ A if Jzo=1, zez",
0, if |z|>0

which provides H), to be a bounded self-adjoint operator.
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2.3 The Discrete Schrodinger Operator in Momentum
Representation

The operator H}, in the momentum representation acts in the Hilbert space
L2(T") as
Hy,=Hy-V,

where Hy acts as the multiplication operator

(Hof)(p) = ¢(p)f(p), feLIT"),peT"

and V is an integral operator convolution type

V() = (2n)"# / o(p— $)f(s)ds, fe AT, peTm.

Tn

Here v(-) is the Fourier transform of V(-) computed as

1 n
v(p) = W <M+ /\ZCOS]%) )

i=1

and it gives for the potential operator V' the following representation

)\ n
V= .u<'7C0>C0 + 5 ;<'7cj>cj’

where {co,c; : j =1,...,n} is the following orthonormal system in L2(T")
1 V2
¢ = = =const, c;(p)=-—7cosp;, j=1,....n,peT",
0(p) (27(') z J (p) (27{_) z pj J p

and (-,-) means the inner product on L?(T").

2.4 The Essential Spectrum

The perturbation V' of the operator H,, is a finite operator and, therefore,
in accordance with the Weyl theorem on the stability of the essential spectrum
the equality oess(Hxu) = 0ess(Ho) holds, and moreover oegs(Hx,) = o(Ho),
and hence the essential spectrum oess(Hy,,) fills in the following interval on the
real axis:

Jess(HAu) = [ema eM]a
where

¢ = min e(p) =0, ep = maxe(p) = 2n.
m = mmin ¢(p) = maxe(p) = 2n
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Theorem 2.1. The essential spectrum is a pure absolute continuous spectrum,
i.e. Oess(Hap) = ac(Hap) = [em, en].

Proof. For the proof see (Bellissard and Schulz-Baldes| 2012)). O

3. The Birman-Schwinger Principle

The Birman-Schwinger principle allows us to reduce the problem to study
of the compact (finite) operators.

Denote by (Ho — 2)~! the resolvent of Hy, where z € C\ [e, enr]-
Let us write the following equality
(Ho — 2)~'Vau = B1Ba, (1)
where B7, By are vector valued operators defined by
A

— A — — n n
By = (Vu(Ho — 2) 2¢, \/;(Ho —2) V2%, ..., §(H0 —2) 1/2%) CMHL o L2(TT),
(2)

By = (il (Hy — )" ?cp), \/§<-, (Ho — 2)"Y%cy), ..., \/§<., (Ho — 2)"Y%¢,))" : L2(T") — C L,

Note that a;;(z) := ((Ho — 2)"'¢j,¢), 4,5 = 0,1,...,n, is a multiplication
map on C, and hence

G(Z) = ByBy: Cn+1 — Cn+1
is described as an (n 4 1) x (n 4+ 1) matrix operator.

Lemma 3.1. The number z € C\ [ey, enr] is an eigenvalue of Hy, iff v =1
is an eigenvalue of G(z).

Proof. The relation
Hf=z2f & f=(Ho—2)"'Vf 3)
gives that the number z € C\ [es,, eprs] is an eigenvalue of H iff v = 1 is an

eigenvalue of (Hy — z)~'V in ().
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Due to spectrum of the product operators both operators (Hy — 2z) ™'V =
B1By and G(z) = ByBp : C"™! — C"T! have the same nonzero eigenvalues
with the same multiplicities, a fact that completes the proof. O

Lemma 3.2. Let z € C\ [emin, ¢max]- The vector 7 = (wo, w1, ..., wy,) € CPHL
is an eigenvector of G(z) associated to v =1, iff f = B1Z, i.e.

(2m)~"

f(p)zm

(,uwo + \j\i ]zj; w; cospj) (4)

is an eigenfunction of Hy, corresponding to z.

Proof. Due to spectrum of the product operators G(z)Z = 2, ie. BgBlj =7
iff f=(Hy—2)"'Vf = BiBaf, where f = B;Z. Since (2), the function f
coincides with (). This fact together f = (Ho—2) "'V f,ie. (Ho—2)—V)f =
0 ends the proof. O

Since H)y,, is self-adjoint and V' is positive, further it is enough to study the
discrete spectrum Hy,, in (—00, ¢,,].

3.1 The Determinant of G(z) — E,, 1

Since the function e¢(q) = e(q1,...,qn) is invariant with respect to the per-
mutations of its arguments ¢, ..., gn, the integrals

a(z) : = {co, (Hy — 2) " teo) = ! /Tn e(qc)lq_ pt

(2m)"
ji=1,...,n
1 -1y 1 cos? q;dq
c(z) = 5(0], (Ho — 2)"'¢cj) = @) /” RAE
j=1...,n,
d(z) : = %<Ci, (Ho—2)"'¢j) = %(ij (Ho—2)"'ei) = (271T)” / Cose(i;;()_s{ijdq’

ij=1...,n, i #j,

do not depend on the particular choice of the indices i, j.
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From the definition of G(z), it’s coefficients g;; are described as

goo(2) = palz), go]«<z>=j§b<z>, j=1...n.

gio(2) = V2ub(2),  gii(2) = Ae(2),  gij(2) = Md(2), j=1,...n,j#i,

Hence the matrix G(z) has the form

pa(z) %b(z) o . %b(z)
V2ub(z)  Ae(z)  Md(z) ... Ad(2)
G(z) : Md(z) (5)
: : . o Md(2)
V2ub(z)  Ad(z) o Md(2) 0 Ae(2)

Using the assertions on the calculation of determinants we take
det(G(2) — Ent1) = 1(A p: 2) - do(A: 2),
where E, 4 is the identity (n+ 1) x (n + 1) matrix and
510w+ 2) = (1—pa(2)) (1= A(e()+(n—1)d(2)) —mpuNP(2), 8o : 2) = (A(elz)—d(2))~1)" .
Lemma 3.3. The number z € C\ [e, enr] is an eigenvalue of Hy,, iff d1(\, -
z)=0 ordp(A:z)=0.

Proof. This lemma is a corollary of Lemma [3.1 O

Let N(z) be the number of eigenvalues of Hy, smaller than z, z < ey
counted with their multiplicities.

Now for self-adjoint upper bounded operator A in the abstract Hilbert space,
we define n(v, A) -the number of eigenvalues of A larger than v (counted with
their multiplicities), where v > sup o¢s5(A).

Lemma 3.4. Let z <en. Then

N(z) =n(1,G(2)) (6)

and
N(z) <n+1. (7
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Proof. The equality @ follows using the variational principle.

The relation

<Hf7 f> < Z<f7f> < <gvg> < <(HO - Z)_1/2V(H0 - Z)_1/2gvg>7 9= (HO _( Z))_1/2f7
8

and Ker(Hy — z) = {0} give that

N(z) =n(1,(Hy — 2) Y2V (Hy — 2)~/?).

Due to spectrum of the product operators both operators (Hy — 2z) ™1V =
B1Bs and G(z) = ByBj : C*"1 — C"*! have the same nonzero eigenvalues

with the same multiplicities, a fact that completes the proof of @7 where
By, By are vector valued operators defined by .

Since G(z) has rank less than or equal n + 1 and (), we get (7). O

4. Properties of det(G(z) — Ep,41)

a(z) = c(2) + (n = 1)d(2),7(2) := a(z)(e(2) + (n = 1)d(2)) — nb*(z) ~ (9)

Lemma 4.1. For any z < 0 we have

a(z) +b(z) = % + %a(z),
a(z) = (n — 2)b(2),
v(2) = b(z)

Proof. See Appendix 1.

4.1 Zeroes of §y(\: 2)

Let us write do(A : 2) = (0o(A : 2))"~! where
o0(A:2) = Me(z) —d(z)) — 1.

Set

396 Malaysian Journal of Mathematical Sciences



Threshold Resonances and Eigenvalues of Some Schrédinger Operators on Lattices

where
c—d:= lim ¢(z) —d(2).
z—0—
Lemma 4.2. (a) For any A < A. the function oo(A : ...) has no zero in
(—00, em).

(a’) If A = X¢ then go(X : ey) = 0.

(b) For any A > X the function go(\: ...) has a unique zero in (—00, ex,)
with multiplicity one.
Proof. Since £ 09(\: z) >0, z € (=00, ¢,,), the function gg(\ : ...) is strictly
monotone increasing in (—oo, ey, ).

Then go(A : 2) < go(Ac : 2) < 00(Ac : &) = 0 proves (a) and (a’).

b) Since go(A : em) > 00(Ae : e) = 0 and lim, o go(X : 2) = —1 there
exists zeros of go( : -) in the interval (—oo,ep,)

Due to monotonicity of go(A : -) this zero is a unique and has multiplicity
one. O

Corollary 4.1. (a) For any A < A. the function 6o(\ : ...) has no zero in
(—00, em).

(a’) If X = X; then do(X : ep) = 0.

(b) For any A\ > A. the function do(A : ...) has a unique zero in (—o0, ey,)
with multiplicity n — 1.

This corollary and give

Corollary 4.2. The function d1 (A, : -) may have at most two zeros.

Proof. Since §{z € (—o00,¢) : do(A: 2) =0} =0 or §{z € (=00, em) : Jo(A :
z) =0} =n—1and N(z) <=n+ 1 we get the proof of the lemma. O
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4.2 The zeros of 6;(\, u: 2)
4.2.1 Casen >3
The §1 (A, @ : 2) is had the view
o1(A ez z) =1 = pa(z) — Aa(z) + Apy(z)
Since ¢(-) has a unique non-degenerate minimum at the origin, in case n > 3,
the integrals a(z),b(z),c(z) and d(z) have continuation at z = e¢,,, and we

denote them a, b, ¢ and d, respectively.

According to the two equalities Lemma and @ we have
(A pien)=1—pa—AInb+ A ub=0, &\ p:en) =(1—pa—Aa+ A\uy)

which is hyperbola with asymptotic A = ¢ and p = n in the quarter (X, u) €
R2,.
>0

Then the brunches of this hyperbola

0Go ={(A\n) R : 01\ piem) =0, A= %}7
G2 ={(\p) €RZy: 01 (N puiem) =0, A= %},

split R into three areas

Go={(\p) eRLy:01(\ p:em) >0, )\<%},
Gi={(\n) €RLy: 01N p:em) <O},
Gy ={(\p) € R2>0 (A preyn) >0, A> %},

Let 1 — pa(en) < 0 resp. 1 — Aa(en,) < 0. Then as the proof of Lemma [1.2]
we can show that there exist their unique zeroes in (—o0, ¢,,) of the functions
1—pa() <0and 1— Aa() <0, and we denote them as z, resp. zy.

Lemma 4.3. (a) Let (A, 1) € Go. Then 61(\, p = z) has no zero in (—o0, ey,).
(b) Let (\, ) € G1. Then 61(\, p = z) has unique zero in (—o0, ey,).

(c) Let (A, ) € Ga. Then d1(\, 1 : z) has two zeroes z1 (A, p) and za(A, 1) in
(=00, em). Moreover z1(\, ) < za(A, ).
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Proof. (a) Let (A, ) € Gg. Then according to the monotonicity of a(z), a(z), b(z)
we get
1 —pa(z) >1—pa(en), 1—Xa(2) >1—=Aalen), —Iub?(z) > —Aub(en)

for any z in (—o0, ¢ ).

And hence

S1(A\pe2) = (1= pa(2)) (1 = Aa(z)) — Aunb®(z) >
(1= palen)) (1= Aa(en)) — Aub®(en) = 01(A, 1t e) =0

Then according Lemma the assertion a) is correct.

(b) Let (A\,u) € Gi1. Then 01(A\, p : ¢y) < 0 implies there exists 2o in
(=00, em), such that o1 (A, i : 2z9) = 0.

In that case if zg is not unique then due to properties of analytic functions
d1(A, i ¢ +) has at lest three zeroes (with multiplicity). This fact is contradiction
to Corollary 4.2 and hence 2 is unique.

(c) Let (A, p) € G2. Then 1 — pa(en,) < 0 and 1 — Aaf(e,,) < 0.

Setting (min = min{zx, 2.}, (max = max{zx,z,} we see that 6;(\, p :
Cmin) = —AMb*(Cmin) < 0, S1(A\, 0 ¢ Cmax) = —Aub?(Cmax) < 0 which prove
01 has two zeros z; and zs satisfying

z1 < Cmin S Cmax < z2 < ey

O
4.3 Casen=1,2
Using Lemma [£.1] we write
A 2 A A
(A p:z)=(—nA—p+Aip)a(z)+1+A— M (A2z— Z—) - —Mz)a(z) — =z
n n n (7%0)

In case n = 1. Elementary calculations give

and hence from [I0] we get
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Lemma 4.4. For any u, A > 0 the asymptotics

A(ps X 2) = C_s (1, A)(=2) "% + Co(u, A) + O((—2)%), z—0—, (11)

1
2

s valid, where

() = P2t )

T Colp ) =12 - 1)

1
2

This lemma helps to receive the following assertion

Proposition 4.1. Let py, A > 0. Further

(a) if pA < A, then lim As(p, X 2) = —o0;
z—0—
(a’) in case uA > p+ A, we have lir(I)l Aq(p, A 2) = +oo;
z—0—

(b) when puA = p+ A, the limit li%l Aqy(p, A 2) =1 —p <0 holds.
2—0—

In case n = 2. The asymptotics

o) =~ 22+ (5 - ) p o),

can be found in (Lakaev and Tilovoval |1994)), and since it’s proof is long we
refer to this paper for the proof.

The last asymptotics and lead
Lemma 4.5. Let A\,u > 0. Then
d1(p, Ay 2) = C(p, A) In(=2) + Co(p, A) + O(=2), 2z — 0—,
as z — 0—, where

C(M,A)zi((ww—w), Co = ( —g)(—(u+2x)+uA)+1+A+%“

Ver

Hence we get

Proposition 4.2. Let A\,u > 0. Then
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(a) im, 0 61(p, A;2) = —o00, if p+2XA—pA <0
(b) lim,_o— 01 (p, A;2) = 400, if p+22—purA>0
(c) lim,,o— 91 (p, A;2) =1 —=2A<0, if p+22—pA=0
We use the notation P(\, p) for hyperbolas p 4+ 2\ — uA = 0 when n = 2
and g+ A — pA =0 when n = 1.
Only one brunche of this hyperbola
9Gy = {(A\, ) € RZg: P(A, ) = 0},
exists in RZ, and then we split RZ into two areas

Gi={(\p) €RZg: P(A\.ps) > 0},
Ga = {(An) € R2g: P(\, 1) < O},

We have the following lemma

Lemma 4.6. Assumen = 1,2. (a) Let (A, u) € G1 UOGy. Then 51 (A, : 2)
has unique zero in (—00, ey, ).

(b) Let (A, ) € Ga. Then d1(\, 1 = 2) has two zeroes z1(A, p) and z2(A, w)
in (=00, em). Moreover z1 (A, p) < z2(A, p).

Proof. The proof could be taken as Lemma [£.3] O

5. The View of Eigenfunctions
When y(A; 2) = 0 then the solutions of G(2)u = u, u € C*"! has form
u = (0,1,-1,0,...,0), wus=(0,1,0,—1,0,...,0), up_1 =(0,1,0,...,0,1)
and hence by Lemma corresponding eigenfunctions of Hy, have the forms
9;(p) = (Ho — z)_l(cospl —cosp;), j=2,...,n.

Due to Lemma the function d1(z) may have at most two zeroes in
(—00, em).
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Without of loss generality, we assume z; and 2o be zeroes of §;. Then the

corresponding equation has form
nA
w = (—=b(z)(1 — pa(z)) "4 1,...,1), i=1,2,
(5H(00 (=) )

and by virtue of Lemma[3.2] corresponding eigenfunction of Hy, has the forms

gi(p) = (Ho — z)—l(:l/;b(zi)(l — pa(z)) ™t + \% Zcospj), 1=1,2.

6. The Resonance and Embedded Eigenvalues

Definition 6.1. If the solution of the equation Hy,f = enf belong to (2(Z™)
(does not belong to ¢2(Z"™)) then we say that Hy, has threshold eigenvalues
(threshold resonance).

6.1 The Resonance and Embedded Eigenvalues Corre-
sponding to &,

In case n = 2, the integrals a(z),b(z), c¢(z) and d(z) have no continuation
at z = ¢,,, but we can define

c—d:= lim ¢(z)—d(2),

z—re;m—0

and then we get the continuation of ¢, at z = ¢, when n > 2.

Using the similar procedure in Section [5| and Lemma [4.1| we get

Lemma 6.1. Let \. = (a —c¢)~! then the threshold ¢,, = 0 is an eigenvalue of
H),, with eigenfunctions

COSp1 — COSpj .
il il =2,....n.
9(p) ) y ,

If X # X¢, the operator Hy,, has no threshold resonance and embedded eigen-
value.
6.2 The Resonance and Embedded Eigenvalues correspond-

ing to 0;

Since Lemmas [4.1] [4.2] the function d; has no continuation at z = e,,, when
n=1,2.
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Lemma 6.2. Let 61(\, 11;0) = 0. Then Hy,, has a threshold resonance (embed-
ded eigenvalue with multiplicity one) if n = 3,4 (n > 5) with eigenvector

D) = ) B) = b )+ Y cospy (12)
j=1
Proof. Let i )
1(A, p130) = 0.

Using the similar procedure in Section [§| and Lemma [1.3| we get Hy,f = 0
has a solution having view .

Since p = n is asymptotics of the hyperbola §; (A, it : ¢,,) = 0 we have

n
®(0) = —=b(1 — pa) " (n — 0.
(0) = Tt~ ) = ) #
Then due to aneZd—(% = o0 as n = 3,4 and aneZd—(% < o0 as n > 5 the
eigenfunction g ,(p) does not belong to L2(T™), but does to LL(T"), as n =
3,4, while it belongs to L(T") as n > 5. O

7. Main Theorem

Note that all the theorems in this section are derived from Corollary (1]
and Lemmas and

Introduce half planes and their boundary

GL={(\p) Ry A< AL, Gr={(\p) €R%y:A> A},
OG. = {(\p) €RZg: A=A},

and set

Dy=Gy, D1 =G NG, Dy=GynG.,
D1 =Gi1NGL, Dy =GaNGL.

The sets Go,G2, 0Go,0G2 GL,G" create non intersecting five lines such that
By = 0Gy, By =0Gy,NG., B,=0G,NG",

E,=0G.NGy, Ey=0G.NGy,

Malaysian Journal of Mathematical Sciences 403



Zahriddin Muminov, Fudziah Ismail

and one point set
E =0G,N0G,.

And the union of these sets are equal to G2 U 0G..

M

g

Dy Il

Figure 1: Case n > 3

Theorem 7.1. Letn > 3. a) Assume (A\,u) € Dy, k € {0,1,2,n,n+ 1}, then
H)y,, has k eigenvalues below the essential spectrum.

b) Assume (\,p) € By, k € {0,1,n} and n = 3,4 (n >5). Then ¢y, is a
threshold resonance (embedded eigenvalue with multiplicity one) and Hy, has
k eigenvalues below the essential spectrum.

c) Assume (\, ) € Ey, k € {1,2} and n > 3. Then ¢, is a embedded
eigenvalue with multiplicity n — 1 and Hy, has no threshold resonance and has
k eigenvalues below the essential spectrum.

d) Assume (A\,pu) € E and n = 3,4 (n > 5). Then ¢, is a threshold

resonance and embedded eigenvalue with multiplicity n—1 (embedded eigenvalue
with multiplicity n) and Hy, has one eigenvalues below the essential spectrum.
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7.1 Casen=2

We know in case n = 2 the sets G, G, exists while this type sets do not in
case n = 1, and set

D1:G1U8G2ﬁGlc, DQZGQQGIC, DzzGlﬂGZ, D3=G20GZ,
and non intersecting two lines
E; =90G.N(G1 UIG,), E=090G.NG,,

and one point set

E =0G2N0G..

And the union of the last sets are equal to 0G5 U 0G..

Figure 2: Case n = 2

Theorem 7.2. (a) Assume (A, ) € Dy, k € {1,2,3}, then Hyx, has k eigen-
values below the essential spectrum.

(b) Assume (\,p) € Ex, k € {1,2}. Then e, is a embedded eigenvalue with
multiplicity 1 and Hy, has no threshold eigenvalue and has k eigenvalues below
the essential spectrum.

7.2 Casen=1

Set
Dy =G U0Gs, Dy =Gs.
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Dy

D,

Figure 3: Case n =1

Theorem 7.3. Assume (A, p) € Dy, k € {1,2}, then Hy, has k eigenvalues
below the essential spectrum, and moreover Hy, has no threshold resonance
and embedded eigenvalue.

7.3 The proof of Lemma

a(z) — bz) = 1 /n (1 —cosqy)dg

1
(2m)™ e(q) — = n (2m)™

11 (e(z) —2z+2)dg 1 1 z dg 1 20
n(27r)"/n e(q) — 2 _n(QW)"/rndq—’_nfrn e(q) — 2 n+n (2);

1 cos " cosqid
() + (n— 1)(2)d = / 12 -1 0084;dq

(2m)" e(q) —e
1 cosqi(z—e(2))dg n—=z oS q1 Z;L:1 ldg -
(2m)™ / e(q) —¢ (2m)" / Q) —¢ (n — 2)b(z)

From the last equalities we get the proof of third equality of the lemma.
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