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ABSTRACT
In follow up studies including demographical, epidemiological, financial, medical and sociological studies, partly interval censored data is
a common practice where observed data include both exact and intervalcensored observation on the survival time of interest. This paper discusses approximating survival function under general partly interval censoring model when the covariates are considered in the analysis. The
Taylor series is used to approximate the baseline hazard function in the
Cox proportional hazard model. The method is evaluated using simulation studies. The results indicate that the approach performs well for
practical situations and comparable to the existing methods.
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1.

Introduction

The survival function is a basic quantity employed to describe the probability that an individual survives beyond a specified time. In other words, this
is the amount of time until the event of interest occurs. Estimating survival
functions has interested statisticians for numerous years. The estimation of
survival function has increased greatly over the last several decades because of
its large usage in areas related to biostatistics and the pharmaceutical industry.
Estimation of survival function can be done via parametric or nonparametric
approaches, where in the case of parametric estimation a reasonable parametric
model can be assumed and the estimation problem is relatively easy. However,
in real life scenarios the exact distribution of the data is usually unknown. In
such case, using a nonparametric method is a common alternative, since the
nonparametric estimator does not assume that the data come from a specified
distribution.
Under various censoring models estimation of survival function is a common practice. Where, in censored data it is not possible to obtain complete
information for the entire group of units in the study. Different censoring types
arise depending on the way of data collection from the experiment. One of the
most common censoring type is general partly interval censoring which studied
extensively in Elfaki et al. (2013), Huang (1999), Kim (2003) and Zhao et al.
(2008) and so many others. By partly interval censored failure time data we
mean, for some subjects, the exact failure times are exactly observed, but for
the remaining subjects, the survival time of interest is not observed and the
only available information is that the failure times belong to an interval [tL , tR ];
Chen et al. (2012), Chen et al. (2013) and Sun et al. (2005). General partly
interval censored data arise often in follow up studies. An example of such data
is provided by the Framingham Heart Disease Study; see Elfaki et al. (2013)
for a description. In this study, times of the first occurrence of anti D infection
through to contaminated blood factor disease patients are of interest. For some
patients, time of the first occurrence of infection is recorded exactly. But for
others, time is recorded only between two clinical examinations.

2.

Model Formulation

Assume that the failure times, t1 , t2 , ..., tn are independent and identically
distributed. If all the random variables are observable, then it is well known
that the nonparametric maximum likelihood estimator (N P M LE) of S(t) is
the empirical survival function. Where estimation the survival function in case
of general partly interval censored data is the main goal of this article. How304
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ever, for the general partly interval censoring assume that there are m potential
examination times E1 < E2 < ... < Em for n participants enrolled in a study
then, the exact failure times for n1 participants will be observed, while the
failure times of n2 = (n − n1 ) participants are not observed and that the failure
time T is known to be bracketed between two adjacent examination points.
Exact failure times mean that any patient has the event of interest during
the inspection times or the patient condition necessitates hospital examination
where the event of interest is recorded exactly. Interval-censored failure time
measurements mean that the event of interest occurs between two examination
times, (Li , Ri ) where Li and Ri ∈ (E1 , E2 , ..., Em ) and Li < Ri has a probability of one. If the failure time of the patient occurs before the first examination,
then left-censored will be observed, i.e. ti ∈ (0, Li ). If the patient did not have
the failure time before or during the final examination, then right-censored will
be observed, ti ∈ (Ri , ∞). Additionally, censoring is presumed independent
of the examination time. For the general partly interval-censored ith patient,
then, the likelihood function is:

L(θ) =

n1
Y

[f (ti ; θ)]

i=1

n
Y

[S(Li ; θ) − S(Ri ; θ)]

(1)

i=n1 +1

Where f (t) = S(t−) − S(t) is the mass that S puts at t.
To detect the effect of the covariates on the behaviour of the survival function, then Cox proportional hazard model is necessity due to the vital relation
between the hazard and survival functions. However, the survival function is
the function that gives the probability of being alive just before duration t such
that

Z
S(t) = P r(T ≥ t) = 1 − P r(T < t) = 1 − F (t) =

∞

f (x)dx

(2)

t

and as an alternative characterization of the distribution of T is given by
the hazard function defined as
P r(t ≤ T < t + dt/T ≥ t)
dt→0
dt

λ(t) = lim

(3)

The conditional probability in the numerator may be written as the ratio of
the joint probability that T is in the interval [t, t + dt) and T ≥ t (which is, of
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course, the same as the probability that t is in the interval), to the probability
of the condition T ≥ t. The former may be written as f (t)dt for small dt, while
the latter is S(t) by definition. Dividing by dt and passing to the limit gives
the useful result

λ(t) =

f (t)
S(t)

(4)

Which is the hazard function that describes the rate of occurrence of the
event at duration t.
When a set of covariates are available in the data set say Z = (z1 , z2 , ..., zp )
then the Cox proportional hazard model can be expressed as follows Ping et al.
(1998):
λ(t/Z, β, θ) = λ◦ (t/θ)exp(β T Z)

(5)

Where λ◦ (t/θ) is the baseline hazard function, β = (β1 , β2 , ..., βp )T is the
parameters vector of the corresponding covariates and θ is the parameters vector of the baseline hazard function.
Note that from equation (2) −f (t) is the derivative of S(t). This suggests
rewriting the hazard function given in equation (4) as
λ(t) = −

d
logS(t)
dt

(6)

This expression can be solved to obtain the probability of surviving to
duration t as a function of the hazard at all durations up to t:
 Z t

S(t) = exp −
λ(x)dx
(7)
0

The integral in brackets is called the cumulative hazard function denoted by
γ(t), which can be defined as follows:
Z t
γ(t/Z, β, θ) =
λ(x/Z, β, θ) dx
0
Z t
= exp(β T Z)
λ◦ (x/θ)dx
0

= γ◦ (t/θ)exp(β T Z)
306
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where γ◦ (t/θ) is the cumulative baseline hazard function.

Based on the above notifications the survival function can be defined as:
h
i
S(t/Z, β, θ) = exp − γ◦ (t/θ)exp(β T Z)
= S◦ (t/θ)exp(β

T

Z)

(9)

where S◦ (t/θ) is the baseline cumulative survival function that has no obvious relation with the baseline cumulative hazard function as it is shown in
the following expression:
 Z t

S◦ (t/θ) = exp −
λ◦ (x/θ)dx = exp[−γ◦ (t/θ)]

(10)

0

These results show that the survival and hazard functions provide alternative but equivalent characterizations of the distribution of T . Given the survival
function, we can always differentiate to obtain the density and then calculate
the hazard using Equation (4). Given the hazard, we can always integrate
to obtain the cumulative hazard and then exponentiate to obtain the survival
function using Equation (9).
However, based on the given materials then, the log-likelihood function can
be written as follows:

l(θ) =

=

n1
X
i=1
n1
X

−dS(ti ; θ)

n
h
X

T

Z)

− S◦ (Ri /θ)exp(β

T

Z)

i

i=n1 +1
n
h
X

[S(ti− ) − S(ti )]

i=1

=

S◦ (Li /θ)exp(β

n1 h
X

S◦ (Li /θ)exp(β

T

Z)

− S◦ (Ri /θ)exp(β

T

Z)

i

i=n1 +1
T

Z)

− S◦ (ti /θ)exp(β

T

Z)

− S◦ (Ri /θ)exp(β

S◦ (ti− /θ)exp(β

T

Z)

i

i=1
n
h
X

S◦ (Li /θ)exp(β

T

Z)

i

(11)

i=n1 +1

Maximization of the log-likelihood function can be obtained numerically
since no explicit form of the maximum likelihood estimators can be found.
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Where, in case of large number of covariates, numerical techniques may produce
high levels of bias. Thus, the proposed procedures might be used under some
warnings unless an advanced maximization procedure can be adopted.
Maximization of the log-likelihood function depends on the estimation of
the baseline hazard function which can be replaced by any adequate distribution such as Weibull, log-normal distributions, or assuming that the baseline
survival function is to be piecewise constant which leads to the semi-parametric
approach and this technique is available in some statistical software’s such as
R. But under this assumption the continuity of the baseline survival function
is violated and it is only a step function. Recently, some researchers employed
Taylor series to approximate the base line survival function in attempt to get
a smoother function and this approach will be employed for such purpose.

3.

Taylor Approximation

In mathematics, functions can be represented by Taylor series which is an
infinite sum of terms that are evaluated from the derivatives of the function
at a single point. However in this article, Taylor series is used to approximate
the baseline survival function by using a finite number of terms of its Taylor
series, where the optimal order of this function can be obtained based on the
likelihood ratio test.
However, estimation of the baseline survival function can be easily obtained
via the estimation of the baseline hazard function as a result of the direct
combination between the two functions. Thus, the Taylor series will employ to
estimate the baseline hazard function and for simplicity the logarithm of the
baseline hazard function will be approximated as follows:

Γ◦ (t/θ) = log(λ◦ (t/θ)) = a◦ + a1 t +

aq
a2 2
t + ... + tq
2!
q!

Where Γ◦ (t/θ) denotes the Taylor series of order q and θ = (a◦ , a1 , ..., aq )
represents the baseline parameters vector to be estimated. Thus, the baseline
cumulative survival function can be obtained as
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 Z t

S◦ (t/θ) = exp −
λ◦ (y/θ)dy
0
 Z t

= exp −
exp[Γ◦ (y/θ)]dy
0
 Z t

a2
aq
= exp −
exp[a◦ + a1 y + y 2 + ... + y q ]dy
2!
q!
0

(12)

The baseline survival function S◦ (t/θ) can be involved in the log-likelihood
function defined in equation (11) and maximizing the log-likelihood function
using maximum likelihood theory to make statistical inference for the desired
parameters. The optimal number of terms of baseline hazard function Taylor
series can be assigned following the procedure below Chen et al. (2013):
1. Fitting the likelihood function when (i.e q = 0) and maximize the likelihood function with respect to the parameters β̂ and θ̂ = aˆ◦ , and denote
the fitted value of the likelihood function as h◦ = max[l(β̂, θ̂)].
2. Fitting the likelihood function with one more order of Taylor series (i.e q =
1) where the parameters in such case are β̂ and θ̂ = (aˆ◦ , aˆ1 ) and similar to step (1), the fitted value of the likelihood function represented by
h1 = max[l(β̂, θ̂)].
3. Given a preassigned significant level α = 5% and for degrees of freedom
(df ) of the Chi square distribution equals to 1, then if −2(h◦ − h1 ) <
χ21,(1−α) the selected order of Taylor series is q = 0 and hence the maximum likelihood estimates of the parameters are β̂ and θ̂ = aˆ◦ . Otherwise,
new estimates of the parameters at q = 2 can be obtained, and denote
the new fitted value of the likelihood function as h2 = max[l(β̂, θ̂)] and
then follow to step (3) again using h1 and h2 values.
Repeat this process until a stopping condition such as −2(hq∗ −1 − hq∗ ) <
χ21,(1−α) , where the desired order of Taylor series is (q = q ∗ − 1) and hence the
desired parameters are β̂ and θ̂ = (aˆ◦ , aˆ1 , ..., âq∗ −1 ).

4.

Simulation

The simulation studies based on general partly interval-censored data involve further steps in comparison with the other types of censoring. HowMalaysian Journal of Mathematical Sciences
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ever, the data generation in this simulation conducted based on the simulated
biomedical clinical trials. For the sake of flexibility, various censoring rates are
considered to detect how the pattern of the survival function approximation
would progress under fluctuated censoring rates. Each data set comprised 100
observation and to control the generation process it is assumed that the true
survival time t, followed an exponential distribution. The following assumptions are made before moving on to the simulation algorithm:
• There are m potential inspection times which are known by design.
• Some subjects may not observed in the first inspection time (i.e. possibility of left censoring)
• Survival times are generated from a known S(t).

However, for each data set, the simulation is performed based on the following procedure:

1. A random sample of one hundred observation are randomly generated
from binomial distribution with p = 0.5 and classified into two different
groups; placebo and drug treatment groups, where an indicator variable z
is used such that z1 = 0 for placebo group and z1 = 1 for drug treatment
group. Another two continuous covariates z2 and z3 are generated based
on normal distribution with randomly selected parameters (Mean= 2,
Variance = 1).
2. The failure time (t) for each patient is generated from exponential distribution with scale parameter λ = exp(b◦ + b1 z1 + b2 z2 + b3 z3 ), where
the initial values of the parameters vector is set to (b◦ = 0, b1 = 0.5, b2 =
0.5, b3 = 0.5).
3. A set of potential inspection times E1 < E2 < ... < E20 are generated
assuming that the subjects are inspected or examined at these times.
The first inspection time, E1 , was generated from a uniform distribution;
U (0, 0.1). The next examination time E2 ∼ U (E1 , E1+0.1 ). Afterwards,
the consequent examination times were generated in the same manner
such that Em ∼ U (E(m−1) , E(m−1)+0.1 ). The patients would assist to
each of these scheduled examination times with probability p.
4. Creating the left and right endpoints for all n intervals of a 100 × 2 empty
matrix named I. Such that I[ , 1] = Left boundaries and I[ , 2] = Right
boundaries. For i = 1, ..., 100 and j = 1, ..., 20
310
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0
I[i, 1] = Ej


E20

: if t[i] < E1
: if Ej < t[i] < Ej+1
: if t[i] > E20



E1
I[i, 2] = Ej+1


∞

: if t[i] < E1
: if Ej < t[i] < Ej+1
: if t[i] > E20

5. The censoring indicator  is generated in the most common manner based
on the intervals generated in the previous step. However, creating the
vector of censoring indicator () for all members based on the I matrix
such that:
(
0 : if I[i, 2] = ∞
[i] =
1 : otherwise

If the failure time is less than E1 then t is left censoring, while if the failure
time is greater than E20 then t is right censoring, otherwise t is exact failure
time. The simulation carried out 1000 times, where the mean square error and
the coverage probability for the estimated parameters are also computed from
1000 bootstrapping samples for some random censoring rates. The simulation
is set-up in the R software and the results are shown in the following table and
graph.
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Table 1: The average of estimated parameters, mean square error and empirical coverage probability.

Censoring Rate

Average of Estimated

(P )

Parameters

M SE

Probability (CP )

β1

0.261

0.342

0.961

β2

0.317

0.365

0.950

β3

0.376

0.373

0.947

β1

0.282

0.419

0.971

β2

0.562

0.606

0.922

β3

0.795

0.632

0.940

β1

0.321

0.843

0.951

β2

0.779

0.853

0.911

β3

0.898

0.982

0.903

β1

0.425

1.280

0.882

β2

1.795

2.484

0.841

β3

1.907

3.741

0.836

β1

0.447

4.176

0.841

β2

1.428

7.432

0.812

β3

2.357

10.43

0.801

P = 15%

P = 25%

P = 40%

P = 50%

P = 60%
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Figure 1: The Estimated parameters versus censoring rate

In the above table and graph it is very clear that the type of treatment
(β1 ) has the highest impact on the estimation of the survival function as it
can be easily explored from the estimated parameters values. Furthermore, the
results reveal the dramatic increasing of the mean square error as a result of
the increment in the censoring rate in the data set. The increment pattern of
the mean square error for the parameters is more distinctive for high censoring
rates (i.e more than 40%) which indicates that the results may distorted under
the proposed estimation approach once a high rate of censored observations
is found in the considered data set, especially when continuous covariates are
considered as it is shown in the table above where the mean square error for
β2 and β3 belongs to the two continuous covariates have the highest errors
compared to β1 . Consequently, a concordance of the conclusions can be found
when the coverage probability is reviewed, where the coverage probability of
the parameters based on the pre-described maximum likelihood theory given
at equation (7) are not much satisfactory when the censoring rate exceeds
40% especially for the parameters from the normal approximation, however,
this drawback might be avoided once we resort to an intensive bootstrapping
approach, but this is not guaranteed in the existence of heavy censoring in the
data sets.
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5.

Conclusion

In this article, a non-parametric approach for survival function approximation is discussed when the data set consists of general partly interval censored
observations. The analysis handled in the presence of some covariates where
Taylor series is proposed to approximate the baseline hazard function in Cox
proportional hazards regression to mitigate the bias arising from analyzing the
imputed time-to-event data. With this formulation, the likelihood ratio test can
be used to select an appropriate order for this Taylor series approximation and
maximum likelihood techniques used to estimate model parameters and provide
statistical inference. The application of this novel method is demonstrated by a
simulation study, where the obtained results showed that the proposed method
works well for groups of data with low censoring rates and some attention may
be paid once a higher censoring rate is available.
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