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ABSTRACT

In this paper, sharp radii constants are obtained for the analytic functions
satisfying some coefficient inequalities. For such functions, growth and
distortion estimates are determined. In addition, it is proved that func-
tions in these classes are closed under Hadamard product with convex
functions.
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1. Introduction

Let D := {z € C: |z| < 1} be the open unit disk. The well-known Bieber-
bach conjecture of 1916, proved by (1985)) states that an analytic

univalent function f : D — C of the form
flz)= z—|—2anz” (1)
n=2

satisfies the sharp inequality |a,| < n for all n > 2. The converse does not
hold. For example, the function f(z) = 2z — z/(1 —2)* = z = > 2 ,nz" is
non-univalent. Therefore, the inequality |a,| < n for n > 2 is not a sufficient
condition for a function f to be univalent. In 1970, for the analytic functions
f of the form , satisfying the coefficient inequality |a,| < n,
has shown that the radius of univalence is rg, where rq is the real root of the
equation 2(1 — )3 — (1 +7) = 0. This result is sharp for function f(z) =
2z — z/(1 — 2)%2. In addition, Gavrilov showed that the radius of univalence
of the function f satisfying |a,| < M (M > 0)is 1 — /M/(1 4+ M). In 1982,
|Yamashital (1982) proved that the radius of univalence, obtained by Gavrilov is
equal to radius of starlikeness for the corresponding function. Kalaj et al.|(2014)
determined the radius of univalence, starlikeness, and convexity for harmonic
functions. For 0 < b < 1, let A, denote the class of functions given by
with fixed second coefficient |az| = 2b. Ravichandran (2014)) obtained the
sharp radius of starlikeness and convexity of order « for the functions f € A,
satisfying the coefficient inequalities |a,| < n, M, ot M/n (M > 0) for n > 3.
[Nargesi et al.| (2014)) obtained similar sharp radius constants for function f € A,
satisfying the coefficient inequality |a,| < en+d and ¢/n (¢ > 0). [Sharma and
also determined radius estimates for functions in a Janowski
type class, satisfying certain coefficient inequalities. Recently, Mendiratta et al.|
determined the sharp radii of starlikeness of order «, convexity of order
a (0 < a < 1), parabolic starlikeness and uniform convexity when |a,| < M/n?
or Mn? (M > 0) for n > 3.

A function f of the form is a-convex (see Goodman| (1983)) if it is
analytic, f(2)f'(z)/z # 0 and satisfies the inequality

(o (14 ) r0-0T) 2o

for all z € D. In particular, for & = 1 and o = 0, a-convex functions become
convex and starlike respectively. For details of a-convex functions, see
let al.| (1973)), Mocanu and Reade]| (1975]), Noor] (1996]).
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In the present paper, we consider the class Sy of analytic functions defined
as

Sk = {f D f(z)=z+ Z anz" is analytic in Dand |a,| < cnk} , (2

n=2

for £ = 0,%+1,4+2 and some ¢ > 0. The radius of a-convexity is determined
for the class Si. For any value of 3, the sharp radii constants are obtained
for a function f € Sj that satisfies the inequality Re(f'(z) + Bzf"(2)) > 0.
For functions f € Sk, bounds for |f(2)/z| and |f/(z)| are determined. Further,
closure properties of the class S under convolution with convex function are
investigated.

2. Radius constants

First, the sharp radius of a- convexity is determined for analytic functions
f of the form (I)) to be in the classes Sy, for k = 0, £1,+2.

Theorem 2.1. Let 0 < a <1 and let the function f be defined by .

(a) If f € 81, then f is a-convex in the disk |z| < r1, where r1 is a real root
of the equation

—1+2(ac+ 4c+ 3)r — (16¢* + 30c + 15) r* + 2(—3ac® — 3ac + 12¢% + 22¢

+10)r3 + (4ac® + dac — 176 — 32¢ — 15) r* + (¢ + 1)* (6 — 7)r° = 0

(b) If f € Sy, then f is a-convex in the disk |z| < ro, where rg is a Teal Toot
of the equation

1—7((3a+2)c+5) +r? (4ac® + 5(a + 2)c + 10)
— e+ 1)((a+6)c+10) — (c+ 1)r*((a —5)c—5) — (c+1)*r° =0

(c) If f € S_1, then [ is a-convex in the disk |z| < r_1, where r_1 is a real
root of the equation

c(l—a)(r+ (1 —r)log(l—r)) car

(1=r)+ (1+¢)r+clog(l—r) (c+1)(1—-7r)—c

=0.

(d) If f € Sa, then f is a-convex in the disk |z| < ro, where ro is a root of
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the equation
—14+4((a+4)c+2)r —2((37 — 2a)c + 32¢% + 14)r? — 4((9a — 20)¢?
+4(2a — 9)c — 14)r% + ((32a — 89)c? + 2(16a — 79)c — 70)r* — 4(c + 1)
(@ —14)c —14)r° — 2(c + 1)((2a + 13)c + 14)r® +8(c + 1)%7
—(c+1)*r® =0.

(e) If f € S_a, then f is a-convex in the disk |z| < r_q, where r_s is a real
root of the equation

c(1 —a)(d —r)(log(l —7) + Lip(r)) ca(r+ (1 —r)log(l—r))

1- _0
(1=r)+ (14 ¢)r — cLia(r) (14 c)r+clog(l —1)
where Lig : D — C is the polylogarithm function of order 2 given by

Lip(z) = Y _ 2"/n”. (3)
n=1
The results are sharp.
Proof. Set Qust = a(l + zf"(2)/f'(2)) + (1 — a)zf'(2)/f(2) and D(a, R) =
{z€C: |z—a|] < R}. In particular, D(0,1) = D.
(a) Since f € 81, we have
© _(n—1lay||z|"* * n(n —1|ay|lz|™t
|QO¢ST_1| S(I_Q)Zn72( — )‘ Hn|71 —|—0LG_2 E>o )l ||n|71
1=20 2 lanllz] 1=3,—onlan]|z]
<(1-a) >, nzr”*100— > et
L—c)  —onrnt
N aCZZO:Q n3r"710; > nPrnt
1—c)  on?rnt
2cr
= 1 —
O s 1 oy vy g s g ¥
2cr? + 4
ta er cr ~ Ry,

I=r)[(-1=)r3+3(14+c)r2+ (=3 —4e)r + 1]

Therefore, it follows that Re (Qusr) > 1 — Ri1(r1) = 0 for 0 < r < ry.
The result is sharp for the function defined by

foz)=(1+c¢c)z—

(6%4

T w
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For the function fy(z), we have Qus7 = 1 — Ri(2) and so, at z = ry,
Re (Qust) = Qasr = 1—R1(r1) = 0 and hence the radius of a- convexity
is sharp.

Since f € Sy, Qust € D(1, Rp), where

c(l—a)r n 2cra
A=r)((A=r(+c) (@=r)(A=r)?=cr(2=7))

we see that Re(Qast) > 1 — Ro = 0 for 0 < r < rg. This result is sharp
for the function

Ry =

)=z~

Since f € S_1, Qast € D(1, R_1), where

R, = c(I—a)(r+(1—r)log(l—r)) n acr
B 1-=7r)((1+e)r+clogl—7r)) (1—-r)((1+e)(1—=7)—c¢)

it is easily seen that Re(Quas7) > 1 — R_1 =0 for 0 < r < r_;. The
result is sharp by considering the function defined by

fo(z) = z —cz — clog(1 — 2). (5)

Since f € Sz, Qust € D(1, R2), where

2¢(1 — a)r(r +2)
(1= (1 +e)(1 =7)° —c(l+7))
ca(2r® + 14r% + 8r)
(1—=7r)((1+e)(1—7)*—c(l+4r+12))’

Ry =

+

it is easily seen that Re(Qns7) > 1 — Ro =0 for 0 < r < r9. The result
is sharp by considering the function defined by

fo(z) =z —c2?(2®2 =324+ 4)/(1 — 2)3. (6)

Since f € S_a, Qus1 € D(1, R_3), where

(1 = a)(log(1 —r) 4 Lis(r)) ca(r+ (1 —r)log(l—1))
((1 + ¢)r — cLiay(r)) (1 —7)((1+c)r +clog(l —71))’

it is easy to deduce that Re(Qus7) > 1— R_5 =0 for 0 < r < ry. The
result is sharp for the function

fo(z) = z — c(Liz(2) — 2). (7)

Ry =
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Motivated by the work of Mendiratta et al.| (2015)), we close this section by
radii constants for functions belonging to Sy for k = 0, +1, £2.

Theorem 2.2. Let the function f be defined by .

(a) If f € S1, then f satisfies the inequality Re(f'(z) + Bzf"(z)) > 0 in the

disk |z| < rg,, where rg, is a real root of the equation
(L+ (Bl + 1= BD)A = )" = clBI(1 + 47 +71%) — |1 = B|(1 = 7*) = 0.

(b) If f € S_1, then f satisfies the inequality Re(f'(z) + Bzf"(2)) > 0 in the
disk |z| < rg_,, where rg_, is a real root of the equation

(L+c(IBl+11=8D))1 = 7)* —cll = Bl(1 =) — || = 0.

(c) If f € Sz, then f satisfies the inequality Re(f'(z) + Bzf" (%)) > 0 in the
disk |z| < rg,, where rg, is a real root of the equation
(1+c(IB] + 1= B8D))A —7)° —¢|B](1 + 117 + 1172 +73)
— ]l = B|(1 =3r —3r —1r3) = 0.

(d) If f € S_q, then f satisfies the inequality Re(f'(z) 4+ Bzf"(2)) > 0 in the
disk |z| < rg_,, where rg_, is a real root of the equation

(1+c|]l = Blr(1 —7) —¢|B|r* + ¢|1 — B|(1 —r)log(1 —r)) = 0.
The results are sharp.
Proof. Set Fg = f'(z) + Bzf"(z).

(a) If f € &1, then a simple calculation yields |F3 — 1| < Rg, where

c|lBl(1+4r +7r?)  cfl —B|(1+7)
(1 —r)4 (1—r)3 7

so that Re(Fg) > 1 — Rg, = 0 for 0 < r < rg,. The result is sharp for
the function defined by .

Let f € S;. Then f is univalent in the disk |z| < rg, where 7 is a root of
the equation (1 +c¢)(1 —7)3 —¢(1+7) =0 and f satisfies the inequality
Re(f'(2) + Bf"(z)) > 0 in the disk |z| < r§, where r{ is a root of the
equation (1+¢)(1—7)* —c(1+4r+7r%) =0. If we take 3 =0 and c = 1,
Theorem [2.2|(a) simplifies to (Yamashital [1982] Theorem 1, p. 454).

Rg, = —c(|Bl +[1 - 8]) +
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(b) If f € S_1, then a simple computation gives F3 € D(1, Rg_,) where
1—
Al d1-8l
(=2 (=)
Therefore it is easily seen that Re(Fg) >1—Rg , =0for 0<r <rg_,.
Sharpness follows from the function defined by .

Further, a calculation shows if f € S_1, then function f is univalent in
the disk |z| < 1/(1 + ¢).

R, =—c(|fl + 1= B]) +

(¢) If f € So, then a calculation gives Fg € D(1, Rg,) where

| BI(1 + 11r + 1172 +r3)+c\l — B|(1 +4r +1?)
(1—7r)5 (1—r) ’

and, therefore, Re(F3) > 1 — Rg, = 0 for 0 < r < rg,. Sharpness follows
from the function defined by @

Rg, = —c(|Bl+1-8])+

(d) If f € S_o, we have F3 € D(1, Rg_,) where

_ cpl 1 —pllog(l—r)
Rpo= (1—r) r

_C|1_6|7

and therefore it is easy to deduce that Re(Fz) > 1 — Rz, = 0 for
0 <r <rg_,. For sharpness, we consider the function defined by . O

If f € S, then f is univalent in the disk |z| < r¢ where r( is a real root
of the equation (1 +¢)(1 —7r)* —¢(1 + 4r +r%) = 0 and if f € S_,, we note
that f is univalent in the disk |z| < r§ where r{ is a real root of the equation
r + c(r + log(1 — r)) = 0. Similarly it is easily seen that if f € Sp, then f
satisfies the inequality Re(f’(z) + f”(2)) > 0 in the disk |z| < r., where r. is a
real root of the equation (1+¢)(1—7)3 —c¢(1+r) = 0. This result is sharp and
we observe that the radius r,. is equal to the radius of univalence, obtained by
Gavrilov| (1970)) for the function f with coefficient inequality |a,| < n.

3. Growth and distortion estimates

In this section, for the analytic function f in the the class Sk, we compute
sharp estimates of |f(2)/z| and |f/(2)|.
Theorem 3.1. Let |z| =7 < 1 and the function f be given by .
(a) If f € S1, then
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, ¢ f(z)
i) (140 g e (1)) < | [
(i)
((c4+1)r* = 3(c— D)r? + (4de+3)r — 1) /(r — 1)* < Re(f(2))
<) < (1 =e)r* +3(c— D)2 + (3 —de)r — 1) /(r — 1)*.

(b) If f € S_1, then

(i) (1+c)+glog(1—7‘) < Re <f(z)> <

(i) 1= (1 +c)r)/(1=r) <Re(f'(2)) < |f(2) < 1+ (c=1)r)/(1 —7).
(c) If f € Sa, we have

(i) (1+¢) gltgg SRe(f(;)) <[P <0+ (1<1+)> 7_
(Atdr+r?) (Atdr+r?)

(i) (1+¢)—c E < Re(f'(2)) < [f'(2)] < (1—c)+c

(1- (1—r)*

(d) If f € S_a, we have the following estimates in terms of polylogarithm
function of order 2 defined by :

(i) (1+c)—cLiz(r)/r <Re(f(2)/2) < |f(2)/2] < (1 —c) + cLip(r)/r;
(i) (14c)+clog(l —r)/r < Re(f'(2)) < |f'(2)| < (1—c)—clog(1l — 1) /7.

(e) If f € Sy, then
(i) 1+c)—c/(1=r) <Re(f(2)/2) <|f(2)/2| < (A —c)+c/(1—7);
(i) (1+¢)—c/(L=7)> <Re(f'(2)) < |f'(2)| < (1 =) +¢/(1—1)%
All the estimates are sharp.

Proof. Let |z] =r < 1.

(a) If f € &1, then the upper bound for |f(z)/z]| is given by

f()

c
<1+can 1—c)+(1_T)2
n=2
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and the lower bound for Re(f(z)/z) is given by

Re (@) > 1 —cg:?nr"_l =(1+4c)— ﬁ

which completes part (i). Similarly, |f/(2)| < (1 —c¢) +c(1+7)/(1 —1)3
and |f'(2)] > Re(f'(2)) > (1 +¢) — ¢(1 +7)/(1 — r)3 prove second part.
For the upper bound, the sharpness follows for the function fy(z) =
(1—c¢)z+cz/(1 — 2)? and for the lower bound, the sharpness follows for
the function defined by (4).

(b) If f € S_q, then | f(2)/z| < 1+c Yoo (r" ! /n) = 14+¢(—1-log(1 — 1) /r)
and Re(f(2)/z) > 1 — ¢(—1 — log(1 — r)/r) prove part (i). Similarly
[f'(z2)] < 1+4+er/l—r and |f'(2)] > Re(f'(2)) > 1 —er/(1—1r) prove
part (ii). For the lower bound, the result is sharp for the function defined
by and for upper bound, result is sharp for the function go(z) =
z+4+cz+ clog(l — z).

(c) If f €Sy, then |f(2)/2] <14 c(=1+1+7/(1—1)3) and Re(f(2)/2) >
1—c(=14+1+7/(1—r)3) yield part (i). Similarly

|f’(z)|§1+c(1+4r+T2—1>

=)

and |f'(z)| > Re(f'(2)) > 1 —c(1+4r+r?/(1 —r)* — 1) give the part
(ii). For upper bound, sharpness follows for the function fy(z) = z +
c2%(2? =32+ 4)/(1 — 2)? and for lower bound, sharpness follows for the
function defined by (@

(d) If f € S_q2, we have |f(2)/z] < 14 ¢(Lia(r)/r — 1) and Re(f(2)/z) >
1 — ¢(Lig(r)/r — 1), part (i) follow. A similar calculation leads to the
upper and lower bounds for |f/(z)|. For upper bound, sharpness follows

for the function fo(z) = 2+ ¢(Liz(z) — 2) and for lower bound, sharpness
follows for the function defined by .

(e) Proof is similar to previous parts. O

4. Closure theorems

For two analytic functions f(z) = 2+ .o, an2" and g(2) = 2+~ 5 by2",
the Hadamard product or convolution of f and g, is defined by (f*g¢)(z) = z+
Yoo 5 anby2", z € D (see Ruscheweyh| (1982))). The following theorem proves
that the class Si is closed under Hadamard product with convex functions.
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Theorem 4.1. Let f € S, and g(z) = z+ > - o, bp2" satisfy the coefficient
inequality |b,| < 1 forn > 2. Then f *g € Sk. In particular, if f € S and g
belongs to the class of convex functions, then f *x g € Sy.

Proof. If f € S, then |a,| < en®. Since (f x g)(2) = z + ey anby 2™ where
lanb,| < enk, it follows that f* g € Sy. O

The last theorem shows that the class Sy is closed under convex combina-
tions of its members.

Theorem 4.2. Let 0 < \; <1 forj=1,2,3,...m and Z;nzl A; = 1. Let the
functions f; defined by f;(z) = z+ > o san;z" (j =1,2,3,...m) belong to
the class Sy. Then 377", Ajfj € Sk.

Proof. Since f; € S, |ay, ;| < cen® for j =1,2,3,...m, then

m

/\jfj(z) = Z)\J (Z + Zamjzn>
=1

J= J=1 n=2
o0
=z+ Z(Alan,l + Xoan a2+ F Al m) 2"
n=2

where ‘)\lan,l +)\2a'n,2 + - +)\man,m‘ < A1|an,1| + A2|a'n,2 +- A7n|an,m| <
k
en”. O

Corollary 4.1. The class S is closed under convexr combinations.

Acknowledgement: The authors are thankful to the referee for the useful
suggestions.
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