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ABSTRACT

In this paper we study the boundary value problem for higher order equation with
fractional derivative in the sense of Caputo. Existence of the unique solution of this
problem and its continuous dependence on the initial data and on the right part of the
equation are proved.
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1. INTRODUCTION

The Cauchy problem for partial pseudo-differential equations of
fractional order in the sense of Caputo in semi-space

{(x, y,t) :(x, y)e R*,t> 0} investigated by Gorenflo, Luchko and Umarov

(2000). The boundary value problems for partial differential equations with
operators of fractional differentiation or integration in the sense of
Riemann-Liouville were studied by Djrbashyan and Nersesyan (1968),
Samko, Kilbas and Marichev (1987), Nahushev (2000), Pshu (2005),
Virchenko and Ribak (2007), Kilbas and Repin (2010).

The boundary value problem for heat conduction equation with
fractional derivative in the sense of Caputo investigated by Kadirkulov and
Turmetov(2006). The boundary value problem for higher order partial
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differential equation with fractional derivative in the sense of Caputo in the
case when order of fractional derivative belongs to the interval (0,1) was

studied by Amanov (2008). The boundary value problem for the fourth
order equation with fractional derivative in the sense of Caputo in the case

when order of fractional derivative belongs to the interval (1,2) by Amanov
(2009).

In the present paper we study the boundary value problem for the
higher order partial differential equation with fractional derivative in the
sense of Caputo in the case when the order of fractional derivative belongs

to the interval (1,2) in a spatial domain.

2. STATEMENT OF THE PROBLEM

In the domain Q={(x,y,t):0<x<p,0<y<q,—T<t<0} we

consider the following equation

aZku aZku

ax2k +ay2k _(_l)chf)u:f(x’y’t) (1)

where k(k >1) is a fixed integer, 1< #<2, D/ is the operator of fractional

differentiation with respect to ¢ in the sense of Caputo. The boundary value
problem for higher order partial differential equation with operator

Dy, 1< a <2 was studied by Amanov (2009).

Problem 1. Find the solution u(x,y,t) of the equation (1) satisfying the
following conditions

0*"u(0, y,1) _ ™" u(p, y,t) _
ax2m+1 ax2m

0, m=0,L,....k—-1, 0<y<q, -T<t<0, (2)

0™ u(x,0,1) B 0™ u(x,q,t)
ayZm ayZm

u(x,y,0)=¢(x,y), u,(x,y,0)=y(x,y), 0sx<p, 0<y<qg 4

=0, m=0,1,....,k=1, 0<x<p, -T<t<0. (3)

in the domain Q.
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3. CONSTRUCTION OF FORMAL SOLUTION OF

PROBLEM 1

We search a solution of Problem 1 in the form of Fourier series

u(x’ y’ t) = Z unm (t)vnm (x’ y)

n,m=1

expanded in complete orthonormal system

2 . nmw . mrw
vnm(x’ y): SIn—X-SIn——Y).
\ Pq pP q
Denote
nzw mx 2k

Q,=Qn(t=0), —=v,, —=u,, v:+u =1"k

n’ m? n

P q

nm

®)

We expand the function f(x,y,t) into the Fourier series by functions

Unm (x’ y)

Fyn=3 fo 00, (xy)

n,m=1

where

Som (D) = ”f(x, y,0)0,, (x,y)dydx.

Substituting (5) and (6) into equation (1) we obtain

Diu (O+(=DAu, t)=f, (&), —T <t<0.

nm nm- nm nm

It is known that (Djrbashyan (1966)),

P
c Dlgunm (t) = _Il() ﬁunm (t)

where
0

12 £ (1) :%ﬂ)l (t—1)"" f(z)dr

is Riemann-Liouville integral of fractional order.
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Using (9), equation (8) can be rewritten as

1P, (6)+ A, ()= (<1 £, (t), =T <1<0.

nm nm- - nm nm

Acting with operator [ f; to both parts of the last equation we get

.T(T—t)ﬁ_l

U (t) = _ﬂvnz,z Y., (T)dT +

. T(B) 10
D ,
+r(/)’)!(7 1) fu(Ddz+u,,0)+mm,,(0).

This is Volterra integral equation of second kind. We solve it by successive
approximations. Denote

(c-1)""
1 _T<t<71<0
K, (z,t)= r(B)
0, 7<t<0

and defining further sequence of kernels {K (T,t)}:q by recurrent relations

KX_,,I(T,Z‘):J‘KX(T,ﬂ)KI(ﬂ,l‘)dT]’ S=1,2,.., .

By induction with respect to s we find

(T— t)(x-%-l)ﬁ—l
—  -T<t<7<0
K, (7.1)=1 T(sf+p)
0, 7<t<0.

Hence for the resolvent of equation (10) we have the formula

R0 2) =D (-1) 42| K (2.0) =

5=0

nm

B (z'—t)ﬁ_lEﬁ,/,((—l)kﬂ“(r—t)ﬁ), -T<t<7<0

0, 7<t<0,
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where E, ;(z) 1s the Mittag-Leffler type function (Djrbashyan (1966),
Kadirkulov and Turmetov (2006)).

The solution of equation (10) is expressed through resolvent so

+”'mn(0){l+( ﬂ,ﬁﬁ)j(f—l) ( - (- )ﬂ)rdz'}+

(1)
0 0 A1
N /3* 2k _
(/hm)r(ﬁ)j( ~1)" By, (A2 (n-7) )dni(f n)  fo(@dr+
k0 p-1
(=D
+F(,B) !(T—I) fon(D)dT.
Applying the following Dirichlet formula
b b b X
[dv[ f e yde=[dx] f(x, y)dy
to iterated integral we get
1 0 51 0 b1
——[(n=1)" Epy(-Asm-0")dn[(z-n) f, (©)dz=
rp; "
12)
—jf,m)dr I( —n)" (1) By (A -0 )dn
r'(p),
Denote
L =1+ (- ﬂ,i,ﬁ)j(r—t) oo (A (z=1)' )az,
z,m(t)—t+(—/1,f,fi)j(f—t) 5 (A (=1) )zaz,
1,,0= vjr 0 (=1 Ey (=4 (n=1)" )an.
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We calculate I, (#). We change of variable 7—t=s, dT=ds then

1lnm

Lo =14 (2 [ 5'E, 5 (325" ) ds.
0

nm nm

Using the formula

G i ] " )
m{ #E, (1) (z—1) " dt =2, .5 (227) (13)

we have

L@ =1+ A2 (1) Eg gy (<208 (1)),

Now using the formula

1
+ =F 14
F(,U) ZEa,a+ﬂ(Z) a,,u(z) ( )
we obtain
I, ()=E, (-2* (=) 15
lnm(t) - Eﬁ,l( nm ( t) )‘ ( )
Analogously we have
I 2nm (t) = tEﬁ,l (_//lnzlﬁ (_t)ﬁ) (16)
and
L@ =(2=1)"" By oy (<220 (7-1)"). (17)

Owing to (12) and substituting (15), (16) and (17) into (11) we get
U (t) = U (O)Eﬁ,l |:_/1)12)ﬁ (_t)ﬁ] + tu;un (O)Eﬁ,Z |:_/1)12)i (_t)ﬁ] +

0

+

(D"
(

) tj(r—z)’“ f. (v)dr.
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Uniting the last two integrals and using (14) it is received
unm (t) unm (O)Eﬁ,l |: //lnzli ( ) i| + tunm (O)E |: //lnzli ( ) i| +

W [(e=0) By [~ (=1 1 ()

We expand the functions @(x,y) and y(x,y) into Fourier series by

(18)

functions v, (x y)

nm

B(5.3)= . 40 Cen)drds Y (53)= 2 Y0, (5 dvds

n,m=1 n,m=1

where

#(x,y)v,, (x, y)dydx (19)

nm

lﬂ)‘lﬂl l// x y v)‘lﬂl (x y)dydx (20)

gl
I

Owing (19) and (20) from conditions (4) we find u,, (0)=¢,, .,
unm (0) = l//nm *

Taking into account the last equality the solution (18) has the form
unm (t) unm (O)Eﬁ,l |: ﬂ“nz)ﬁ ( ) ] + n//nmEﬁ,Z |: /1)122 ( ) :|+

6 2D
D [(e=1) By [ -2 (e=1) 1, (2)ar.

Substituting (21) into (5) we get formal solution of problem (1).

4. EXISTENCE OF THE UNIQUE SOLUTION OF PROBLEM
1IN L, SPACE.

Lemma 1. Let pe L,(Q,), e L,(Q,) and fe L,(Q), then

I, ey < (101, o, + ¥, +15], ca)- (22)

c=const >0.
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Proof. Using the following estimate (see Kadirkulov ez al. (2006), p. 136)

| a,,(z)| | M =const>0, Rez<0 (23)

and the Cauchy-Schwarz inequality, (21) gives

0
WmmhM“mwwa [(z- U@mw%

o
SC() |¢nm +T|l//nm ( 1 ||f||Lf,( -T,0)

2p-1)2

1

/3__4,
where ¢ ;= max<M ,MT, MT .
(26-1)2

Further
0

el =]

-T

v
L(=T.0) )

2+|

uf;1ﬂ1

t,,, 0 dr <36 (|, "+,

Using Parseval equality we have

., = [zumm m<x,y>,iu,;,mv,,(x,yg _
L(Q)

n,m=1 i,j=1

)1)11

2
2 —
| = 3C0T Z nm Z |l//nm Z | nm -
n,m=1 n,m=1 n,m=1 L, (-T,0)

||¢||L,(QO |l//||L,,(QO "f”i(m) ’

z
“(

where ¢ =3¢,T.

Lemma 1 is proved.
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Corollary 1. From the estimate (22) the convergence of series (5) in L, (2)
and ue L,(Q2) follows.

Corollary 2. From the estimate (22) continuous dependence of the solution
(5) on initial data of the Problem 1 and the function f(x,y,t) follows.

Integrating the integrals (7), (13) and (14) by parts with respect to x and y
we have

P q
— (1.1) (L1
¢nm - nm ¢nm COS an COs ltlm ydydx’ (24)
V.4, .([.([ axay AP

1 pPq
Ve == Vou's Vo = cosV,xcos 4, ydydx,  (25)
anllm 00 x
1 (1,1,0) (1,1,0) jijl‘ 2
Jn=—— T (1), f(1)= e oSV oS, ydydx, (26)
V)‘ll[lﬂl 0 () axay
1 (2,2,0) (2,2,0) tf azf
t)=——f.. @), [, (t)= v, (x, y)dydx, 27
fnm ( ) Vj ﬂjl fnm ( ) f ( ) .([.([ axay ( y ) y ( )

Lemma 2. Let ¢eC'(Q), ¢, €L, (), yeC'(Q), v, eL (&),

feC*®, f,eC(Q), f,eC(Q), f.,€C(R), p=0 on 9Q,,
w=0 on 9Q,, f =0 on 0Qx[-T,0], then for any 0< e <1 the following

estimates hold

|¢m .. 1 1 1
|unm(t)|<cl + k, k + k+1, e+l + k+l-¢g , k+1 + k+1, k+l—¢ |° (28)
V)‘l lll m V)‘l lll m V)‘l+ lll m+ V)‘l+ 6‘lll m+ V)‘l+ lll m+ ¢

‘ (11)

(L1)
‘ v, 1 1 1 1
nm nm
U (t)| ¢, TR I R R W s M (29)
Vrl ﬂ m Vrl ﬂ m Vrl ﬂ m Vrl ﬂ m Vrl ﬂ m Vrl ﬂ m

/12k

nm
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Proof. From conditions of Lemma 2, it follows that functions fn(nl;l’o) () and
£220 (1) are bounded

nm

‘f;(l,l,O) (t)‘ <N, , ‘fl(z,z,o) (t)‘ <N, 30)

nm nm

where N, =const >0, N, =const>0.
Let te [—T,to] , where 7, <0 is sufficiently minor number.

Further we have 2v, u <A’%. For sufficiently large values of n

nm

and m the following are true
InAS, < A5, <vE+us, 1+A2%TF <2227, (31)

nm nm nm nm

Owing to (23), (26), (30), (31) from (21) we get

N, 0d(1+/12"(r—t)ﬁ) .

1 e 1 |V,
unm (t) < M + + + +
N, (ln o7’ + 2z, J
S M |¢)‘lﬂl |l//nm g S
2(—1,) vin 2=, Vi 2V, "

@ Y 1 1 1
SCl |knmk + | /;:7; k  k + k+1 , k+1 + k+1-€ , k+1 + k+1 , k+l-¢ |°
Vn ﬂ m 2 ( —1 0 ) Vv n ,ll m Vn lllm Vn ﬂ m Vn ﬂ m

{ M MN,In2T” kMNl}
where ¢, = max .

M
20?27 28 7 Pe

The inequality (28) is proved. Now we prove the inequality (29).
Owing to (23), (24), (27), (30) and (31) from (21) we find
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\(/’,ifn” \vf,ifn” N,In2T”  2kN, 2kN,
2,,2-¢

A +
) n lLl m ( ) V)‘l lLl m ﬂ V)'l lLl m ﬂ gV)f 6‘ll'l m ﬂ gV)'l lLl m

nm

u,, (t)| <M [

(1.1) (L)
<c (Dnm + l//nm 1 + 1 1
-2 2,2 2-¢ ,,2 2,,2-¢
Vnﬂm Vnﬂm Vnﬂm V ﬂm ﬂgV /um

where ¢, = max M M MN21D2Tﬁ 2kMN,
2 = B pe |

Lemma 2 is proved.

Theorem. Let the conditions of Lemma 2 hold, then there exists a unique
regular solution of Problem 1 and it continuously depends of functions

o(x,y), ¥(x,y) and f(x,y,1).

Proof. We have to prove, the uniformly and absolutely convergence of
series (5) and

a = i )fk U (t)vnm (x’ )7), (32)
a o0
Z ) wfu,,, (0D, (x.y), (33)
~=D* D= X £, 00,3 = X (=) Ao, 00, (). (34)
n,m=1 n,m=1

The series

n,m=1

ﬁ Z lu,, @) (35)

is majorant for the series (5). The series (35) uniformly converges owing to
(28). Indeed,
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N 2 1 1 1
Z|unm(t)|scl Z [| = | ’”" + k+1 , k+1 + k+1-¢ , k+1 + k+1 , k+1-¢ J

n,m=1 n,m=1 Vn ltlm Vn ltlm Vn lllm Vn ltlm

Applying the Cauchy-Schwarz inequality for the sum and Parseval equality

100l
to the series Z o
n,m= 1 n ltlm

we have

analogously

') wnm k _k ') 1 oo 1
sl ord (s b5 L]

Ly (Q)

The series Z 1 Z %, uniformly converge for any k >1 according

n,m=1 n n,m=1

to Cauchy integral sign. Further, since k+1—& >k >1, then the series

- 1 - 1 = 1
Z k+1 , k+1° Z k+l-€ , k+1° Z k+1-¢

k+1
n,m=1 Vn ,le n,m=1 V ,le n,m=1 V ﬂm

uniformly converge to the same Cauchy integral sign. Consequently the
series (5) uniformly and absolutely converges for any f#, <0 in the closed

domain Qta={(x,y,t):0$x$p,OSySq,—TStStO}. The series (5)

converges at t =0 to @(x,y). Owing to V.* < A% and ' <A the series

nm nm

i, (1) (36)

Z
\/7 n;l

is majorant for the series (32), (33) and the second series of (34). The series
(36) uniformly converges owing to (29).
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The series

ﬁ > @) (37)

n,m=1

is majorant for the first series of (34). The series (37) uniformly converges
for any re [—T,O] . Indeed, using (27) we have

- - =1 1
)= < N —_——=
n;l | f"m ( )| n;l nm " Zn;1 V;f ﬂ;i
pzq2 S 1 r’q
=N, Z; p Z} =N, S

Consequently, the first series of (34) uniformly and absolutely converges in
Q.

Adding (32), (33) and (34) we convince that the solution (5) satisfies the
equation (1). Based on properties of functions v, (x,y), we conclude that
the solution (5) satisfies conditions (2) and (3).

Simple calculations show that

tim E, [ -2 (-1) ] =1, lim < £, 22 (=Y ]=o0.

t——0 =0 (¢t

lim E,.,[ 224 (~) | =1, limtiEﬁ,z[—ﬂ“(—t)q=0.

——0 nm ——0 dt nm

Hence, hmu =0 hmu 0=y

nm nm? nm nm*

The last equalities show that the solution (5) satisfies the conditions (4).
Since Lemma 1 is true for regular solution of the Problem 1, then from (22)
we conclude that the regular solution of the Problem 1 continuously
depends on functions @(x,y), ¥w(x,y) and f(x,y.t).

Theorem is proved.

With similar argument, the following problem can be solved.
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Problem 2. Find the solution u(x,y,t) of the equation (1) satisfying the
conditions (4) and

2m+1 2m+1

Wu(o,y,t)=Wu(p,y,t)=0, m=0,1,....k—1, OSySq, —T<t<0,

2m+1 2m+1

Wu(x,O,t)=Wu(x,q,t)=0, m=0,1,...,k—1, 0<x< D, -T<t<0.

S. CONCLUSION

In this paper a boundary value problem for higher order equation
with fractional derivative in the sense of Caputo is studied in spatial domain
in the case, when the order of fractional derivative belongs to the interval

(1,2). Solution is constructed in the form of Fourier series. The existence

and uniqueness of the regular solution and its continuously dependence on
initial data and the right part of equation are proved.

ACKNOWLEDGEMENT

The author is grateful to referees for their insightful comments and
suggestions.

REFERENCES

Amanov, D. 2008. Solvability of boundary value problems for higher order
equations with fractional derivatives. Boundary value problems
for differential equations. The collection of proceedings. 17:
204-209. (in Russian)

Amanov, D. 2009. Boundary value problem for fourth order equation with
fractional derivative. Questions of calculating and applied
mathematics. 121: 55-62. (in Russian)

Amanov, D. 2009. Boundary value problems for higher order equations
with fractional derivative. Proceeeding of Conference.
Differential equations and their applications (SamDif-2009),
Samara, 29 June — 02 July 2009, p. 9-11.

216 Malaysian Journal of Mathematical Sciences



Boundary Value Problem for the Higher Order Equation with Fractional Derivative

Djrbashyan, M. M., Nersesyan, A.B. 1968. Fractional derivatives and
Cauchy problem for differential equations of fractional order //
Izvestia Acad. Nauk Arm. SSR. 3(1): 3-28. (in Russian)

Djrbashyan, M. M. 1966. Integral transformations and representation of
functions in complex domain. Moskow. 672 p. (in Russian)

Gorenflo, M. M., Luchko, Y. F. and Umarov, S. R. 2000. On the Cauchy
and multipoint problems for partial pseudo-differential equations
of fractional order // Fract. Calc. Appl. Anal. 3(3). 249-275.

Kilbas, A. A. and Repin, O. A. 2010. Analogue of Tricomi problem for
partial differential equation containing diffusion equation of
fractional order. International Russian-Bulgarian symposium

«Mixed type equations and relate problems of analysis and
informatics». Proceeding Nalchik-Habez. 123-127. (in Russian)

Kadirkulov, B. J. and Turmetov, B. Kh. 2006. About one generalization of
heat conductivity equation. Uzbek Mathematical Journal. 3: 40-
45. (in Russian)

Mizohata, S. 1979. Theory of partial differential equations. Moskow: Mir
publishers. (in Russian)

Nahushev, A. M. 2000. Elements of fractional calculus and their
applications. Nalchik. 298 p. (in Raussian)

Pshu, A. M. 2005. Boundary value problems for partial differential
equations of fractional and continual order. Nalchik. 186 p. (in
Russian)

Samko, S. G., Kilbas, A. A. and Marichev, O. 1. 1987. Integrals and
derivatives of fractional order and their some applications. Minsk,
Nauka I Technika. 668 p. (in Russian)

Virchenko, N. A. and Ribak, N. A. 2007. Foundations of fractional integro-
differentiations. Kiev. 362 p. (in Ukraine)

Malaysian Journal of Mathematical Sciences 217



