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Abstract
Travel time reliability is the key factor for the travelers to make decision in choosing the public transport, such as bus. However, current methodology may not be sufficient to explain the
travel time and its reliability. This paper aims to specify a new approach in the study of travel
time modelling for bus route with Burr (which is also known as Burr XII) distribution. Two
real day-to-day travel time bus routes data over 6 months in the Klang Valley area, Malaysia
has been investigated for illustration purpose. The travel time data often demonstrates strong
positive skewed, which could be explained explicitly using the Burr distribution. Mathematical
expression and the statistical properties of the distribution will also be presented. The parameter estimation is done by Maximum Likelihood Estimation (MLE). Comparison has been done
with some continuous distribution counterparts such as gamma, Weibull, log-normal and loglogistics. The results show that Burr distribution outperformed and appeared as a viable distribution to characterize the bus travel time. Some dynamic insight of the bus route reliability will
also be examined by buffer time index and skew-width methods.
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Introduction
Models

Travel time is defined as the accumulated time for the movement from a point to another point.
Reliability is explained by the operation consistency of a particular route. The travelers rely solely
on the travel time reliability in the journey planning, therefore, the reliability is worthwhile to be
explored in the Klang Valley region in order to provide more useful information. In Malaysia,
traffic condition always shows uncertainty pattern for diverse reasons, i.e. bottlenecks are the notorious factors would occur in the major routes and causing massive traffic congestion. This paper
aims to diagnose the travel time pattern analysis by using probability density distribution (PDF).
Particularly, the travel time data from two main bus routes in Klang Valley, Malaysia will be analyzed. It is expected that the analysis results may help to provide some significant information for
the travelers in transport and logistics planning. Due to the growing demand of public transport
and the concern of the eco-environment in this new era, applying statistical analysis on the travel
time distributions is inevitable to enhance the understanding in travelling pattern.
Travel time data usually exhibit strong positive skew and long upper tails [14] and this pattern of the data is usually catered well by the Burr distribution as it holds such characteristic. The
introduction of the Burr distribution is innovated by [2], where the distribution is named after
the inventor. The Burr distribution is popular in the reliability modelling as the cumulative and
reliability function has a closed form. Refer to [18, 12] and [15] for some extensive studies relevant to the model characteristics, statistical and probabilistic properties. The effectiveness of Burr
in failures modelling has also been discussed. Recently, [14] analyzed the travel time variability
on urban roads with Burr distribution. In [9], collected the bus routes data with automatic vehicle. Comparison of the Burr distribution and the Gaussian mixture models has been evaluated.
Evidence shows that the Burr distribution may be the appropriate distribution for travel time modeling analysis. Hence, it motivates us to analyze the bus routes travel time pattern in Klang Valley
using Burr distribution. Some continuous distribution counterparts have been considered in this
paper for comparison purpose. For instance, log-logistic distribution is a well-known for failure
times modelling, and it is a special case of Burr distribution. Weibull distribution is also often suggested in the reliability analysis. Burr distribution has advantage against Weibull distribution as
it gains a better approximation. This paper takes other potential candidates into the consideration
for comparison, such as log-normal and gamma distributions. Comparison will be carried out in
terms of the distribution fitting and the results will be shown in the later part.

1.2

Motivating Examples

It is motivated to specify an appropriate distribution to explain the travel time pattern for bus
transport from terminal to terminal in Klang Valley. In this paper, the real secondary data were
provided by the Rapid KL. Rapid KL is a public transportation system built by Prasarana Malaysia
and its operation covering Kuala Lumpur (KL) and Klang Valley area. Two bus routes with different characteristics has been considered. The chosen bus routes are No. 421 and No. 708. The
bus routes both cover urban and sub-urban areas, including central business district (CBD) area,
residential area, arterial road and highway. The data cover a 6-month period for the duration of
1 June 2014 to 31 December 2014 with the operating time from 6 o’clock in the morning until 12
o’clock midnight.
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The data is stored in a spreadsheet with some detailed information of the bus routes. For
instances, the route identification (ID), trip ID, stop ID and name, street name, name of bus driver
and etc. The data is filtered for every 5-minute interval, and the travel time is taken from 0 - 240
minutes. Figure 1 and 2 show the Google map and the histogram for the route ID No. 421 and
No. 708, respectively. It is noticeable from the histogram that the data exhibits long right skewed,
which may be appropriate to be fitted by the Burr distribution and the proposed counterparts.
Route No. 421 departs from the terminal Hub Taman Dagang, passing by the KL downtown, and
arrives at the Wisma Olympic. The journey consists 32 bus stops and the total distance of 10.875km.
Route No. 708 starts from Sunway Pyramid, which is one of the main city in Petaling Jaya (PJ) and
arrives at Klang Utara, covering a total distance of 26.15 km and 34 bus stops. This paper considers
intermediate and long distances coverage, where route No. 421 is the intermediate distance while
route No. 708 is a long distance coverage. Table 1 shows the summary of the chosen bus routes
for the real analysis in this study.
Table 1: Summary of the bus routes.

Route
No.
421

Number of Bus
Stop
32

708

34

Departure Stop

Arrival Stop

Hub Taman
Dagang
Sunway
Pyramid

Wisma
Olympic
Klang Utara

Distance of
Route(km)
10.875

Sample
Size
4683

26.150

3494

Figure 1: Map showing and histogram of the bus route No. 421.

Figure 2: Map showing and histogram of the bus route No. 421.
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Structure of Paper

In this article, Section 2 will discuss some existing works on travel time reliability modelling.
The drawback of the existing approaches is the motivation for this paper. The model for travel
time modelling will be studied in Section 3. Particularly, a 3-parameter Burr distribution will be
presented for the bus route travel time modelling. The statistical properties such as cumulative
distribution function (CDF) is also studied for the travel time reliability analysis as the reliability analysis based upon the percentile rely solely on the CDF computation. Here, three reliability measurements have been used for the analysis, namely buffer time index, skew-method and
width-method. In Section 4, the parameter estimation is done by maximum likelihood estimation
(MLE). The numerical computation is run by the built-in function of Matlab R2017a. Section 5 presented the data analysis results and discussion. For illustration purpose, two bus routes in Klang
Valley area are chosen for the distribution fitting. Comparison with other potential distributions
will be carried out and examined by Akaike Information Criterion (AIC). Section 6 concludes.

2

Background

In transportation, the measurement of travel time variability determines the level of reliability. The reliability analysis has been done since a few decades ago. In 1970s, [8] measure the
mean travel time with standard deviation. Then, the analysis improved the bus service reliability.
In [10], the author modelled the reliability of the arterial routes by the inverse of the standard
deviation. Regression and statistical models are considered as the techniques in predicting the
reliability. Recent discovery shows that [6] measured the reliability with fundamental statistical
properties. Mean and standard deviation is applied to explain the travel duration. Subsequently,
[5] investigated the travel time reliability on an urban road with distribution.
The estimation of the travel time to enhance the reliability can be somehow complicated. There
are some researchers who did the research in the area of estimating the travel time. In 1959, [4]
estimated the freeway travel time reliability by using real-life dual loop data. After four decades,
[1] developed a new methodology of degraded link capacities to estimate the reliability in the
transportation system. Other than that, [11] presented a study of travel time reliability for private car commuter journey conducted in Melbourne, Australia. [7] analyze the reliability with
simulation. Later in 2008, [3] estimated the reliability of travel time for freight corridors and [13]
estimated the journey time and analyzed the reliability using stochastic model. The algorithms
and case studies are presented in the paper.
The reviews show that although some study has been developed in travel time reliability analysis, it is still lack of study in the development on methodology. Extensive study shown also the
travel time reliability has been done by conventional variation coefficient in which the method
considers solely on the fundamental statistical properties, i.e. mean and standard deviation. This
is not sufficient to describe the travel time reliability. Furthermore, not many research has been
engaged in bus route travel time modelling. Therefore, our study is to propose a suitable statistical
distribution to explain the bus route travel time modelling for Klang Valley area, and the reliability
measurement other than mean and standard deviation, i.e. the skew-width methods.

316

Khoo, W. C. et al.

3
3.1

Malaysian J. Math. Sci. 15(2): 313–322 (2021) 313 - 322

The Burr Distribution
The Mathematical Expression

We present the Burr distribution to analyze the travel time reliability. The fundamental statistical properties have been given here. The CDF is given by

 c −k
x
F (x) = 1 − 1 +
,
α

(1)

where x > 0, c > 0 and k > 0. The PDF is obtained by taking the first derivative of the cdf, which
is given by
 c−1 
 c −(k+1)
kc x
x
f (x) =
1+
.
(2)
α α
α

3.2

Travel Time Reliability Metrics

Skew-width methods are applied to analyze the reliability. Refer to [17, Figure 2] for more
explanation about the skew-width method framework. The conventional variation coefficients
which using standard deviation and mean provide not much insight as these properties tend to
obscure important characteristics of the distribution under certain condition. Here, we adopted
Buffer Index (BI) and skew-width methods to capture the reliability element. Taylor [16] defines
BI as
t95 − t̄
BI =
.
(3)
t̄
The skew method is presented in the form of
λskew =

t90 − t50
,
t50 − t10

(4)

λvar =

t90 − t10
,
t50

(5)

and the width method is given by

where t95 is the 95 percentile, which it can be obtained by Equation (1).
The skew-width methods are the robust measurement for reliability. The analysis is based on
percentile and median, which is able to capture the information for long-tailed distribution. The
skew method is considered as the ratio of the distance between the 90th and 50th percentile and
the distance between the 50th and 10th percentile. Generally, small λskew defines the distribution
is highly right skewed, and large λskew shows that the distribution is strongly left skewed. The
larger λskew yields the more unreliability. Besides that, the width method is based on the ratio
of the range of travel times. Similarly, larger value of λvar indicates larger range relative to the
median, which consider lower reliability.
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Parameter Estimation
Maximum Likelihood Estimation

Let X be the n sample size of Burr distribution with the PDF f (x) with parameters k, c, α. The
log-likelihood function is given by

logL(k, c, α) = nlog

kc
α


+


 c 
 
n
X
xi
xi
− (k + 1)log 1 +
.
(c − 1)log
α
α
i=1

(6)

Taking derivatives of Equation (6) and let it be equal to zero will give the result of the parameter
estimation.

5
5.1

Data Analysis and Results
Distribution Fitting

This section discusses the distribution fitting for both routes. Maximum likelihood estimation
in Section 4 has been applied for parameter estimation of all distributions in this paper. The estimation is run by MATLAB R2017b with the built-in function and the results are tabulated in Table
3. The histograms in Figure 1 and Figure 2 show that Burr distribution is a potential candidate for
the real data. Other distributions such as gamma, log-logistic, log-normal and Weibull distribution are also taken into consideration for comparison purpose. For readers’ convenience, the PDF
of the other continuous distribution is given in Table 2.
Table 2: Summary of the continuous distribution.

Distribution
Gamma

Probability Density
Function (pdf)
x
α−1 − β
1
e
f (x) = Γ(α)β
,
αx
x>0

Log-likelihood Function
logL(α, β) =
n
X
(α − 1)
log(xi ) − nlog[Γ(α)] − αnlog(β),
i=1

Log-logistics

f (x) =
1
1
1 1 x σ
( ) [1 + ( exµ ) σ ]−2 ,
σ x eµ
x>0

Lognormal

f (x) =
x>0

−
1 √1
e
x 2πσ

Weibull

f (x) =
x≥0

k
λ

[ln(x)−µ]2
2σ 2


x )k
x k−1 −( λ
e
,
λ

i = 1, 2, . . . , n.
logL(µ, σ) =
n
n
x 
h
x 1 i X
X
1
i σ
i
−
logxi −
log µ − 2log 1 + µ
σ
e
e
i=1
i=1
nlogσ, i = 1, 2, . . . , n.
,

logL(µ, σ) =
n
n
X
n
1 X
−
log(xi ) − log(2πσ 2 ) − 2
[ln(xi ) − µ]2 ,
2
2σ
i=1
i=1
i = 1, 2, . . . , n.
logL(k, λ) =
nlog( λk ) + (k − 1)

n
X
i=1

i = 1, 2, . . . , n.
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Figure 3 shows all distribution fittings for Route 421 and 708 respectively. It is noticed that the
Burr distribution and its counterparts are appropriately used to explain the pattern of the data.
Next, the comparison is carried out by Akaike Information Criterion (AIC). The AIC value is computed by log-likelihood function, which is given by AIC = 2k − 2ln(L) , where k is the number of
parameters of the distribution function and L represents the likelihood function. Table 4 presents
the goodness-of-fit for the respective distributions. The results show that the Burr distribution
outperformed the other distributions. Distribution fittings for both routes are shown in Figure 3.
Table 3: Parameter estimation for the Burr and other continuous distributions

Route

421

708

Distribution
Burr
Gamma
Weibull
Log-logistic
Lognormal
Burr
Gamma
Weibull
Log-logistic
Lognormal

Parameters
c = 2.2826, k = 1.1471, α = 58.0535
α = 2.0928, β = 32.7212
a = 76.1357, b = 1.4636
µ = 3.9712, σ = 0.4176
µ = 3.9690, σ = 0.7506
c = 1.77369, k = 1.49861, α = 49.6178
α = 1.52863, β = 33.0439
a = 1.2318, b = 54.3285
µ = 3.5805, σ = 0.4972
µ = 3.5608, σ = 0.9226

Table 4: Goodness-of-fit test for the distributions

Route

421

708

Distribution
Burr
Gamma
Weibull
Log-logistic
Lognormal
Burr
Gamma
Weibull
Log-logistic
Lognormal

Log-likelihood
−23832.1
−23870.2
−23833.9
−23888.3
−23977.7
−16980.4
−17029.2
−16992.6
−17117.4
−17076.0

AIC
47670.2
47744.4
47671.8
47780.6
47959.4
33966.8
34062.4
33989.2
34238.8
34156.0

Figure 3: Distribution fittings of Route 421 and Route 708.
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Travel Time Reliability Metrics

This section evaluated the travel time reliability. The Burr distribution has been fitted with the
estimated parameters to compute the travel time reliability metrics explained in Section 3.2. We
compare two routes in terms of its reliability by BI, skew-width methods and width of travel time.
It is reported that the very small value of λskew indicates the distribution is highly right skewed.
Comparatively, the value of λskew for route 421 is 2.3805 which presents higher right skewness
rather than route 708, which means route 421 has better reliability. Besides that, route 708 has
higher width of travel time, which is 2.4902 comparable to route 421 which has 2.0653, which
means route 708 has lower reliability. This paper serves a good preliminary study for travel time
reliability modelling. For more in-depth discussion, it will be carried out elsewhere.
Table 5: Travel time reliability metrics for route 421 and route 708

Route
421
708

6

Buffer Index (BI)
1.5742
1.7930

Skew Method, λskew
2.3805
2.5740

Width Method, λvar
2.0653
2.4902

Concluding Remarks

Burr distribution is well-known in reliability analysis due to its flexibility in modelling failure
times. This paper provide some useful analysis for the bus route travel time reliability, in Klang
Valley region, with Burr distribution. The Burr distribution is presented, particularly, the cumulative distribution function is derived to explain the reliability metrics. Existing methodology
suggested using some potential continuous distributions, such as gamma, Weibull, log-normal
and log-logistic for travel time modelling. Here, the comparison has been carried out between the
Burr distribution and the nominated continuous distributions. The comparison results show that
the Burr distribution outperformed the other distributions.
The conventional variation coefficient which considering the ratio of variance and mean may
not be able to provide dynamic description for the data distribution. Instead, in this paper, three
reliability metrics, namely buffer time index, skew-width methods have been introduced to handle
the reliability measures. Comparison in terms of the reliability performance to both bus routes has
been done. The results show that route 421 has better reliability.
This paper provides two important insights in the travel time reliability study. First, the Burr
distribution which handles well in illustrating the distribution of the data, secondly, it is more
reliable to use the skew-width methods in explaining the bus route reliability rather than the conventional coefficient of variation. Some extension of the study is expected in the area of travel
time modeling in the near future. It is noticeable that bimodal is observed in travel time data.
Therefore, mixture distribution could be considered to tackle such problem.
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