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ABSTRACT

As a system of abstract algebra,evolution algebras are non associative
algebras. There is no deep structure theorem for general non associative
algebra. However, there are deep structure theorem and classification
theorem for evolution algebras because it has been introduced concepts
of dynamical systems to evolution algebras.In the Mukhamedov et al.
(2019) ,they have been studied some properties of nilpotent evolution
algebra E with dim E? = dim E — 1(maximal nilindex). In this paper, we
describe derivations of nilpotent finite-dimensional evolution algebras E
with dimE? = dimE — 2.
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1. Introduction

Recently in [Tian and Vojtechovskyl| (2006) a new type of evolution algebra
is introduced. This algebra also describes some evolution laws of the genetics.
The study of evolution algebras constitutes a new subject both in algebra and
the theory of dynamical systems. There are many related open problems to
promote further research in this subject (for more details we refer to

(2008)).

We notice that evolution algebras are not defined by identities, and therefore
they do not form a variety of non-associative algebras, like Lie, Jordan or
alternative algebras. Hence, the investigation of such kind of algebras needs a
different approach (see |Camacho et al.| (2013} 2010), |Casas et al.| (2014)).

In Casas et al.| (2014) the equivalence between nil, right nilpotent evolu-
tion algebras and evolution algebras, which are defined by an upper triangular
matrix of structural constants, have been established. A classification of low
dimensional evolution algebras have been carried out in |Casado et al.| (2017,
[Elduque and Labral (2016)), Hegazi and Abdelwahab| (2015ajb). However, a full
classification of nilpotent evolution algebras is far from its solution. Therefore,
in the present paper we are going to investigate certain properties of nilpotent
evolution algebras with maximal nilindex.

It is known that in the theory of non-associative algebras, particularly, in
genetic algebras, the Lie algebra of derivations of a given algebra is one of the
important tools for studying its structure. There has been much work on the
subject of derivations of genetic algebras (Costal (1982), |Costal (1983), Gonshor|
(1988), Holgate| (1987), Mukhamedov and Qaralleh| (2014)).

In fact, in [Camacho et al| (2013)) the authors investigate several properties
of derivations of n-dimensional complex evolution algebras, depending on the
rank of the appropriate matrices. In the present paper we explicitly describe
the space of derivations of evolution algebras with nilindex 272 + 1 which
allows us to study further properties of the evolution algebras.

2. Evolution algebras

Recall the definition of evolution algebras. Let E be a vector space over a
field K. In what follows, we always assume that K has characteristic zero. The
vector space E is called evolution algebra w.r.t. natural basis {e1,es,...} if a
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multiplication rule -A- on E satisfies
e e =0,1#j

e e = g a;xer, 1> 1.
k

From the above definition it follows that evolution algebras are commutative
(therefore, flexible).

We denote by A = (a;;);';—; the matrix of the structural constants of the
finite-dimensional evolution algebra E. Obviously, rankA = dim(E-E). Hence,
for finite-dimensional evolution algebra the rank of the matrix does not depend
on choice of natural basis.

In what follows for convenience, we write uv instead u- v for any u,v €¢ E
and we shall write E? instead E - E.

A linear map ¢ : E; — Es is called an homomorphism of evolution algebras
if ¢(uv) = Y(u)y(v) for any u,v € E;. Moreover, if ¢ is bijective, then it is
called an isomorphism. In this case, the last relation is denoted by E; = Es.

For an evolution algebra E we introduce the following sequence, k > 1
k—1
Ef =) EE". (1)
i=1

Since E is commutative algebra we obtain

k2l
Ek — Z ElEk—z,
=1

where |x| denotes the integer part of x.

Definition 2.1. An evolution algebra E is called nilpotent if there exists some
n € N such that E™ = 0. The smallest m such that E™ = 0 1is called the index
of nilpotency.

Due to Theorem (3.1) [Casas et al.| (2014) any nilpotent evolution algebra
E with dim(E?) = n — 2 has the following form:

n
> aje;, 1<n—2
e =4 =it (2)
0, 1€{n—1,n},
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where a;; € K and a;;41 # 0 for any ¢ <n — 1.

In this paper, we consider only nilpotent evolution algebras with 27—2 4
1 index of nilpotency. Therefore, we only consider evolution algebras with
multiplication table given by (2).

Lemma 2.1. Let E1, Eq be two isomorphic evolution algebras. Then Der(E;) =
DB’I“(EQ).

Lemma 2.2. Let E and E be evolution algebras with basis {e;}"_, and {£;}7,
respectively, defined by

2 | aiivi1€41 +ain—1€p—1 +ammen, 1<n-—1;
e, = 0 .
, ie{n—-1,n}.

f_2 _ .fiJrl’ 1< n—;
! 0, 1 S {TL - 1,TL}
Ifa; ;41 # 0 for everyi <n—1, then EX E'.

Proof. Let a;;+1 # 0 for every ¢ < n — 1. If n = 3 after changing the basis
e, ex, ez to f = ey, f, =e? and f3 = e3 we immediately get E’.

So, let us suppose n > 4. Then the linear mapping ¢ : E — E’ defined by

f1 = €1
f, = e?
. i—1 i 3
T2 fi+1:kH1a%7kilelz’ 2§’L<TL*1 ( )
f.=e,
is an isomorphism from E to E’. O

3. Derivations

In this section, we consider derivations of nilpotent evolution algebras with
2"=2 4+ 1 index of nilpotency.

Recall that derivation of an evolution algebra E is a linear mapping d : E —
E such that d(uv) = d(u)v + ud(v) for all u,v € E.

We note that for any algebra, the space Der(E) of all derivations is a Lie
algebra w.r.t. the commutator multiplication,

[dl, d2] = didy — dgdl, le, do € DGT(E),
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for a given structural matrix A = (a;;);';>; of nilpotent evolution algebra E
with dim(E?) = n — 2 we denote

IA:{(i,j):i+1<j<n—1, aij;éO}. (4)
Theorem 3.1. Let E be an evolution algebra with structural matrizc A =

(aij)ij>1 tn a natural basis {e;}]_,. If E is a nilpotent with rankA =n — 2,
then the following statements hold

(2) if Ia # O then

00 dln—l dln
0 0 ... dop_1 don,

DeT(E) = e : di,nflv di,n € [Ka
0 0 dn—ln—l dn—ln
0 0 dnnfl dnn

where
dnfl,nfl = _an72,ndn,n71;
dn—l,n = *an—Q,ndnn;
di;pm = — Z i1 ktilktim, m € {n—1,n}
k=1
(#3) if Ia =0 then

a 0 ... p ¥
0 20 ... dg)n,1 dgn

Der(E) = - R : s a,B,7,s,teK
0 O ve dn—2,n—1 dn—Q,n
0 0 s dn—l,n—l dn—l,n
0 O . S t

where
dn—l,n—l = 211720[ — An—2,nS
dnflgn - (271—2 - t)an72,n
din-1 = 27" =2""aai 11+ (i1 10n_2m — Gi_1n)S
din = @i—1n-1dn—1,n+ an_27n(2i71a —t), 2<i<n-1
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Proof. The (i) and (i¢) are easy to check for n = 3,4. So, we consider only the
case n > 4. Let d be a derivation. We represent d in a matrix form in the basis
{ei}i, as follows d(e;) = Y7_, dije;. Then, we have dj;e} + d;;e3 = 0 for all
1 <i < j<n. Since e? and e? are linearly independent, then d;; = dj; = 0
forany 1 <i < j <n—1. If we take m € {n — 1,n}, then taking into account
that e2_; = e2 = 0 from d,,,;e? + d;;,e?, = 0 one has d,,,; = 0 for any i < m.

Hence, we have shown the following;:
di; =0, ifi#j, i<n, j<n-—1 (5)

On the other hand, we have d(e?) = 2d;;e? for any i < n. Then, for i =n — 2
using we obtain d(e,_1 + an_2n€n) = 2d,_2n,_2e2_,, then we have the
following system,

dn—l,n—l + an—Q,ndn,n—l = 2dn—2,n—2

dn—l,n + an—?,ndn,n = 2an—2,ndn—2,n—2~ (6)

Furthermore, assume that ¢ < n — 2. Then, one finds

n

de;) = d| Y aye; | = Y aydle))

Jj=i+1 j=i+1
n—2 n n
= Y aijdjjej+ Y aijdin1en1+ Y aijdinen.  (7)
j=it+1 j=it+1 j=it+1

On the other hand, from

d(ef) = 2d“ef = 2d” Z aijej,

j=it1
with one finds

2d;i =diy1i41, 1<i<n—2 (8)
aijdj; = 2a55d;, 1+2<j<n—-2 (9)
Z aijdjn—1 = 2d;Q;n-1, 1<i<n—2 (10)

j=it1
Z aijdjn = 2dgi05,, 1 <i<n-—2. (11)

j=i+1
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From ,@ we can easily derive

djj=2"dy, 2<j<n-2 (12)
aijdn:(), ’L+2§]STL—1 (].3)

Now we consider (10, (11).
n—i
divin—1 = 2a;n-1di — Zaiq,kﬂdkﬂ‘,nq
k=1
n—i
divin = 2a;ndi — Z i1 kti@ktin- (14)
k=1

So, from (B)),(6),(12),(13) and we conclude that d is a derivation of
evolution algebra given by (2)) if and only if

dij = dp1, =dp; =0, 1<i#j<n—2 (15)
dj; = 207 dyy, 2<j<n—2 (16)
a;jdi1 =0, i+2<j<n-—-2 (17)
di+1,n71 = 2ai’n,1dii — Z ai*l,k+idk+i,n71 (18)
k=1
dit1n = 20; ndi; — Z i1 gtidrtin- (19)
k=1

Case [, # (). In this case, we have a;,;, # 0 for some pair (ig, jo) satisfying
ip +2 < jo < n— 1. Then, from one finds di; = 0. Plugging this fact into
,(18) and we obtain

0 0 ... dln—l dln
0 0 ... dop_y  don
Der(E) = s e : D din—1,din €K,
0 0 dn—ln—l dn—ln
0 0 dnn—l dnn
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where
dn—l,n—l = *an—Q,ndn,n—l;
dn—l,n = _an—Z,ndnn;
n—i
dimm = — g i1 ktiQktim, m € {n—1,n}
k=1

Case I4 = (0. In this case is true for any dy; € K. So, from ,,
and we conclude that

a 0 ... B ¥
0 200 ... d27n_1 d2n
Der(E) = - e : ca, B,7,s,t €K
0 0 .o dn72,n71 dn72,n
0 0 dn_l,n—l dn—l,n
0 O s t
where
dnfl,nfl = 2n—2a — Ap—2,nS
dn—l,n = (27172 - t)an—Z,n
din-1 = (27" =2"Haa;i 101+ (i—1n-10n—2.,n — QGi1)S
di,n = aifl,nfldnfl,n + an727n(2i_1a - t)) 2 S 1<n—1
This completes the proof. O

Remark 3.1. From the proved theorem we infer that 1 < dim Der(E) < 5.
This kind of result could be proved using|Jacobson (1989). But the advantage of
Theorem[3.1) is that it fully describes structure of the derivations in the natural
basis.

4. Conclusion

The description of space of derivation of evolution algebra is a crucial task.
In this paper the space of derivation of finite dimensional nilpotent evolution
algebras with index of nilpoteincy 272 + 1 is presented.
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