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ABSTRACT

In this paper, we establish the criteria for existence of triple positive
solutions to the nonlinear second order ordinary differential equation
u’(t) + f(t, u(t), u'(t)) = 0, t € [a, b], with the arbitrary two-point
boundary value conditions u(a) = wu(b) = 0, where, a, b are two ar-
bitrary non-negative constants and f € C ([a, b] X [0, c0) X R, [0, 00)).
The analysis of this paper is based on a fixed point theorem of functional
type in a cone due to Bai and Ge. The result of this paper generalizes
the results of several authors in literature. Finally, we give an illustrative
example to support our analytic proof.

Keywords: Nonlinear second order arbitrary two-point boundary value
problem, Triple positive solutions, Fixed point theorem.



Asaduzzaman, M. & Ali, M. Z.

1. Introduction

Literature may contain a huge number of applications of boundary value
problems for ordinary differential equations and different kinds of physical, bi-
ological and chemical phenomena has been explained by these boundary value
problems. For instance, we may revise the works of Love| (1944), Prescott|
(1961), and Timoshenko and Gere| (1961) on elasticity, the monographs by
Mansfield| (1964) and [Soedel| (1993) on deformation of structures and the work
of [Dulacskal (1992) on the effects of soil. In the last few decades, the existence
of positive solutions of two-point, three-point and four-point boundary value
problems for second order nonlinear ordinary differential equations has exten-
sively been studied by using various techniques, see for instance the works of
Agarwal and O’Regan| (2005)), [Agarwal et al.| (1999), Bai and Dul (2007), [Bai
and Ge| (2004), Bai et al. (2004), Guezane-Lakoud and Kelaiaia| (2010), |Guo
and Lakshmlkantham| (1988), [Henderson and Wang (1997), Ji (2017), |Leggett
and Williams| (1979), [Lian et al.| (1996)), Sun et al| (2009) and Krasnosel’skii
(1964). Gue-Krasnosel’skii fixed point theorem given in |Guo and Lakshmlka-
ntham| (1988), [Krasnosel’skii (1964) and Leggett-Williams fixed point theorem
of Leggett and Williams| (1979)) has widely been used to establish the existence
criteria of positive solutions for second order ordinary differential equation with
different point boundary value problems, see for instance the monographs of
Agarwal and O’Regan| (2005)), [Bai and Du| (2007), [Bai and Ge| (2004) and [Bai,
et al.| (2004). Using the Leggett-Williams fixed point theorem of Leggett and
Williams (1979), |Agarwal et al| (1999) established the principle for the exis-
tence of three positive solutions to a class of second order impulsive differential
equations.

From the works of Avery (1998)/Avery and Henderson| (2000), |Avery and|
Henderson| (2001), |Anderson and Avery| (2002) and Avery and Peterson| (2001)
it is clear that five functional fixed point theorem given by |Avery| (1998), |Avery|
land Henderson)| (2000), fixed point theorem of cone expansion and compression
of functional type given by [Avery and Henderson| (2001)), twin fixed point the-
orem given by |Anderson and Avery| (2002) and generalized Leggett-Williams
fixed point theorem given by Avery and Peterson| (2001) all are extension of
Gue-Krasnosel’skii fixed point theorem given in |[Guo and Lakshmlkantham|
(1988), Krasnosel’skii| (1964) and Leggett-Williams fixed point theorem given
in |Leggett and Williams| (1979). In 2004, Bai and Ge| (2004) established a
new fixed point theorem (Theorem 2.1 of Bai and Ge| (2004)) by generalizing
Leggett-Williams fixed point theorem given in|Leggett and Williams| (1979)) and
using this new fixed point theorem (Theorem 2.1 of Bai and Ge| (2004)) they
established some new multiplicity results for the following nonlinear second
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order two-point boundary value problem:

{x”(t) T Ft a(t), 2'(H) =0, 0<t<1,
z(0) = z(1) =0,

where, f € C ([0, 1] x [0, o0) X R, [0, 00)).

To the best of our knowledge there is no any work on the existence of positive
solutions for nonlinear second order boundary value problem with arbitrary
point boundary value conditions. From this context, in this paper we establish
the criteria for existence of three positive solutions to the following nonlinear
second order ordinary differential equation:

u’(t) + f(t, u(t), ' (t)) =0, t € [a, ], (2)
under the following arbitrary two-point boundary value conditions:
u(a) = u(b) =0, (3)
where, a, b are two arbitrary non-negative constants and
feC(la,b] x[0, @) xR, [0, c0)),

applying the fixed point theorem due to |Bai and Ge| (2004). The rest of this
paper is furnished as follows:

In Section 2, we provide some basic definitions, a lemma and the fixed point
theorem due to Bai and Ge| (2004). In Section 3, we state and prove our
main results, which provide us the techniques to check the existence of three
positive solutions of second order arbitrary non-negative two-point boundary
value problem (2) and (3) under some certain assumptions. In Section 4, we
give an example which helps us to illustrate our main result.

2. Preliminary Notes

In this section we recall some basic definitions, the fixed point theorem in
a cone due to Bai and Ge| (2004) and establish a lemma which are needed to
prove our main results.

Definition 2.1: Let (B, ||.||) be a real Banach space and P be a nonempty
closed convex subset of B. Then we say that P is a cone on B if it is satisfies
the following properties:

(i) nce Pforce P, n > 0;
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(ii) ¢, c € P implies ¢ = 0,
where 6 denotes the null element of B.

Definition 2.2: A mapping + is said to be a non-negative continuous concave
functional on the cone P if v: P — [0, +00) is continuous and

Y0z + (1 = d)y) = d0vy(z) + (1 = 6)y(y),
forall z, y € P, 6 € [0, 1].

Definition 2.3: A mapping « is said to be a non-negative continuous convex
functional on the cone P if a: P — [0, +00) is continuous and

a(dz + (1 —0)y) < dafz) + (1 - d)aly),
for all x, y € P, 6 € [0, 1].

Definition 2.4: Suppose «, §: P — [0, +00) are two non-negative continuous
convex functionals satisfying

|u|| < Mmaz {a(u), B(u)}, foreachu € P, (4)
where M is a positive constant, and

Q={ueP:au)<r B(u)<L}#®, forr>0,L>0. (5)
From (4) and (5), we have € is a bounded nonempty open subset in P .

Definition 2.5: Let r > a3 > 0, L > 0 be given, o, 8 : P — [0, +00) are two
non-negative continuous convex functionals satisfying (4) and (5), and a be a
non-negative continuous concave functional on the cone P. Define the following
bounded convex sets:

Pla,r; B, L)y={ueP:alu) <r, flu) <L},

Pla,r; B, L) ={u€ P:a(u) <7, Bu) < L},

Pla, ;3 B, Ly v, a1) ={u € P:a(u) <r, f(u) <L, y(u) > a1},

P(a, r; B, Ly v, a1) = {u € P:a(u) <r, B(u) <L, y(u) > ar}.

Now, we state a fixed point theorem on the cone P due to Bai and Ge
(2004).

Theorem 2.1. (Theorem 2.1 of|Bai and G¢ (2004))) Let B be a Banach space,
P C B be acone androg > ¢y > by >1ry >0, Ly > Ly > 0 be given. Assume
that o, B are two non-negative continuous convex functionals on P, such that
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(4) and (5) are satisfied, v is a non-negative continuous concave functional on
P, such that v(u) < a(u), for all u € P(«a, re; B, L) and let
A p(aa 23 Ba LQ) — p(aa 23 Ba LZ)
be a completely continuous operator. Suppose

(C1) {ueP(a, c1; B, Los v, br) : y(u) > b1} # @, v(Au) > by,
foru € P(a, c1; B, La; v, b1),

(Co) a(Au) <1y, B(Au) < Ly, forallu € P(a, r1; B8, L1),

(C3)  ~y(Au) > by, forallu € P(a, ra; B, La; v, by) with a(Au) > ;.

Then A has at least three fived points u1, uz and us in P(a, ro; 8, La). Further,
uy € P(a, r1; B, L), uz € {P(a, 725 B, La; 7, b1) : v(u) > b1},

and
us € P(a, r; B, L) \ (P(a, r2; B, La; v, b)) U P(a, 715 B, L1)) .

Definition 2.6: A solution u(t) of the boundary value problem given by (2) and
(3) is said to be a positive solution if u(t) > 0 for all ¢t € (a, b).

Lemma 2.1. Assume that 0 < a < b. If h(t) € Cla, b], for all t € [a, b],
then the unique solution of following nonlinear second order arbitrary two-point
boundary value problem

(6)

is u(t) = fab G(t, s)h(s)ds, where, G(t, s) is the Green’s function of the corre-
sponding homogeneous second order arbitrary two-point boundary value problem

that s,

Definition 2.7: Let B = Cl|a, b] be processed with the ordering v < v if
u(t) <wv(t), for all ¢t € [a, b], and the maximum norm,

ull = maz {maz.<i<y | u(t) |, maza<i<p | ' (t) |}
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From the fact that u”(¢) = —f(¢, u(t), v'(t)) < 0, we obtain that u is concave
on [a, b]. Thus, we define a cone P C B by

P ={ue€Cla, b :u(t) >0, uisconcaveonla, b], t € [a, b} C B.  (9)
Furthermore, for u € P if we define the functionals

au) = maze<i<p | u(t) |, Blu) = maza<i<p | u'(t) |,

V(u) = minsa oy ot [ u(t) |,

then a, B, v : P — [0, +00) are three continuous non-negative functionals such
that ||u|| = maz {a(u), B(u)}, and (4) and (5) hold; «, 8 are convex, 7 is
concave and y(u) < a(u) holds for all v € P.

Remark 2.1. By Lemma 2.1, we can convert the boundary value problem given
by (2) and (3) as in the following integral equation

u(t) = /ba G(t, s)f(s, u(s), v'(s))ds, forallt € [a, b], (10)

where G(t, s) is the Green’s function given by (8). It is also noted that, the
Green’s function G(t, s) have the following properties:

(i)  G(t, s) is continuous on [a, b] X [a, b],

(ii)) Gla, s) =G(b, s) =G'(a, s) =G (b, s), for all s € [a, b] and

(ii)) G(t,s) >0, for allt, s € [a, b].

Obviously, u = u(t), for all t € [a, b] is a solution of the boundary value
problem given by (2) and (3), if and only if it is a solution of the integral
equation (10). Furthermore, if we consider a cone P on Cla, bland define an
integral operator A: P — P by

Au(t) = /ba G(t, s)f(s, u(s), v'(s))ds, forallu € P, (11)

then it is easy to see that the boundary value problem given by (2) and (3) has
a solution u = u(t) if and only if u is a fized point of the operator A defined by

(11).

3. Main Results

In this section, we present and prove our main results.

Throughout this paper, we suppose that

a+3b

a+3b
o 1 3a+b 1 a+3b _ (b—a)?
/\mm{/ga;rb G( 1 ,s>ds,/3a+b G( 1 ,s)ds} TR

4
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Theorem 3.1. If there exist some constants ro > 3;:-}) by > by > 11 >

0, Ly > L1 > 0 such that %1 < min { (bfa)2 - T9, (bj;)? -Lg} and the following
conditions are satisfied:

(Hy) £(t, u, v) < min { G _8a)2 G _2a>2 : Ll} :

fOT' (ta U, ”U) € [a7 b] X [aa 7‘1} X [7L17 Ll];

(Ha) £t w, 0) > L,

for (t, u, v) € [

3a+b a+3b] [ 4

by, ——-b —Lo, Lsl;
1 1 1’3a+b 1]><[ 2, 2],

68 (60 < in{ v 2 L.
for (t, u, v) € [a, b] X [a, ro] X [—La, La],

then the boundary value problem given by (2) and (3) has at least three positive
solutions, uy, us and us satisfying

mazq<i<pur(t) < r1, maze<i<plluf(t)]| < Lq;

b < maxs%ﬁgtg%sbm(t) < maza<i<puz(t) < re, maza<i<p|uy(t)|| < Lo;

mazqa<i<pus(t) < Y b1, maze<i<pl|uy(t)]| < Lo.

Proof. First, we define the integral operator A: P — P by

u(t) = Au(t) := /ba G(t, s)f(s, u(s), u'(s))ds, forallt € [a, b], u € Cla, b].

(12)
Then, according to the Remark 2.1, the boundary value problem given by (2)
and (3) has a solution u = u(t) if and only if u = w(t) is a solution of the
integral equation (12).

By Arzela-Ascoli theorem given in [Frechet| (1906), it is obvious that A :
P — P is completely continuous. Now, we will prove that all the conditions of
Theorem 2.1 (fixed point theorem on cone due to Bai and Ge (2004))) satisfy.

Ifu € P(a, ro; B, L), then we have a(u) < 72, B(u) < Lo and the condition
(H3) gives us

St u(t), u'(t)) < min { (bfa)Q ‘19, (b—2a)2 -Lg} .
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Accordingly,

a(Au) = mazecicy | / "Gt 5)f (s uls), o ())ds |

8 a
CEE Ty -maxagtgb/b G(t, s)ds

b— 2
= 8 .7“2.( a) :7"2.

b a)? 8

<

Now, for u € P, we have Au € P. Thus Au is concave on [a, b], and

maza<i<p | (Au)'(t) [= maz {| (Au)’(a) |, | (Au)'(b) [}.

Consequently,
B(Au) = maz,<i<p | (Au)'(t) |

= MaLe<i<p | 7/ (s —a)f(s, u(s), u'(s))ds

b
+ / (b= s)f(s, us), w/(s))ds |

Hence,A maps P (a, 72; (3, Ly) into itself. Similarly, if we consider u €

gives us

f(t, u(t), u/'(t) < min{(b f;a)Q 71, G —Qa)2 .Ll} , fort € [a, b],

P(a, r1; B, L1), then we have a(u) < r1, f(u) < L; and the condition (H;)

and if we maintain the above procedure, then it is obvious that A maps

satisfied.
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To satisfy the condition (C1) of Theorem 2.1, we take u(t) =
t € [a, b]. Tt is easy to see that

4
3atb bl, for

4 _
u(t)3a+b-b1€P<a

4
—— by; B, Los, b
’3a+b 17ﬂa 257 1>

and

4
~(u) _’y<3a—|—b'b1) > by.

So, {u epP (a, S%M -b1; B, Loy, bl) sy(u) > bl} #+ .

Thus, if u(t) € P (a, ﬁ ~by; B, La;7, bl), then

3a+b<t< a+3b'

by < u(t) <
1< ult) 4 — T 4

-b
=305 1, for

Now, from condition (Hz), we have f(t, u(t), u’(t)) > b1 , for 3¢kt < ¢ <
“"‘3” and by the definitions of v and the cone P, we obtain followmg two cases:
(I ) v(Au) = (Au) (3%2) and
(II) v(Au) = (Au) (“£32).

In case (I), we have

s = [0 (25 1o, uto) s

b atSb 3 b
> 2L / G( at ,s)ds
3a4+b 4
S b (b_a)s—b
=\ 6 "

In case (II), we have

v(Au) = / G (a 30 s) f(s, u(s), u'(s))ds
a+'§b
n / (H%, s
A 3a+b
b1 b
> — .
==y = b
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That is y(Au) > by, for all u € P(a, 4by; B, La; v, by). This proves that
the condition (C1) of Theorem 2.1 is satisfied.

Finally, we prove that the condition (C3) of Theorem 2.1 also satisfies. If
we consider u € P(a, ra; 8, Lo; 7, b1) with a(Au) > ﬁ - by, then by the
definition of v and for Au € P, we have

v(Au) = MM 300 <y ot (Au)(t)

3a+b
> 1 -mazq<i<p(Au)(t)
_ 3az—b - a(Au)
3a+b 4
. -by = b;.
> 4 3a+b ! !

Thus, the condition (C3) of Theorem 2.1 is satisfied. Hence, all conditions
of Theorem 2.1 are hold for the integral operator A defined by (11). Therefore,
according to the Theorem 2.1, we can say that the integral operator A has at
least three fixed points uy, us and uz in P (a, 72; 3, Lo) satisfying

up € P(Ot, 15 Ba Ll)a Uz € {p(aa T2; ﬁa LZ; s bl) : V(U) > b1}7
and (13)
usz € P(aa T23 57 L2) \ (p(a7 23 B? L2a v, bl) UP(O{, 13 57 Ll)) .

In addition, since ug satisfies a(us) < S%er -v(us), then

4
3a+b

Mmarqa<t<pu3 (t) S . bl.

Hence, Lemma 2.1, Remark 2.1 and (13) confirm that the boundary value
problem given by (2) and (3) has at least three positive solutions u;, us and
ug satisfying

maza<e<pun (t) < 11, maza<e<y|uy (8] < L

b < mam%gg#uﬂt) < maza<i<puz(t) < ro, mazg<i<p||uf(t)| < Lo;

maza<i<puz(t) < b1, mazg<i<pl|us(t)]| < La.

3a+b
This completes the proof. O
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Furthermore, using Theorem 2.1, we obtain that
MaTq<t<pU3 (t) < ry, min 3a4+b <i< at?)b us (t) < b

and if for boundary value problem given by (2) and (3), the functionals « and
~ satisfy the following additional relation:

~(u) :mZTLSuTerStS%SbU(t)
S 3a+0b
- 4
3a+b N
4

- mazg<i<pu(t)

(u), foru € P,

then, we yield that maz,<i<pus(t) < 3;:_1) - by.

In the above mentioned case Theorem 3.1 leads the following corollary:

Corollary 3.1. If there exist some constants

0 by < - by < b
<n< 2_3a—i—b 2512 < 3<3a—|—b

0<Li<Ly<L3<---<Ly_1, n€EN,

by <<y,

such that bi;\rl < min {ﬁ CTidd, ﬁ[/i—i—l} and the following conditions

are satisfied:

(Hy) f(t, u, v) < min{(b fa)2 Ty, (bfa)Q ~LZ},

for(t, u, v) € [a, b] x [a, r;] X [L;, Li], 1 <i<mn;

b; 3 b 3b
(H5)f(t,u,v)> H_l,for(t,u,v)e at 7CL—|—
A 4 4
4 .
X |bit1, 30D biv1| X [=Lit1, Liya], 1 <i<n—1,

then the boundary value problem given by (2) and (3) has at least 2n—1 positive
solutions.

Proof. We prove this corollary by using the Principle of mathematical induc-
tion.

For n = 1, from condition (Hy) we get

A : P(O[, 713 Bv Ll) — P(O[, 713 Bv Ll) - P(O{, 13 67 L1)7
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and hence by Schauder fixed point theorem, we yield at least one fixed point
u; € P(a, r1; 8, L1) of A | i.e., the boundary value problem given by (2) and
(3) has at least one positive solution.

For n = 2, it is clear that the Theorem 3.1 holds, i.e., the boundary value
problem given by (2) and (3) has at least 2-2 — 1 = 3 positive solutions ug, us
and wug4.

Proceeding in this way, if we consider that, for n = m the boundary value
problem given by (2) and (3) has at least 2m — 1 positive solutions, then it is
easy to prove that, for n = m+ 1 the boundary value problem given by (2) and
(3) has at least 2m + 1 positive solutions.

This completes the proof. O

Remark 3.1. Our Theorem 3.1 generalized Theorem 3.1 of Bai and Ge (2004)
in the case of arbitrariness of boundary points. It is because we established our
theorem under arbitrary two-point boundary value conditions, whereas|Bai and,
Ge (2004) used particular two-point boundary value conditions. Corollary 3.1
shows that the boundary value problem of type (2) and (8) have any number of
positive solutions under some additional conditions from our Theorem 3.1.

4. Applications
In this section, we provide an example to illustrate our main result.

Ezample 4.1: Consider the following nonlinear second order two-point bound-
ary value problem:

W) 4 £t ult), /(1) = 0, 1[0, 3] »
u(0) =u(3) =0,
with v = u/(t) and
3
Sint—l—%u?’—&—(%) ; fortel0, 3], u <8,
3
sint+%(9—u)u3+(%) ; forte|0,3],8<u<9,
f(t7 u, U) = . o] 3
Sint+%(u79)u3+(%) . fortel0,3],9<u< 10,
3
sint+%+<2%‘o) ; fort €0, 3], u > 10.
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Now, if we let 71 =1, by = 2, ro = 1000, L; = 10, Ly = 3000, then we get

min 8 r 2 L —§ b—l—g
b—a? " (b-a? ' 9 XN 9’

s 2 ) _ 6000
b—a)2 P h—a2 [ 9
(b—a)

and hence
8
f(t,u,v)<§, for0<t<3,0<u<l1, —10<v<10;
32 3 9 8
f(t,u,v)>§7 fOTZStSZ’QSuég’ —3000 < v < 3000;
6000

Fltu ) < =g=, for0<t <3, 0<u< 1000, ~3000 < v < 3000.

This means that all the assumptions of Theorem 3.1 are satisfied. Therefore,
according to the Theorem 3.1, we can say that the boundary value problem
given by (14) has at least three positive solutions w1, us and ugz such that

mazg<i<zui(t) < 1, mazo<e<s|uy (t)| < 10;

2 <mazs cy<oua(t) < mazo<i<auz(t) < 1000, mazo<i<s|uy(t)]| < 3000;

8
maxogtgglm(t) S g, maxogtggﬂug(t)” S 3000

5. Conclusions

In this study, we have established a general criterion for checking the exis-
tence of three positive solutions of nonlinear second order arbitrary two-point
boundary value problem given by (2) and (3) applying a fixed point theorem
due to Bai and Ge| (2004). By using Theorem 3.1, we can easily checked the
existence of three positive solutions to the boundary value problem of type (2)
and (3). The result of this paper generalized the corresponding result of [Bai
and Ge|(2004)). Our result also generalized the results of |[Agarwal and O’Regan
(2005)), |Bai and Du| (2007)) and |Agarwal et al.| (1999)), but they used different
fixed point theorems.
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